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ents, deduced from ſuch. plain Axioms at” 
ruths, as cannot be denied by any One that 
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; Puppols A=Z and B= =Z; that is A equal to Z and B alte 8 
10 Z, then A and B are two equal Quannities, this reaſoning, i is ex- 
preſſed thus: if AZ and B=Z ; or ( which is the ſame ) if 
A=ZZ=SB: chen ASB. I mall often uſe this. | ; 
therefore be well obſerved. To this Ax e 
' Jowing one, which-is mo Teſs Evident : If A is equal to B, or i 
n than B, is likewiſe greater or leſs chan A. 
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The Object of G 1 is goo that 3 
1 o! of ſuch Bodies as are really extended 
* Ito "Length, Breagth, and Depth, it "is ſuch an intelligible Exten- 


ion, as the Mind conceives, ſo that were there no Bodies in the 
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1 cheleſß be true; hence it is, that altho Bodies are liable to alter- 
- ations yet the Truths of Geometry remain immutable ; for they do 
not depend upon Matter, but upon clear and diſtinct Id 2s. Which 
- are in the Mind, therefore altho there is no Body hut what hath 
_ three Dimenſions; yet one may be conſidered wichoub the other, 
Length may be confidered without Breadth, and Breadth without 
«Depth, . length of a Road may be eonſidered without reflectin 
on its Breadth, and the Breadth without thinking on the 
che Earth; the Idea of Length excludes thoſe of Breadth and 
Depth, and that of .Breadth excludes that of Depth, and theſe No- 
tions/ars true, altho' in reality hoſe three things are inſeparable, be- 
cauſe in the Manner they are conceived; they are diſtinguiſhed-in 
this; that the one is conſidered. without the other, therefore Geo- 
= metticians can inthis manner ſuppoſe things to be Long without be- 
: | * Broad, and Broad without being Deep, or Thick. Should yy 
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ſitions / are utterly We pe the Donſequen- 
| from chem, are not to be rejected as Errone-" 
Braas, Altho' there is not in fact an exact Circle in ho” + 
| World, yet according to the Suppoſition of a Circle being a Figure 
Whoſe Circamference. is N. where equally diſtant fg its Center, 
it muſt necds follow, that all lines TR, Hom 10 . to 1 
© Circamference are equal. hs 
II. 4 Point l Fe 
That is, the parts thereof are not ale: PRIOR for 8 
which is extended hath parts : Now if the Point be ſomething, it 
ig extended, r it ee to bee. 14 becauſe What 
11 ply ec it co as OE” 
1 7 th avithout Breadth | , 85 
5 1 is, an on which is ſuppoſed either to have no 83 | 
or whoſe. „ is not conſidered, it may alſo be conceived to 
be the Trace or Fluxion made by the Motion or Change of Place of 
2 Point. There are two Jorts of Lines, the right Li , and curve 
ine. N 
IV be E right Line is the Shorteft which can be Sour * | 
tas given points. N 
V. Cunvs Lines are thoſe vobich are rot the Shoeref beræueen 
doo given point. 7 
There are many Sorts of curve Lines, regular and . 
eee, and Mechanical, but Gas we ſhall not treat of 
Lines which are compounded 
of two or more Lines as A 
and B are called crooked,. the 
Line A compoſed of two Lines, 
and the Line B made of ſe- 
veral Lines, may either of 
them be conſidered as only 
one Line, therefore to diſtin- B 
* them they muſt be called crooked. - 
UL. Surface i is an Extenſion long and broad without Depth. | 
g | Io A right or Plane Surfaces is the Shorteſt between two night 
wes: 
A right Surface may be conceived to be generated by the Mo- 
7 of a right Line. 
VIII. 4 Curve Surface is | grviter than the right or plane Sr. 
Face; which is between the Same tave Lines. 
9 N. ASolid i _ Extenfion hich hath. three Dimenfon, Leagth 
|  Breadth, and Dept 
A Solid is gener 3 by the flux or motion of a 9 Eve- 
ry Solid is a Body, as the very Name imports, for that w Extenſion 
3 hath Length, Breadth and Due, therefore, F 
. ow m__ is FRO Oy Lg. % Ie 8 


1 


» 


I. "HE e "a0 DROP "bet > WY 
indivifible Point. 


than another of a right Line drawn between the ſame two Points, it is 


4 e * I & * K 
* N ky . - 7 8 8 : s E c T „ u. 
7 n * 0 5 


| Of Leng Weck the it and ple Dimendon of ben. 
| ah raght Linn. 


mtr 
— 


1 


— 


* nne ea, ccernin right Lines, or CGrrallarie b 
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II. Wnzzx tus different Lines intenſect, their Section is | 
FFF 


longer than t right Line. Plate 1. Fig. 1. 
Curve Lines ACB and ADB are-longer than AB, and che | 
crooked Lines E FG. and K H E are lon er than E G, this follows 


from the true Idea of a right Line, whi # the oel that can be 
drawn between the ſanie. two Points. 


95 Two Points being given, ts draw @ right Line from one to they | 


This is pH 
Point to the 


V. A right Line given may be prolonged. 


This may alſo be done by help of a Rule. But when the 5g 


"4 is very ſhort, it will be difficult to place the Rule ſo that the 
produced Part may be in a direct Line with the given one, I 
| ſhall therefore ſhew how to do it geom y, when we come to 
the Recreative Problems at the End of Book V. 
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VII. Two right Lines e tvs Points common to each other, art 
eh one and the ſame right Line. 


BC and A have two Points common, SASH between 
Which it is im 


poſſible to conceive any more than one right Line; 
therefore AB and BA make but one Line. e 3 D 
BA being prolonged cannot extend itſel 
"ARS than towards C, nor AB but towards D, wherefore AD. 
together with BD makes only one right Line; for there can be but 
ener 1158 Line between the two Points C and D. 


7 III TuxxzroxE the Poſition of a right Line deprnds only pan lau 
eints, 


Fos if a Line be drawn througb the two given Points, it will be 
> Live 8 as _— Te: * the n Propoſition. 
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18. IN. Two right Lines which 04 or interſet. each e, . can meet _ "i 
. at the Point where they interſeX. | | 
X. Tus Part of a right = is 4 right Line. 
Wurm the Part of a right Line i is an. it implies ene 
more than a Point. 
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20. I, if Cinth 5s * 8 l an? wich. 
is in all its Parts equally diſtant from @ 1. within the Same, <ubich 
- is called the Center thereof. 
II. Tug Circle confidered as a Surface, i wi that Space which Py 
8 avithin the Line above-deſcribed. 
2% III. Tun Line xvhich bounds the Surface of the cdl, or the rel. 


ceanſederad as a Line, is called the Circumference. - © 
23 IV. Att Lines which croſs the Sur face and paſs . the . 
ter, are called Diameters. | 
24 V. Every Line which 1/ues from the Center and terminates at 
the. Circumference,' is called a Radius, or Semi diameter. 
25 VI. Lin E s that terminate at the eee ad which 4 not 
aſe through the Center, are called Chords. 
26 VII. Tuar Part of the Circumference which i is cut of by a Chord 
Line, is called an Arc, + 
Warn a Chord Line paſſes through a Circle, it divides it into 
two unequal Portions, which are both bounded by the Extremities 
of that Chord Line. When the Chord of an Arc is mentioned, 
it e the leſſer Arc, unleſs the other be particularly expreſſed. 
A the Center. B the Circumference. DAC a Diameter. | 
ACa Radius, or Semi-diameter. 'EF a Chord Line. Fig. 2. 
25 VIII. Tus Circumference of every Circle is ſuppoſed to be divided 
into three hundred and fixty equal Parts called Degrees, each Degree 15 
divided into fixty leſſer Parts called Primes, or Minutes, each Prime, 
or Minute, into fixty Seconds, and each Second, into ſixty Thirds, and 
fo on, ad inf. ps . 
IX. CirCLEs wobich are deſcribed from the 5 Center, are concentric. 
to each other, and thoſe which have not the en ant] are called 


Excentrics. Fig. $7 
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2 and X bein e el Sam the fame Center A, are Concen- 


tries, but K and P. whoſe Centers are two'diffeent Points B and D; 
, * nen. N | 5 ; 6 


Ey iE Propolnions concerning the Circular Line, 
BH 


5 Tas Ee ire of & Circle may be deſeribed with 0 
Interval, or Diftance. Eacl. 1. _ 2 and 3. and Book . * 
THe Inftrument e ran i uſed for deſcribing a Circle, is a + 
Pair of Compaſſes which, it is evident, a Line may be taken 
equal to a Tine f ven 3 and of two unequal Lines from the greater 
may be taken a Line equal to the leſſer, which make the three Pro- 
we Porky in Euelid, as quoted above. 
II. In the ſame or equal Circles, the Chords of 8 Aves are equal, 3% 
and equal Chords correſpond to equal Arcs. Eucl. 3. Prop. 24. 
Tuts mutt needs be evidently ſo, for all the arts of a Circle be- 


ing compoſed in the ſame regular and uniform Manner, there can- ' - 


not be any Difference conceived between them. 
III. In the ſame, or equal Circles, the longefl Chords blend the * 31 I 
grate Arcs, and the 2 Arcs are ſubtended by the lunge . 
ucl. 3. Prop. 28 and 29. 

INV. Axcs containing an equal Number of Degrees are greater or 73 
bh er, accordin as their correſponding Cireles are greater or _—— 
Tunis is evident, ſor the greater the Whole is, the er ought 

its Part to be; the third Part of a Yard i iz greater Kt the third 
IS I 2 00 ds of A. equal D. proporti th 
as Chords of Arcs containing egrees are onally 
danger or ſoorter, according as thur correſponding Circle are greater 94s 
SEE: 
VI. Tun Diameter of a Circle Zrvides it into two equal Parts, each 4 
of which is called its Semi-circumference. 3 
VII. ALL the Radii, Semi-diameters, or Lines drawn' from” the ; 
Center of a Circle to its Circumference being equal, it from hence YE] 
lows, that all Lines drawn from the Center which are ſhorter than the 
Radius, will have their Extremities within the Circle, and ſuch as are 
longer than the Radius will proceed beyond the Circumference, but ſuch. 
ts are of the ſame Length, vill juft reach thereto. © 


VIII. E A Circles have equ al Radi. X 36 5 


For Ci are greater or leſſer according to the Length' of their 


Radii, 


fame Center, are the ſame, and no Ways diſtin one from tbe ather. 
*T 1s the fame here as of two right Lines, which _— 7 one 
| wry drawn between the lame | two V Points... 1 
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I. A Circles deſeribid with the fun Radius and from" the 43 
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Or the differen Poſition of two right L Lines with Tel beck one 
U. 2 ch. N a; K 0 another. ; 5 | 8 | R 23 8 5 I - 
7 . 3 5 9 », FE. hats F BY N ; „ n x; 
ES 2 ET Avvant 1 2 ur. n 


; HERE tre: 4 threg different Poſitions. ef en. right. ce 
1. Either they may meet together, 2. Or not meet, 3. Or they 
may fea each other, when they meet together, they may either intline, 
© or. not inclint towards each other. . Mt which ron are 1 | 
27 „ | 3 * 
„ 4s Peuranbiculan . 
36 Deren A Line wvbich flands upon or cuts 3 u 
255 , that . it inclines not more to one Sade there than to the other, is called 
2 Perpendicular. 
= Evivunr Propotitiohs concerning Perpendicular Lines.” 8 
Por. I. If the Top of a which ftandi upon the Middle of an- 
* "other Line Es an pot Diffenc grin Wa; Ends thereof, 2 it 
does nor mae to either Side, but is Perpendicular thereto. Fig. 4. 
If A, the T of the Line AE, which ſtands u E E, the Middle 
E BD, is 2 diſtant from B and D, the Extremities of the 
Line BD, it is then Perpendicular thereupon : this follows from the 
Adea of a Perpendicular 1 e, as given by the preceeding Definition. 
40 II. Ir there are two Points in a Line which are equally diftant from. 


the Extremities of the Line which it lands upon, every Point in that firſt 
bh ya 1 be equally diflant Jrom 5 Jame Extremities of 1 the Jecond 


1 5 the two Points A and E of the Line AE, are equally diſtant 
"= B and P, all the other Points of AE are equally diſtant from 

B and D, for there is no Point in the Line AE, which can be con- 
ceived nearer, B than to D. without imagining AE to be curved 

in 4" Point, andtherefore_ not a right Line, which it was {ſuppoſed - 
2 £0 E. ; 
41 III. Ir one of the Paints of a Perpendicular 15 te equally Aſtan: | 
from two other Points of- the Line which it Sf upon, all Its other . 

Panta are equally a. ſtant from thoſe Jame to Points. 

If AE is Perpendicular upon BD, and one of its Points A or ors. 
e difiant from B and D, the other will be alſo equally 
diſtant from the ſame Points B and D; for if A be equally diſtant 
from Band D, and E is not, then AE wilt incline more to one Side 
than to the other; and therefore is not Perpendicular, whereas the 
Su tion required it to be ſo, 

- $2 TV. To demonſtrate that ons Line is Perpendicilar to andther, it il 

Aftient to Hb, that two Points of the one, are each at an * Dif 

_ FOO two Points 2 the other, | | 
; . e 5 | T 0 


— 
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— 
r. 
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To. r aha AE is . dee ee upon B. it ib aaf. 
ficient to prove, that its Pojnrs A and. E are each at an equal Diſ- 3 
- tance from Band PW. +, 
V. Is a Line which i is ee ee pri gre; Line be prolonged, 43 2 
in produced Part awill alſo be Perpendicular upon the ſaid Line. oe EE 
AE is Perpendicular upon BD; its produced Fart EC is alſo Per- | _ 
pendicular upon BD, for -it is only one and the ſame right Line; - 
it [ora polibly be conceived to be otherwiſe, by reaſon AC. don. 
at bend either towards 81 3 „ A 
VI. I r one Line is Perpendicular upon anther, then are theſe Lings 4 4 . | .. = 
rech cally Perpendicular to each other. _— 
x” AC is Perpendicular upon BD, the Line BD is Perpendicular | -J 
upon AC, for B cannot. be conceived to incline more towards. A- : ; = 
than to © without imagining D at the ſame Time inclined moſt te 
C; and were it ſo, than A would incline more towards B than tog 
| D, therefore AE willl not be Perpendicular opon BD, which is con- 
7 trary to the Suppoſition, therefore BD is Sg 22 AC, 
4 as 15 any AC upon BD. | « 
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To 3 a Line ene to a given Line, from a given Point 45 
without. the ſame. Eucl. 1. Prop. 12. = : | I 
Lex the given Point be K, from whic hich let there be drawn a 8 | vg 
Line Perpendicular upon Z. 1. From the given Point K as a Cen- 5 : A 
ter, draw the Arc BC croſſing the given Line in the Points B-and G | 1 
which being both in the 4 25 and in the Circumference of a „ 
Circle whole Center is K, they are therefore equally diſtant from a 5 
K. 2. From C as a Center, with the Diſtance CK deſcribe an Arch, 
and from B with the ſame Extent, croſs that ſame Arch whoſe Points | 
of Interſection are K and D, which are equally diſtant from B and 
C. + 3. Draw a right Line from K to D, then two of the Points of 
that Line K and D, being 35 Conſtruction, equally diſtant from B 
and C, it mult be, as has been proved, * that he IIA is Per- | 
Ty icular * 2 ; which aua to. be done. - 333 . 
| PA Il. | ODT as 
>To oh or raiſe a Perpendicular from a Point. given in a tw << 1 5 
Fad, 2 950 i 2 RT on 
"From the Point K in the Line Z, let chere be raiſed a Nn 
dicular. i. From K as a Center, draw 2 Circle ſo as to croſs the” 
Line Z in two Points, as at A and B. 2. From theſe two Points | 
| AandB, deſcribe two other Circles with any equal Extent taken at 7 
kleber, ſo that the ſaid Circles may bs each other, as here 75 
3. Draw a Line from the Point D to K, which is the Per- 
bea required: For by Conſtruction, D is equally diftant from 
A and B, whoſe Point R alſo by Conſtruction, equally diſtant 
therefrom; therefore the Line DK, having two of its Points equally 
diſtant from A and B, it is Perpendicalar thereupon. f 
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' When air! Point is at or near the exjrenity the given Line, 
. take any Point at pleaſure as C, and open Compaſs 16 the 
' + _ diftance of AC, and from C as a Center er le 4 Circle, muri the 
Ys Pm by that Circle crofſes the given Line, as here at B, and draw 
„ ' through B an C the Dianuter'B B. then will ' RIA 22 
. Ag vrels eee e eee 


ee oY ens as 


25 „, Hank PR A . dividing 4 a 5 inta tao & wat 
| Parti. Eucl. 1. Prop. 10. | 
% | _ ___ Supyosr the given $7 wy be AB. from A and B as Centers, and 
With the ſame ren taken at pleaſure deſcribe two Circles which 
interſect here at C and D, then 15 reaſon that C and D are . 
" diſtant from A and B, a Line drawn from C to D will be 
endicular upon A B. Now the Point E common to the to 
es l is equally diſtant from A and B, + therefore 
. — — equal to EB; conſequently the Line ABi is divided i into two 
5 ual parts. 
48? Tarzort. 1. 'Turre cannot le more than one | Perpendicular rai- 
: ON upon a Line from the ſame Point, 
A D is Perpendicular upon the Line BC. | It is to be demonſtra- 
. ted, that there can be nd other Perpendicular raiſed from the Point 
A, as for Example, AE or any other whatſoever, 
From A as a Center, deſcribe the Circle BFDEG C. The 
Points B and Care _ ly diſtant from A, and the Point D, where 
che Circle cuts the Perpendicular, is equally diſtant from B and 
C'f, Therefore DB=D C, the two Arcs B FD and CGD are 
_ alſo equal, | Conſequently D is in the middle of the Arc B FD E 
| GC. If EA is endicular to BC, then by the ſame Reaſon. 
„e and BF DE=CGE; conſec quently E will be alſo 
5 095 middle 0 of B F D E G C, therefore 3 F D=B F D. E, nobich is 
4 Tron 2. 4 Line let be ll Poon erpendicularly upon the Middle of 
another Line; paſſeth thro" all the Points which are * diſtant 
8 the Extremities of that other Line.. 
Tux Line AD is let fall Perpendicularly ypon A the middle of 
'B C. It muſt be proved, that it paſſeth thro all the Points which 
are equally diſtant; from B and C, the extremities of B C. If you 
_- Neny it, and would aſſert that the Point E, which A D doth not — 4 
thro', is equally diſtant from B and C, then let there be drawn a 
right Line from that Paint E to A, which will be Perpendicular 
upon B C, ſeeing that two of its Points A and E are equally diſtant 
from B and C, Now it -was. demonſtrate by the preceeding Theo- 
rem, that there cannot be drawn two Perpendiculars from the Point 
3, -"; ai it is nat es that FOG Pane » POT 2 d 
„ A ; 
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8 3. From' 72 — to the o Jane Line, there can 

be daun but one pry ern 5 30 
Pur Line A D is Perpendicular opes the middle of BC, I ſay, 

that from the Point D, no other Lire can be drawn P . 
n BC, for every other Line drawn thereto from D, will fall 

either on one ſide or the other of the Point A, ſuppoſe at E, then if 

E A is a Perpendicular, the Point E muſt be equally diſtant from 

B and C, || therefore BE is the half of the Line B C, but AB is 

© alſo: the half, therefore B A=BE;-which-ir abjurd therefore, &c. 
Tuo 4. Two Lines <obich ere Perpendicular. upon a think, 

can nter met. 51 
Fox if they cou'd meet or imerles, there would be at chat 

Point of meeting or interſection, two Perpendiculars Oy Ts _— 

"Ines auhich 700 been demonſirated e be 2 . 


ADVERTISEMENT. | : : 


Tas Diflance between & Point and a Line, is meaſured 3; a Per- 
pendicular, becauſe it is the {impleſt and moſt certain Meaſure, by rsa 
fon there can be but one Perpendicular drawn from a Point to a Line, 

' and beſides, it is the ſhorteſt of all lines which can be drawn from 
the ſame Point to the ſame Line, as will be made appear by the 
_ following, | 

Tuxonzu 5. The Perpendicular i is the Porte of all Lines which g2 
can be drawn from the ſame Point to the ſame Line. 

Tas I. ine B A is Perpendicular upon Z, It is to be demonſtra- 
ted, that it is ſhorter than any other drawn from the Point B to the 
Line Z. Prolong B A unto C, making 3AZAC, the Line D 4 

.is Perpendicular upon BC, as is BC lik e upon AD * TheP 
D is therefore equally diſtant from B and C, f thereſore B D is be 
to DC; But the right Line B C is ſhorter than the Line BDÞDCy » 
conſt equently A B, B W 9 
55750 Q. 1 . _ 


I 


-Op Qnirque Lines. : 

_ Dur, 1. 4. Line which meets another Line, fa as to incline more fo 
one fide therea of than to the other, is called an Obligue Line. 

Dr. 2. BC is an oblique Line Z; having draten from its 
extremity B, the Perpendicular AB, t Line 4 C hich i is between A. 
the Foot. of the ee, and C that of the Oblique, is the diſtance 
between the oblique Line and ils Perpendicular, and that diflance is the 
meaſure of _ bliquity of BC. Therefore a Line is more or leſs ob- 


ligue, in proportion to the 4 Hance thereof from its Perpendicular. 
LENA. 1. Two right Lines having upon each of them 4 Pon. 


pendicular, if they be 5. one upon the other, ſo as the foot of one 

Perpendicular be direct * that 95 e the tauo LE 

| "0 au concide rogether 5 15 
Is 


1. 4. Sap. « #. 4. + 8% 1 45- 2 Sup. # 12. 
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ndicular upon Z, and ab. upon X, in to bir wot dy 
That if X be laid upon Z So that @ be put upon A. the two Perpendicu: 
2 8 Ars A B hind ah will e for ſince that after the above mention 
N Poſition, X and Z become only one Line, A B will be Perpendicu® 
Ake upon each of them, ſo alſo wi ab, therefore if AB and 426 
did not coincide, there would be two Perpendiculars ue the ſame 
5 Line at the ſame Point, avhich in impoſſth 2 . 
Lauma. 2. Ir fromthe Ends of a Line N Thiel ouch 
37, of aubich unite in a Point nearer the given. Line than the other two, F 
1. that the two laft taken together <vill be longer than the tawo firft_ 
EI BC be the Line given, and from the Points B and C, draws 
wie te Lines BD and C D, and the two others BE, CE. 1 fay, 
D i BE-+CE is longer than B DCD. A right Line being the ſhort- 
ET  - eſt between two points. F CE+E G is longer than C D G, and 
r by the ſame Rea fon BG+GD is longer than BD, therefore CE. 
'+EG+6GD+BG is longer than CD4+DG+8D, taking DG away 
from each, the remainder CE+FG+BG 0 CE-+EB,will,according to 
the ſeventh Axiom, be longer than BD D C, which was to be proved, 
Tuxogzu I, When the Perpendicular and their Obliquities , art 
equal, the Oblique Lines are equal. i 
AB is Perpendicular upon A C, and ab upon ac, the two perpen- 
. diculars are equal, alſo A C the diſtance of the ee 1. 
is equal to ac, the giſtance of the Perpendicular ab. it is to be 
ad, that B C Abe. Having according to Lemma 1. Placed the — 
5 7 Lines ac, and A C upon each other, the Perpendicular ab you 
coincide with the Perpendicular AB, and c with C, fo likewiſe be 
with BC, Q. E. DP) 8 
39 Tazoren, 2 OBiigue Lines drawn from the Py Point fo ins 
fame Ma are in 1 0 Proportional 2 their diſtance from the Per. 
ic . 
Lan is to be proved, That B E is longer than B D, to do which, 
let B A be prolonged even to C ſo that AB=AC, then 253 
DC, and B E=E C, now B E+E C is longer than BD DC y Lem- 
ma 2; therefore B E the half of BE+E C, is longer than BD the 
half. of B D+D C according to Axiom 9. 


TrrortM. 3. AN Ollique Line is longer, eu ing to the Length of 
its Perpendicular and its Diftance therefrom 3 and if its Difante from 
the Perpendicular be the ſame, the longer the e wb Line is, the lon- 
ger is its Perpendicular. RED 5 

LET BC and DE be two Oblicwe R the Perpeiniedtar 
| AB; is longer than AD, and AC its Diftance from the Perpendiculat 
BA, is longer than AE that of DA, I fay, that the Oblique Line 
BC is longer than the Oblique DE, for (by the preceeding Theorem,) 
BE 3s longer than BA, and fince that AC is Perpendicular upon AB, 
by the ſame 7 Feorem,, BE is longer than DE, conſequently, BC being 
Tonger than BE, is alſo longer than DE. 2. AE is the ſame piß 
R F As that if BE is longer than DE, the Perperdicular AB 
- is oer 
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ts . lac AP for if AD were „„ : 

T than AB, e . Jpn y the firſt or precedent ary to fe 8 - E would be + ; 

a ſhorter than or elſe b ee to | ti 3 

— which: required BE to be longeſt. N 1 

5 Tusonzu 4. Ir the Prrpenditulars and Oblique Lines ar. gels. . _ 

e 2 Diftaneer from the Perpendicilars are . | = 
N Ler AB = ab, and BC = bc, I mu proved, Fry AC = DE Ot +Y 
1 Having placed ab upon AB, the twyo gas Lines will entirely con- - 1 
iF Tide, and by Lemms 1, the P y this Means partly /, . 1 
fg coincide with AC. If AC is hotter than ac, and that c does 

ww therefore: not coincide with C, but with D, then bc will coincide | 

. with BD. but BD > BC, * which ir contrary to the Suppoſition 6 = 
. BC be, twou'd have been an equal Abſurdity to have ſũppoſed 1 
4 AC lotget than ac, therefore it muſt be, that AC ac, 7 i . 1 
E Tüxonzu 5. Ir the Oblique Lines and their Diftances thebs 1 
y Perpendicilars are equal, the Perpendiculars are equal. 4 : =_ 
2 Leser AC S ac, and BC r bc, 1t 7s to br prowed, 2 thas AB vb] 1 1 
7 Ler Ac be placed upon ac, the two equal Lines will coincide, and | 

53 the ane Herne ab with the Perpendicular AB in part at leaſt, 35 

„Uu the frft, + TE it is faid that AB, ab, and that therefore b : 

cs <oincides with D, then be will. ee, with DC and is therefore | 

B. equal thereto, and therefore DC 1 longer than BC, which was ſop- 

1 poſed equal, the Concluſion would have been equally abfard, if AB 

3 d been ſuppoſed longer than ab, therefore ab muſt entirely coin- 

il cide with AB, . and therefore AB = I ab, which wwas to be 2 

. 7 wee Or PA 1 6 

33 Werten. Two right Lines ich are equally my is 4 | | 

x4 PP, Parts one . the 80 are called Parall els._. * 1 5 


- Ey1DenT Propoſitions concerning Parallel Lines. 


h, | = 
— "pens Ld right Line which hath two. of its Points equally af : 
WY ; tant from. another right Line, is parallel thereto. 15 5 

he 


Fon the Poſition of a right Line depends only on two of its 

; Points, therefore the two Lines being equally diſtant from each 
of other, they are parallel, according to the Defmition. 
45 1 . II. PERPBNDICULARS which are between two Pargllebbg \ 5 

| are e 

an T nt 88 mesſure the Diſtance: between the two 
ar Parallels, which being every where the ſame, they are equal. 
lar ng: oe I'ma ele Lines vill not meet, Juppeſing them fre- b | 
a 0 1 i 
5 125 they cannot meet badet they approach at one end, they „„ 
B. are therefore then no longer at the ing Diſtance, conſequently ig 
850 ceaſe to be (as ſuppoſed) parallel. 5 
92 Prov. IW. Two Tight Lines which are not parallel, but — 
AR ene end than the other, Y Safety, ae, . meet. x 
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. 9 is es Tr ae * il 
8 15 TT eee F BITS: FIR 
Es Fs, Y EY under flood nh of right. "Lines, for- 34 4 : 
13 Lines. ch a Nature, that they continually approach. 2 right 3 
por ever mecting them, . s demonſtrable); 4 1 right. 1 
: Lines are: called the Aſymptotes L's the. Curves. 
5 68-. 'Pzor.:V. Two: 3 ars Fer licular 
. lane Lines. are parallel, one. to. another... A 
a Fork two Perpendiculars. can never — 0 rere 
SF „ they would meet accordir dat preceding ere 77M 
w] . therefore. they. — be. parallel. | 
. Lynn 1. Lines which are 1 tae. ve parallel Line =o 0 
Ws to one parallel, the are ae 0 the of ; 
8 upon X is not „then 2 is not ſo 
upon AB; * therefore. being Waibel the Lins. AB, is will aps 
= Eee, one = or L e Line * and _ 


5 3 2. Tas FOO | 3 be Pi | 
7 * the tave Lines are parallely x 
WE on the two Lines (eng, Figure ) are reh | 
upon AB; and therefore they are parallel. 5 df 
7 GER 1 3. Ir betaveen two right Lines there are tao 2 wat 
 *"right Lines, of which ane is Perpendicular upon the firſt, * „ 
5 45 the Jeans, 1 Jay, t that the two firſt Lines are parallel. 27% 
BTW EEX Z and X, are two equal Lines A and CD, one of 
; hich, namely AB is Perpendicular upon X, and CD 878 D, I 
* fay, that Z and X are pafallel. For if 2 is hot parallel to X, it 
either declines from it, or inclines to it, both which ſhall be ſhewn | | 
Pe do be abſurd, therefare it muſt be that they are parallel. 1, If it 
de ſuppoſed to decline therefrom, From the Paint A having drawn | 
AE A Pe icular upon Z, * then if this Perpendicular. coincide 
with AB, Z and X are Perpendicular upon A; by Conflrudtion,. and' 
- therefore parallel to each other + contrary” to che Suppoſitzon, That 
if AE fall on one fide of AB; the P ieular AE will be ſhorter. 
. the Oblique Line A B, 4 conſequentiy | ſhorter alſo than 
=AB, 5 therefore the Line Z inclines to the Line X, contrary 
to the Suppoſition. Lo Wi f * poſed that the Line Z inclines to 
the Line X. twill bſurdity; for having raiſed upon the 
Line Z the Perpen ole N at he Point B. as AB is Perpendi- 
3 X, if it coincides with AB, then according to what has 
been ſaid, Z and X are parallel, but if BE falls on one fide; as Ay 
Was propoſed Perpendicular Pea X. BE will be Oblique, and con- 
OP a than 28 than its 9 ROE . 34 
. . Te, . „ 


tee e e 
eee ee er 


. 


An z. | || Sup. n. 47. 4 $i 5 
CUE s ” 1 * 7 65 3 t 
1 ? 2 ** 5 ws a . #4 RIES * 925 88 N 
2 5 1 5 P * * I; 7 I ** 1 
1 1 — - * 2 5 ; 
: I d 1 7 9 NR 1 * 
* 7 © +; be o 
N 4 1 
« . 0 7 * 
: 4 
p O . 
; / « * 
5 * 
g FS, 4 hy 75 
F W. : + i 
7585 5 ; 1 5 
* * * * 5 * 
" 2 * 
5 * f 8 1 
7 1 5 : & 
2 « * p - k 1 
F : 3 
1 : | I * . 
n ir) . we + OS 
f ; e 
x . ö 9 , > 2 7 
7 How, : FL 72 4 » 
$2.5 . : 3 0 ; * 
. 1 > 9 > dt \ 
, B 8 
5 N 11 bs. f8 1 
74 1 * * 4 2 \ * PLIES * & : 
e's a « J . WP I 
*% TSS Ear +" LS 
Ov : S N rd 1 + 6 
5 * » © 8 1 70 . 5 
N 5 wy Sn 3 * 8 19 8 
n an Y 88 x — 
e bs : * 1 3 2 1 5 


* 


— 


4 * 2 2 y 6 + - X x wy. A * 8 8 "3; . S N N * 2 f x , * a * þ 
e „ * ? 0 . E 'd # $ *. 6 - ö . e 72 . 
V 5; 2 : JJ ͤr 0 ES = 
9. 1 15 * 1 4 7 8 2 e Lt, 
2 


3 * 5 3 „ I we; 
BY. N ? . 5 e 
n . f 


LY 


4 


.. y OY OY 


— of 


and V are Pe 
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C NE Cirde may be fo placed wits reſpedt to 1 


5 = hows . 


X decline from each other, contrary to the geen which 
— them inclive, Q. E. D. 
PronLaM.'T 0 = is Line bali to a Line giom through, 
* ant. Euel. 1, Prop. 7. 
* AD be the Line cd which © Parille! mit be dean 


an the Point C, From the Point C let fall a P 


iven Line AD, upon which having raiſed a P 
Adar fu as AB equal to CD; gh brig res Fee | 


hich paſſeth through the tivo-Points"B and C will be parallel 


to A , "actording to the Definition.® | 
e e e ee 48 >, let leb as Ave be deferibed 


as du paſs through the given Point C, from which with the fame 
extent AC, Jauteg math the Are-48 equal to DC, the Line drawn 


| through the Points B and C will be the pavallel required. 


THroREM. ** Lines parallel to a. third, are parallel to each - 75 
other. Eucl. 1. Prop. 30. 

X and Y are el to Z. From M draw AB Perpendicular 
upon Z, which Ga prolonged to C, ſeeing that it is FE 


| cular upon Z it will be ſo upon V. (a p e 44h 
Z is à parallel to X. the Live le Perpend 


will be ſo likewiſe upon X, (a parallel to Z. 1) ene ap ſince x 
keit en AG, they are pull to each 


CORALLARY. Two different Lines which are Parallel to @ third, 74 
cannot be drawon through the ſame Point. 
Fon by the Theorem they muſt be parallel to each other, 
which fince they would have one Point common is ann 2 
| has of Parallels never to meet. 


1 


Ss. E 0 T. e 


Or the differen Poſition of two Circles with tee e to. 


each other. 
ADVERTISEMENT: 


* 


het Circle, 
1. Tnar they may neither interſe& nor touch. 2. That 


they may interſect or not interſect. 5. That they may touch 


either on the inſide or outſidde. 
Ev1vexT Prepoſitions conceriling thi Poſidoti of Circles: | 


"PROP. 1. Concentric-Cifcles di neither interſid nor touch; 7 5 
Tur Concentrie-Circles X and Z whoſe Centef is A, may be 
dee el as deſeribed by the Points DP and E of the Line Ak, 
Rake the Circle which D deſcribes, is 122 * the —_ 
D 


v2 
* 


** x 


5 d 165 1 t Sup. 6 4 87 wel 


=_ 2. = i P N 2. Which is e by K. E, Nat two © 
—_— | | not meet. 
—_— 76 PRO. 2. Two. Concentric-Circles — 8 3 . 
—_— — DE. cr X and 2 there i is always the $40 n 225 
mk Tar 38 hi Two Circles and interſe ig: oncenty 
Euecl. 3. P ; 
Ly 3 he two Curie which interſect at che Points B 5 
I ſay, that they have not the ſame Point for their Center, For 
if A be the Center of the two Circles which interſect at the Point 
B, the Lines AB and AC (Radii of the ſame Circle) are equal, * 
AC = AB. . and by the ſame reaſon AB = AD. therefore 
AC ABZ AD; then AC = AD, that is, the Part equal to he 
Whole, which cannot be. T 
78 Tukokku 2. Two Cireles which . are ue Concentric, or 
© have not the ſame Center. Eucl. 3. Prop. 6. 
Lr there be two Circles which touch at the Point B, I ſay, 
they have different Centers. For if A was the Center of both 
the Circles, then AD=AB, and AB=AC, 5 conſequently AD 
ZABZAC, therefore ADZAC,|| that is, the Part AC is equal 
to its Whole AD, which is abſurd. | 
79 Tuxokzu z. Ir two or more Circles have their Center in the 
fame right Line, each croſſing it at the ſame Point, they can touch 
each other anly at that Point. 

TAE Circles X, Z, V, have their Centers in the ſame Line 
which they croſs at che Point D. if is to be proved, that they can 
touch only at the Point D. If we ſhould ſay that they may 
touch elſewhere, or meet at the Point E, then AE A ſeeing 
they are the Radii of the ſame Circle, by the ſame reaſon 
CD=CE, therefore AE+CE=AD+CD, which is abjurd.* In 
like manner it is demonſtrated that Z and X do not meet in E, 
for if they ſo met, BD=BE, and AE=AD, but AD=AB+BD, 
or AB+BE, then AEZAB+BE, wwhich is abſurd.f 

80 CoralLaky, TWO Circles cannot touch: either within Ss: or 
evithout, but only in one Point. Eucl. 3. Prop. 13. 

X and Z touch within ſide, ( ſame Figure) it; it be at the Point D, 
they cannot touch elſewhere, for Example at the Point E, if they 
touch at E they can't touch at D, for AB+BE will be equal to 
AE, which is abſurd. X and V touch on the out- ſide, if it be at 

dhe Point D, they cannot touch in any other, for Exam e in E, 
for then ACSAE+EC, achich is agr. . 
$1 Tuxo. 4. IF rave Circles touch on the inkae, the ile Lies eb i 
being —.—. will join their Centeri, Wo paſs through age Point of 
Contact. Eucl. 3. 276 p peine 
I. By Theorem 2. Theſe two Circles have not the ſame. Cen- 
ter. 2. Let F be the Center of BAB, if G which is not in the 
re FA, WIR TIO e the Point of * 8 the 
enter 

. 75 20 1 Sup. Ax. 35 E: Sup. ts 1. $ Sup. u. 20. 

1-59: 4.8. 3 
9 1. 1. + S. p. n mn 12. 1 Sup. v. 12, 1 80. 1. 12. 


pad I. Szcr. „ | 19 


enter Fonds thenGA= GD hero G+GASFO4GD * 
AFB, therefore l or FG+GB, then take from 
ach the common Part FG, there will remain b than the 


hole GB, «vbich it impeſ/ib 
Nr Ty tao "na out-fide, a right Line 8 


un thrau their Centers, will paſs through their Point A Contact. 
acl. 3. Prop. 12. © 
11 75 DAD and EAE be the wo Circles s which . at A, 
that the Line which will join their Centers wi a thro” _ 
80 nt A. If we deny this, we muſt unavoidably fall into an 
\ bſurdity ; for let B be the Center of DAD, and C chat of EAE, © 
nd that therefore the Line BC will not paſs through A where 
he two Circles touch: BA=BD and CA=CE,* then BA+_ 
=BD++CE, fince that BC does not paſs through the Point 
df Contact of the two Circles which is common, D and E are 
ot the ſame Point, there being between them the Diſtance DE, 


hich" add to BD CE, then e is * than 
AB TAC, which is ablard. ” 


8 TY 0 T. = 
Ox F w Poſition of 2 right Line with reſpesd to a Circle, | 
ADVERTISEMENT. 


R 10 hr Tale may be wholly within, or 8 e | 
If it is without, it may be in ſuch Poſition, that when pro- 
'2T it may either cxoſs it, or only touch without entering 
into it. | 
Taurozr 1. IP any two Points be taken in the Circumference of 83 
z Circle, the right Line drawn from one of thoſe Paints to the other, 
ill fall woholh 'y within the Circle. Eucl. 3. Prop. 2. | 
B and C are two Points in the Circumference of the Circle X, 
t muſt be proved, that the Line BC drawn between thoſe ines,” 
s entirely within the Circle. From A the Center of X, draw a 
ight Line to D the Middle of BC; fince AB and AC, the Ra- 
In of X, are equal, and ſince D is the- Middle of BC, the Line 
AD is Perpendicular, t and therefore ſhorter than either AB or 
\C,|| therefore D is within the Circle. 5 Now every other obli- 
que Line drawn from A to BC, will alſs be ſhorter than either 
W or AC, al the Line BC is therefore within the Circle. 
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$8 Tara 2. Ir 4 Chard is cut into teu equal Ss bye Fete: 
* Line, 1 ſay, that Line cuts the Arc of bat Curls inte ſaus 
equal Parts. and paſſes through the Center... 
Lr the Chord CD be cut into two nl by the Pak, 4 
icular Line BF, at the Point E, I ſay, that this Line cut? 
the Arc en equally in tv at B, and paſſes through the Circles 
Center. 1. Seeing that the Point Bi is een t from the 
Points c ag D, N that BF is Perpen upon CD, the 
Point D which is in this Perpendicular, is Pale equally diſtant from 
the Points C and D, + and therefore the Chord . to, 
the Chord BD, and conſequently. the Arc — 8 is equal to to the Arc 
B, 1 therefore the Arc CBD is cut eq aden Af in two, it is the 
ſame with the Arc CFD. 2. The Perpendi eth thro? - 
all the Points which are equally diane from Th and D, || now 
the Center of the Circle is equally diſtant from theſe two Points 
C and D, therefore BC 3 through & Center. - - 
35 ConaLlLary f. IT is evident, that in order to di vide an Arc 
into tauo equal Parts, a Perpendicular muf? berais'd vow the Middle e f 
its Chord Line. Eucl. 3. Prop. 30. 
85 ConalLary 2, The two Arcs contained between two parallel 
Lines are equal 
Tux two Ares MC and ND, contain'd between the two parallel 
Lines or Chords and CD are por for the Diameter BF 
being drawn Perpendicular upon CD, ® it will alſo be ſo upon 
MN, + therefore BM=EN, and BC=BD, 1 the Area of equal 
Chords are equal, || therefore the Arc BC—-BM= BEN. 
but the Arc BC leſs the Arc BM is equal to the Arc "OM. and 
likewiſe BD—BN= ND; therefore CM ND, Q. E. D. but if 
inſtead of the Chord MN, we had ſuppoſed at B, a Tangent pa- 
rallel to CD, the Arc BC, might more readily have been de- 
monſtrated equal to the Are BD. 
87 ProBLEM 1. Tues Points being given, to find the Center of the 
Circle hich paſſes through theſe Points. Eucl. 3, Prop. 1. 
LerT-the three given Points be A, B, C, join them by two ri ohe 
Lines AB, BC, which we will conſider as Chords of the Circle 
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— = - ſought, and on the Middle of each of thoſe two Lines draw 
= - | two Perpendiculars, 1 fay, that the Point K, where thoſe two. . 
= - Lines interſe&, is the Center of the Circle required, aubich 15 
1 evident by the Faregoing Theorem. | 
=_—_ - B27 Ir the three given Points had been i in a right Lins, he Problem 
= Bs avould: hawe been impoſſible, as is cui dent, for. then *. rae Pere 
—_— 0 pendiculars being parallel, could not interſect. + - 
== 7 83 . CORALLARY 1. Ir aua Cireles baue three Points common, as 4, 
—_ 6+ | , EC, then the reſt are all likewiſe, common, 
—_ . 855 Tn Es E two Circles having the ſame Center (ix. ) K, and 
+ = ben, deſeribed with the lame xtent, they. cannot be different 
—_— —— . from each other.“ ; | Coralpary 2. 


{ + Sup. m.42, Se. e. 3. 8. . 4% 


1 Sup. u. "4b. "Þ he 2,6 6 1 u. 42. Cup. u. 31. 
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CorAaLLARY. 2. 0 . ——— " _V» fr 
Eucl. 3: Prop. 10. | r 
Fos if they cou d interſett in three, they would have three 

Points common, therefore, by 

. be 1 L 8 | _ 
ee 2 given, the w ä 
che nay be compleated. Eucl. 3- Prop. 25. | go — —_ 

Manx three Points in the Part 855 en, th may the Center == 
18 Circle * part it is, be e preceeding Pro- 

en. 

Tuxongu, 3. Ira Line cuts the Chord or Are off a Circle intogy ; | 
tvs equal Parts, and paſſitb thro' the Center, 1 ſay, that it cuts it | 5 
Perpendicularly. Eucl. 3. Prop. 3. 8 
Lr BK be the Line which cuts the Arc or Chord of a cir- 40 
de i into two equal Parts, and thro' the Center K. I ſay, 3 
that it cuts the Chord Perpendicularly, fer in the Line BK there [1:58 
are two Points ( wz..) A or B and K equally diſtant from C and D, ; $2 
ſince AD is half the Line BD, and BC half the Arc CBD, and | + ja 
that K is the Center, therefore BK is Perpendicular. * 2 

THEpPREM. 4. IF @ Line cuts the Chord of a Circle Perpendi- 92 Fo 
cularly, and paſſes thro' the Center, I ſay, that it divides it into? | > 
two equal Parts. Eucl. 3. Prop. 3. SLE 

Taz Line BK paſſes thro' the Center K, ns is Perpendicu- | 1 
lar upon CD, I ſay, that it cuts CD ly in two. EY 

Tas Center is equally diſtant from C and D, and BK being 1 
P icular, the Point A, and all the other Points of BK. > y 2 
ought-to be equally diftant from C and D. 5 Then AcgA D, 1 
therefore CD is divided into two equal parts. | 13 

THEOREM. 5 Two Chords which don't paſs thro) the Cen-93 3 5 
ter, cannot intenſect ſo as to divide each other into two equal parts. 
Euct. 3. Prop. 4. N b 

LET DE and BC be two Chords which interſe& out of "Tg +} pa 
Circle's Center at the Point A, I ſay, that they are unequally di- BY £ j 


' vided. If the two Chords interſect at A, which is not the Cen- | 1 
— and that this Point be the Middle of the two Lines, then aa _ © 
drawn from A, a oo w_ K the Center, that Line KA, will | 4 
crpentzeqias upon upon DE. + ThenBC and DE * "+ * 3 
= Perpendicular upon KA, t therefore, there is two . . i + BY 
culars upon the fame Point A, which is impalſible. 94 1 
: * 3 | 


- ' TazoxeM. 6, Corps . which are equally diſtant from the 
Center are equal, and if they are equal, they are equally diſtant 


m the Center. Eucl. 3. Prop. 14. | 5 ] 
LE I BC and GH. be Chords equally diſtant from the Cen- 1 | 
ter K. I ſay, that they are equal, if they are equal, their OE 1 
diſtances KE and KF — the Center are equal. 1. Upon cheſe RN 4 
Chords I draw the Perpendiculars DK and EI. which 8 | 6 | 
at the Middle. J. 6y ps mo r KE=KF, and ſince that KK _. 0 
. and KEC, the Line BK — * 
® Sop. u. 40. 8 Sup. 2. 425 4 gap. 1. 91. K 
t Sep. . 5 15 u. 4> + oy 1. 92, ; ; 
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from the Perpenc 


22 * Elements 7 Cory: 
to'the Obli ve KH, and the Perpendicular KE . KF belong: | 
2 to thoſe " Obliques being g 20 „BE and HF their diſtances © 


diculars are 


. has been proved, that when Oblique Lines as 
equal, and that BE and HF their diftances from 


the Perpendicular = are alſo equll, that a tue Ferpendiculars KE 
and KF are _ 1 08 


| ; "7 Center, 5 the 


98 


"THEOREM. THe W or Line Ae paſſetb thro hs 
»geft of all Lines which are in the Circle. Eocl. 1 "xk 
Prop. 


"It is longer than CD, or any other Line whatſoever which doth 
| Hot paſs thro” the Center, avhich is plain. For KC =KB, 8 

SKA, therefore BA KC KD, now KC+ED is longer 
than CD, 4 therefore BA is longer than COD. 


95 — 8. CnorDs neareſt to the Center of the Circle are 
long. _ the longeſt Chords are neareſt the Girele: 5 Center. . 


Fuel, rop. 15 

7 A = the Center, and the 8 Lines be BC and DE, 
it muſt be proved, that DE which is neareſt the Center A, is lon 
er than BC which is farther off. AM is the Diſtance of BC, 2-4. 
that of DE, the latter of which is Shorteſt, it muſt be pro- 
ved, that DE which is neareſt the Center, is longer than BC which 
farther off, which is evident, for the Arc EFD 1s longer than the 
Arc CFB. Now the greateſt Arcs have the long Chords, 
therefore DE the Chord of EFD, is longer than BC the Ch 
of CFB, Q_E. D. 


97 Tnzongx. 9. Ir a Line it the common Chord 1 tuo os 1 
unequal Circles whith intenſect, I ſay, that the Arc of the leſſer Gr. \ 
cle contains more Degrees than the Arc of the 


great er. 

Lzr X and Z be two unequal ie which interlekt at 
the Points C and D, their Chord CD is common; I ſay that 
the Arc CZ of the leffer Circle, contains more Degrees than tha 


Arc CXD of the Greater, for if the two Arcs of which CD is . 


the Chord were the Same, each for Example of ten Degrees, 
then what has been before proved ꝓ would be falſe, ( Fiz.) that 
the Chords of Arcs containing the ſame Number of 
proportionally Longer as their correſponding Circles are greater. 

CoRALLARY. THEREFORE the ſame Line cannot be the Chord 
of two Arcs containing the ſame Number of Degrees, and which 
are portions of un Te Crreles. 

IT was obſerve 


x0 be underſtood, 8 the other is directly mentioned. 


THEOREM 10. Ix From a Point without the Circle, be Sus 


Jeveral Lines which croſs it, and end at the Circumference, I ſay, ' 
I. 1 0 all the Lines which fall upon the Convex Part, that which + 
5 being 


Sep. x. 61. 
Be a 1. Bae 


1 Cop. n. 62. n 1 Sup. n. 12, 
1 u. 33. 


equal. * the fame Way it is 
proved, that EC=FG, and that 8 BC=HG, which was 


40 be 
KB and KH are 


LzT A Lme AB be the Diameter; Te muſt be 1 that 


3 Are oy 


Sup. v. 26. that the leſſer Are of the Circle is | 


1 -_ 


. 23 
| Bring, produced will paſs. tbro ibe Center, is the Shorteſt, next, theſe 
pers ee nearer = are ſhorter ' than thoſe which are | farther 
| of 2, It is juſt the Reverſe, of the Lines which fall pen the 
. Concave: Part. Eucl. 3. Prop. 84. 
Lr the Point be B, from which having drawn the Lines BH. 
BG. BE. I fay, 1. That BC which paſſeth thro the Center, is 
ſhorter than any other drawn from the ſame Point, than BD for 
Example. For AC=AD, new AC+CB is ſhorter than AD 
DB, * therefore BC is ſhorter than BD AD=AE. Now AD+ 
DB is ſhorter than AE+EB, 4 then taking away the equal Quan- 
tities AD and AE, the Remainder DB is ſhorter than the Re- 
T ↄ i oboe . 1 EF: £6 
2. Tuar BH which paſſeth thro' the Center is longeſt, for 
AB+AH=AB+AG,now AB+AG is longer than BG 5 now DG 
is longer than DF. +. therefore BH is longer than BG. it is likewiſe 
evident, that BD-+DF is longer than BF, || therefore BD+DG is 
longer than FF. $ | | p 
ORALLARY, Ir there are tavo right Lines, equal or unequal, 
placed one upon the Other and which agree to a Point at one of 
their Ends, upon which Point if one of them be turned round, the 
Line which joins their other ends, will as that Line moves, continually ; 5g 
encreaſe its length,even till the jaid Kwol.ines,make only one rightLine, 
LꝝTAB, and AC be the two Lines upon AB one of which as AC, 
turn round upon the End A, in moving from AB it will paſs thro” 
D, E, F. The Lines which join their ends as BD, BE, BF en- 
creaſe in length even till the ſaid two Lines form only the 
right Line BAH «which is -what was to be proved. 58 
THEOREM. 11. Is there be Lives drawn from a Point which TOES 
is out of the Center of a Circle, to the Circumference, I ſay, that 
«which paſſeth tbro the Center is the Longeſt, and the other Part re- 
maining which will comploat the Diameter, is the ſoorteſt Eucl. 3. 
11 ; ny . 
Lr the Point be B, and let there be drawn thro' this Point 
the Lines BC, BF, BD, and BE, which paſſes thro' the Center A, 
I fay, that BE is the longeſt, and its part BD the ſhorteſt of all 
thoſe which end in that Point. 1. .BA+AE=ZBA+AC, ſeeing 
that AE AC, now AB+ACY BC, “ therefore BE equal to 
BA+AC is longer than BC. 2. AFSAB+BD, now AB+BF is 
longer than AF, A then taking away the common part AB, the 
Remainder BF is longer than the-Remainder BD. 5 | | 
THEOREM. 12. "THERE 75 20 Point in à Circle, except the Cen- 105 | 
ter, from which there can be drawn to the Circumference any more _ .- 
than two equal" Lines. Eucl. 3, Prop. 9. 8 | E BY 
Lzr A be the Center of the Circle X, therefore the Point B : ' 
is not the Center. 1. I ſay, that BD is longer than BC, + 2. ; 
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That BE is longer than BD. for AD and AE are each the Ra- ; 
di of X, which in turning or removing from AB, ougbt to make 0 
Y | „ | EE longer 
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how ee e ere Rey Teal: 


1 CoraLLary 2. In every Circle, that Point from which three 


tos © TrxorEM 13. A Line 1 crofſes tao two concentric Circles, whe- 


10% © CoraLLary. 4 Cirele cannot be fouchbd by any more than one 


_— " of 1 


DR than BD/þ and in like Manner BF is longer thas BE 


I 


to any part 'of che Semi-circumference of X, as CD, FG, &c. 
are unequal, Let us take the Arc CH « ual to CD, fince that 
AC is Radius, it will cut BH Perpendicularly;t and in two e. ual 

Parts at the Point I 35 therefore the Perpendicular and its 
tance from the Oblique Line beitig equi, che Obl ve Lines BY, 
BD are equal: | But every other Line except BH, will as has 
: _ „ be either ſhorter or longer, in the fame Manner 
| 2 be demonſtrated; that there can be drawn but two equal 

; Ling from C. 

ioz CoraLtary 1. Hencs, it is only from 8 the Circle, that 
there cas be drawn more than two equal Lines to the Grcumference. 


Lines may be drawn to the Circanfrence is the Center of 
r Circle. Eucl. 3. 


ther it paſs through their Center or not, the Parts of the Line 
vhich are between the Gircurhferences of thoſe raue Circles, are 
to each other. | 
% Er eroſs two concentric Clocks; I fay, that 
 BM=NC and BF=ED. 1. For BC which paſſeth through the 
Center, this has been ed.“ 2. From A draw a P 
lar upon BD, then G GB, and GREGF, + then © 3E 
we _ 5 now GD—GE=DE, and GB—GF=EFB, there- 
106 Trrozem 14. 4 Line Pebpcridiculas it the End of Radius rouches 
tte Circle, and that in only one Point. Eucl: 3. Prop. 16 and 18. 
BD is Pe icular upon BK, it muſt be proved that this 
Line touches the Circle . at the Point B. If you ſay that 
it touches it in a ſecond Point, as in C; draw a Line from K to 
C, which is not Perpendicular upon BD, fince by reaſon there can 
be drawn but one Perpendicular from K upoti BD, F it is the re- 
fore longer than the Radius BK, which is Perpendicular upon 
BD, wherefore the Point C is out of the Circle X, therefore 
BD does not toueh in the two Points B and [Set but i in one 
only, as B. 


right Line, at the ſame Point. 

Two different Lines cannot touch the Circle X at the ſame 
Point B; for if ſo, they by the Theorem, | they would both be 
Perpendicular upon BK, which is impoſſible.* 

i163 TarroreM ig Ir 4 Line be drawn within a Circle perpendicu- 
larly upon the Point of Contact of the Tangent or touching Line, it 
 paſſerh e the Center of the Circle. Eucl. 3. 8 1 19. 
is 
+ Sap, #: 100, © © Sup. ”. 101: 7 RY 7. 91. F Sup. u. 42. 
j Sup. u. 58, 

* Sup. n. 76. f Sup, n. 92. bY Sup. Hee. 5 Sep. „ 

8 e 


. 888 1 S 6. 


cb is a r e or touchi ; Line, from C the Point of Con- 
| tat, draw à Perpendicular wi the Circle, I] fay, that it will 
| pals through the Center K. If you think it paſſes through B 


which is not the Center, I prove it Alle having drawn from C the 


Radius KC, and raiſed at C a Perpendicular which will be a 


Tangent, F but it will he the ſame as CD, fince there can be only 


one Tangent at the Point C, 1 therefore at the ſame Point u 


the Line CD, 98 would de two Perpendiculars CK and CB, 


avhich ts impoſſible. 


To. 16. Ter. cannot be drawn, a right Line between a 7. angent 


tog 


and the Circumference of a Circle, but there may be drawn an infinite 


Number of circular Lines. Eucl. 3. Prop. 16. 


Ir between the Tangent BD and the Circle X, there could be 


drawn a right Line, & lin the Space between the Target nt BD 
and the Circle, as the Line BF, upon that Line from the 
draw another Line Perpendicular thereto, to doit KE, which will 


that Line, therefore KE being ſhorter than the Radius BK, its 


tween it, and the Tangent BD. 
an infinite Number of Circles, for having produced the Radius 


tent of EA having made the Circle Z, the Line AB will be Tangent 


between AB and Y, &c. ad inf. conſequently between the Tangent 
AB and the Circle Y, an infinite Number of circular Lines may 
be drawn. 4 
CoRaLLARY. Ir is therefore evident, that the Space contained be- 
tavern the Tangent and the Circumference of a Circle, may be divided 
into an infinite Number of Parts. 
\Trzortn 17. From A Point which is without the Circle, there 
can be but one Tangent drawn to the Circle on the ſame fide thereof, 
ALL other Lines will either interſe& it or not reach thereto. 
Let A be a Point given out of the Circle, the Line AB touches it 
at the Point B, I fay, that there can be no other Tangent drawn 
from A towards B, but that all other Lines will either interſect, or 
elſe not touch. 1. If a Line be drawn beyond AB, it will not 
touch the Circle, and 2. If it be drawn through the Point B, it is 
the ſame as AB. 3. And if it do not reach fo far as the Point 


Point D will be in the Circle, . therefore AD enters within the 
Circle, and cuts it. 


£ 2h = | ProBLtM 
95 + Sup. n. 106. 2 Sup. n. 107. 

. . I Sup. u. 106. 
1 Sup, 1 1 | : | 


Extremity E is within the Circle, conſequently the Line BF cuts 
the Circle, and does not therefore divide the Space which is be- 


Bur between the Tangent AB and the Circle v. may be drawa 


B, but goes through D, becauſe CB is longer than CD, then the 


4 Sup 1. 31. 


aint K, 
be ſhorter than the Radius BK which is not Perpendicular upon 


* 


AC beyond the Center C, Þ from E as a Center, with the ex- 
irc 


theretorf Which Circle Z, being greate: than V, will be out of the Cir- _ 
cle V, in like Manner the Circle X whoſe Center is F, will he alſo 
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Fine of Ghee, 


© ProBLEM 2. Te draw a right Line ho. as-to conch e , # 
" Ever.” > 
Tu Center is Kk. the given Polt B. 3 72 
and upon the End B 7 raiſe che Perperidieular D which 5115 be 
E i Oe” . 
113 PrOBLEM 3: To 54% ih a Tangent, from s Print given out of 45 
| Circle. Eucl. 3. Prop. 17. 

Tur Circle is BEB, the given Point is C, from which to 1 
Center A draw a Line, and at the Point Babe that Line inter- 
ſefts the Circle, by che preceedent Problem, draw the Tangent 
GD, thro C deſcribe a concentric Circle, and from D where that 

: Circle i is cut by the Tangent GD, take DF equal to DC, and 
Join'C and F by a. Line, which will be the Tangent required. 
By Conſtruction the Chord GD=CEF, for the Arc GC is equal to 
the Arc CD, “ and the Arc CD to the Arc DF, therefore the Arcs 
- GD and CF being equal, their Chords are ROT + From D to 
the Center A draw the Line AD, Which be Perpendicular 
upon CF, ſeeing two of its Points, (viz.) A and D, are 7 . 
tant from its nds, now fince the Chords DG and CF are 
the Lines AB and AE are equal,f then the Point E as well as 
in the Circumference of the Circle BEB, therefore the Line erb 
being Perpendicular upon E, the End of the Radius AE, it touches 
the C Circle.y - 

On more eaſily thus, he 4 be th 22 Point, Fes hich a e. 22. 
gent muſt be drawn to the Circle 
2B, 12 5 4 to B, the C 
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0 * aul, or ac which are « between tro „Lins, I 
h aa Wy - ADVERTISEMENT: | 

IW aeg * Snrfaces;! we ſhall here pits 1 Planes; 

thut is to ſay, ſuch Surfaces as are the ſhorteſt between two 
right Lines; and ſhall begin firſt with thoſe which are com- 
prehended between two Lines, that meet or interſect in à Point. 

DEFiniTioN 1. Ax Angle is the e or ö 25 wa 1 
Lines, which meet imlirectly. | 
+ EEE meet direfly, degeneyate into only. one 

ine. : 

Dx. 2. Tux Point aubefe tue Lines -miet hid form an FELT 4 
is called the Vertex thereof, as is the Point B, aud the two Lines are 
called the Sides, or Legs e the Angle. 

-- Txvs, AB and BC are — Sides: or Lege of the Angle ABC, 
when an Angle is marked with three Letters as ABC, the middle. 
moſt B rec che ne and the other” two Aand C, the 
Sides. 

Der. 3. A As wobich.s fs is a Bday] 15 lh 4 laws Angle. 

Dr. 4. Tu sR are. three Sorts of Angles, ſo efteemed by reaſon 1 
of their Sides, the Rectilinear, Curvilinear, and Mixtilinear, the 4 
 Rectilinear, il formed -by the" meeting of two right Lines, as C. 
© The Curvilinear, is formed by the-meeting of two Curve Lin 
as A. The Mixtilinear, is Fr * the I of a right > 
e 8. Caryn ER... 1 _ 


rhe 2 7 Evipiur Propulaiins concerning Angles: | 
Poros i ITION I. F ROM the Depnition of” an Angle, 11 is ; ie 
that it. Bigneſs does not depend upon. the Length of the Linei whit - if 
Irs it, but upon. their. opening. ar di liftauce from each other, © 
Fon Whether the Lines AB and AC are long or ſhort, the, 
opening is Ye: the ſame, I + Space; or Surface, boa 8 
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between thi chaths 00 wg 3 which 6 nerf the Vers A; will 

_ be * au =: Con nes Ko * 

e ROP. 2. AN. cannot be either 8 or mia; bad, 

5 19 8 4 Except one of 15 Siuls in turning about the e „che, 

I either declines from, or Par Ag to, the other Side. 

T :: -: - Prop; 3. ONE. of the Sides of an Angle in turnin end, and 
EET: aeclining the other Side, always males the _ greater, 
_— untill it becomes 4 right Line 0 the other Side, and ' then the 

| A. le vanifpes. wa ge | | 
>. ra. kor. ** Ons of the Sides Fa Sek in . hn on 

5 11 oh one whole Round or " Circle, after which, it joins to 

. other Side, and makes therewith only one Line. 
9 Por. 5 Fux Arcr or Pernes of different Circles; deſeribed 
OE ' 9 throw 4 ferent Point: 'of t the” Gree oO . contain an ge 

Number of Degrees.” 's 

FT Point X of the Side AB or AC, deſcribes the 
+ Circle: XX, and the Point Z the Circle 2. Jay. hat 
„„ —=Sthe Portions of the . two Circles contained- between 
dau AB and AC, are of an ual Number. of Degrees. Per 
iunce that they are deſcribed in the ſame Time, if we divide the 
>. = Time into 360 Moments, che Cizcle having ſo many Degrees, 
in the firſt Moment, whilſt Z deſcribes the 360th Part of its 
Whole, it is evident, that X will alſo paſs es the ſame Part 
bot che Circle which it deſcribes, for as the two whole Cireles are 
tg e ea the ſame Time, each Part is likewiſe made propor- 
VE 10 2 6. 4 Circle being 3 from the Vertex of an 3 
Center, the Portion of the Circle, contained between the Sides of the 

INS | Now is the meaſure or content thereof. 

11 Por. . 8 Angle that is, cannot have all the Seni. 

. e for its meaſure. / 

Po when the 1 of the Angle BAC, bath been tamed 

aA about ſo as to make the Semi- circumference BCD, and that C is 

_— . come to the Point D, it then makes only a right Line with AB: 
V For ſince it is ſuppoſed, that BCD is the Semi-circumference, it 

_— + hg muſt be, that AD+AB is the Diameter of the Circle, and wy 

1 1 AD and AB. are only one right Line, which divides 
— =: > the” Circle into two equal Parts, the whole Circumference of the 

= - _ + Circle is 360 Degrees, and conſequently, the Semi-circumference 

10 i$0 Degrees; therefore an Angle cannot contain 180 

—_ : oor when the Side $2 is come to D, AC and AB _ one 


—_ " "ADVERTISEMENT. 
ng 8 8 ; 2 AC "_ beyond DA and goes to E, it will by this 
BE  __ Means, form the Angle BAE greater than 180 Degrees; ; which 
dome Geometer call a . Angle, and which is meaſured by 
mwctetchee Arc BCD E, this Sort of Angle is not here conſidered, but 
vo only chat of EAB, meaſured by Te Arc EB, the Complement . 
dan Aro BCDE © thewbol a * a 8 i, 
. "WARS we yon 
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r Ine DoS ECG B. An 
« "Me * 5 o 2 
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_ ed only till it approaches i 
equal. to. two right ones, is e the 


3 U. e 1 e 
— of Angles with ei to cher open 
ing, or proportion to a. Circle. 
? ADVERTISEMENT. . 
Tura are three Sorts of A with. reſpect to 3 
ee e 


acute Angle, and the obtuſe Angle. 


1 1. Ax Angle that is meafurid by half the Semi circomfironce * 


hb Part of the whole Cir. 15, a 
He of ninety. Degr es, is called a right Angle. 
Tnvus, ſo 


- Obdodliference ACDE, and conſequently-ninety Degrees, which 
$s the fourth' Part of 360; which make the ren er Cucle, * the 


Angle ABC, which is meaſured by the Arc AC, is a right Angie. 


EF, 2. AN Angle thet is meaſured by an dre of more thn ninety 1 


Fn es, is ſaid to be obtuſe. 
He Angle FBC is obtuſe, the Arc FC which meaſures it, being 


more than ninety” Degrees; becauſe it is eater than AC, the 
fourth Part of the Circle AFEDC. . 


Dar. 3. An Angle aubich is meaſured by an Arc 2 chan aincly 14," 


Dy ces, is called Acute. 
Tus Angle 
chan the Are AE of ninety De 
may be diminiſhed, ad inf; But the obtuſe Angle can be augment- 
near to two right Angles. 


Dee. 4. TRE acute Angle, which t 
ment 4 the obtuſe Angle 


1% a Semi-circle. 


cap. the Angle FBR, is the Complement of the obtuſe Angle 


Turxonxsu 1. 4 Line which is 
wales therewith tvs right Angles ; ;z and if it makes therewith two 


; right Angles, it is Perpentlicular. 


1. BAisP icular upon A the Middle of CD, from which 


as a Center, having deſcribed the Semi-circle CBD, according to 


the Definition of a Perpendicular, the Lines or Chords BC and 
BD, are equal, therefore the Arcs which they ſubtend, are equal, , 
and therefore fince CBD is half of the Circumference, the Dia- 


FBE being meaſured by the Arc VE, which is leſs 
is Acute. The acute Angle 


are; the right Angle, the 


that the Arc AC is the fourth 3 3 


ber <with the Obtufe 1014 


min upon another Toy pl 16 


meter of the Cirele being CD, the Arcs BC and BD are Qua- 


drants; then the Angles BAC and BAD are right ones, each 
ing meaſured by the fourth Part of the Circle. N 2. It is eaſy to 


demonſtrate the ſecond Part hereof ; for if the two Angles CAB 
and DAB are right ones, the Arcs BC and BD are equal, each 


half the Semi-circumference ; | but A and B, being therefore - 


_ equally diſtant from C and D, the Line AB is Perpendicular. 
THEOREM 2. Every Line let fall upon another Line, makes there- 
a two Angles, . to tavo right rote Eucl. 1. P 13. 


LET 
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Jr dell i. be 4, which El, upon the Line dc, t fay; 
chat the Angle DAE together with-the Angle EAC, is equal to 


ſeribed tire Semi circle DEC, and raiſed; the Perpendicular AB, 
«Whether the Angle DA be right, obtuſe, or acute, it is (accord- 
1 go the Definitions I) meaſured by che Are DE, and the Angle 
by the Are EC, f theſe two Ares together make the Semi- 
1 erence of the Circle, which is naa! o 180 Doyrom, c 


two right Angles. $ 
18 CoaalEAR T. 1. In: in e wident, r Liars NT 


Aꝛgles, which. altogether arecequal to only two right ones. 
19 CORALLARY: 2. T'HEKEFORK, % or more Lines, which int 
-. at @ Point, being prolonged will form Angier, which altogether are 
15 equal to only four right Angles. 

Lr as many Lines you pleaſe, be conceived to fall upon ED 
at the Point A, having from the Point A as a Center deſcribed-« 
Circle, the Angles will be all meaſured by the Semi - circumference 

BD, Which is the meaſure of two right Angles,” having pro- 
longed the Sides AB and AG, the Angles which they make 
are alſo equal to two right Angles, therefore all the es which 

can be made about the Point A, are equal to four right Angles. 
20 THzoRBM. 3. In fue right Lines meet at @ Point of 'any right 
Line, making on both files; 8 tau dngles equal to two right 
Y Angles, the two Lines meet directly. Eucl. 


14. 


1 N 85 Line AE, and make on both ſides that Line, the two Angles EAB 
1 | and EAC, equal to two right ones. It muſt be proved, that they 
1 . meet directly, that is, being taken together they make only ons 
1 right Line. BAE ＋ CAE are equal to two right Angles. Te; It is 

ES ſaid that BA and AC make two Lines, and that B being pro- 


ES, HDuged goes 10 D, then by the preceeding Theorem, the AY les 
8 . 2 and EAD, are equal to two night Aale then EAD=Z EA 
C,. æobich is abſurd. 


ſect each other, are e Facl. 1. Prop. .. 

| Tux two Lines C and ED interſect at the Point 3 fa 
8 that the Angles. DAC and BAE are equal, as alſo DAB nk; 

V - BAD and DAC are equal to two right Angles; DAB and EAR 

—_— make alſo two right Angles: N Therefore BAD+DAC=BAD+ - 

= 55 |  EAB, taking away from the two equal Quantities, . the common 
Angle BAD, the remainders ED and DAC are l the 


_— E Game reaſoning will prove that BAD= SERA; 
— | 32 Dr. 4. Ink Sine of an Arc is equal to half the Chord of . 
* = | e, Are, or to the e let e the End ef. that Are 


. Radius. 


. 


TI 
9 Sup. u. 125 5 and 14 
ie. 


| 8 Sup. . 12. > £ Lf 
4q Sup. . 172 


P 


two right Angles: For having from the Point A as a Center, de- 


be, which fall upon another Line at the fame. Point, they will 5 4 


Tur two Lines AB and AC, meet pep Point A of the wich ; 


£1 TuzoreM 4. Tux Vertical ol 5 tao Lines Os. eue. 


rere 


"om *. Teens, 1. 


Tus Hy © BB.is double the Arc BD, the Line BC, the half of- .." 
BE, the Chord of BDE, is the Sine or the Arc BD, and alſo of - 
| the Arc BF, its complement to a Semi-circle,. therefore the Arcs | 
DE and BE, which together are equal to a Semi- circle, have the 
ſame 5 and are a ret to a d g reciprocally each . 3 
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Per. * Tas Sine. of as. Angle; 56-508 Sim ne of the Arc that , „„ 
meaſures it. 23 = _ ._ 
Tuus BC which is the Sine of the ets BD, the Meafure of EEE 


the Angle BAD, is the Sine of that Angle. When an Angle i is, 
93 its Sine is alſo the Sine of the Acute Angle, which is its 
complement to a Semi- circle, thus BC is both the Sine of th 
obtuſe Angle BAF, and of the acute Angle BAD, but tis only 
che Sines of the acute Angles, that are conſidered in the follow- | 
Work, except the other are expreſsiy mentioned. | 
BC being the Sine of the Angle BAD, the Line CD, . 8 
between BC and the Arc BD, is called the verſed Sine of that 
Arc-BD, therefore BC is called. the right Sine, or ſimply the- Sine, 
CD being always diſtinguiſhed by the Name verſed Sine, the Line 
DE which touches the Arc ED, fi which is bounded by AE and . 
AD, which comprehend the ſame Arc; it called the Tangent. of 
both that Arc, and alſo of the Angle BAD, the Line AE is cal- 
led Secant, both of that Angle, and alſo of that Arc BD. 
Tnzok. 5. E uA“ N * equal Sines, and if the Sines are 2 | 
equal, the Angles 8 + | e 
1. Taz Angles GEF and CAB are equal, chereſore having „ 
A and E their Vertex, with an equal Extent deſeribed the Arcs 1 
CB and GF, which meaſure theſe An 2 theſe Arcs are equal, . 1 
continue them ſo that GF EN. =BM, then ſince that | 
equal Ares have equal Chords, f CM =GN. and conſequently 
CO and GP, the Halves of theſe Chords, are equal, now theſe — 
Halves are the Sines of the Angles CAB and GEF, according to „ 
the Definition, I therefore the Sines of thoſe Angles are ens. 2 
If the Sines CO and GP are equal, CM=GN,$ and therefore „ 
CBM GEN, then the Angles CAB and GBF, being meaſured 
by the Halves of thoſe equal Arcs, they are equal. 
Tuxok. 6. Ir a Line cuts two parallel Lines obliquely, it forms, 
right Angles, four of which, are alternate interior ones, and ur. . | 
Exterior. 1 ſay, the Alternates, either Interior, or Exterior, are 7 85 1 
equal, 6 e e 1306" e 3 
Ir muſt be te that AFEZHGD, and AFG=F GD, he | 4 
two firſt, are alternate Exterior, and the two others, alternate 5 „ 
Interior. Between the two Parallels, draw the Perpendiculars „ 
FK and GI, which are equal, from F and G as Centers, with _ E 
the Fance GF, draw the Arcs AG and DF, which meaſure 9 NY 
the Angles AFG and F Gb che Sines of theſe Arcs, or Angles, are 2 
the | 
T e „ „„ Þ Sup. r. 2. 
AID Cup, a, 232 | || 6. I. N. 65. o 
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reger diculars GI and FK; » theſe An gles then are e- 

25 and AFG make two right ng I as do FGD 

_ DGH, therefore AFE+ AFG=FGD+DGH, taking from 

h part, the equal ne AFG and FGD, there will remain 
AFE=DGH. 

5 Tnrok kk. 7. Ir a Line wikis joins tas 1 . 2 the 

1 „8 equal, the two Lines we Parallel. Eucl. 1. a 

rop. 27. 


Is AFG and FGD are equal; Weir Sines GI and FX vs: e- 
qual, 0 GI is Perpendicular upon AB, and FK upon CD, —_— 
by the Definition of Sines, | the two Lines AB and CD, * are 
Pralle. 
27 Tnxonzxw. 8. Ir a Line cuts two or more Parallel Lines, all * 
tes that it makes with them taken on the ſame Side, are J. 
T is to be proved, that GAY=ABX=BCZ, chat 50 
Z CH, and that on the other Side it is the ſame; that GAF= wo 
ABE=BCI, _ and FAB=EBC=ICH. 1. ZCB=CBE, * and 
CBE=ABX, + then ZCB=CBE=XBA ; therefore according to 
this Axiom, that' teve Duantities equal to a Third are equal. ZCB 
=XBA ; In the ſame Manner it is demonſtrated, that GAY= 
 ABX Ke. 
28 Tuzorrem. 9. Ir 2 Line that falls' upon ſeveral other Ris: 
males therewith, the An gles taken on the Jame Side, equal, the Lines 
ere Parallel. Eucl. 1. Prop. 28. 

GAY+YAB is equal to two right Angles, as is alſo GBX 
GBE, t then taking away from the two equal wholes, the An- 
gles GAY and GBX, which are ſuppoſed equal, the Akernate 
Angles YAB and GBE, will remain equal. herefore the Lines 
Y and Z are Parallel, F It is demonſtrated in the ſame Manner, 
that Y and Z, or X and Z are Parallel. 

29 PROBLEM. 1. FROM à Point given in a right Line, to deferibe 7 
2 Rectilinear Angle, equa! to an Angle given. Eucl. 1. Prop. 2. Z: 
From the given Point A of the right Line Z, it is required to 
deſcribe an Angle CAB, 5 5 to the Angle EDF. from the Point 
D as a Center, draw the Arc EF, then from the given Point A 
as a Center, 5 the extent of DE, draw the Arc X, from which 
take the Arc BC, equal to the Arc EF, by means of equal 4 
Chords EF, BC, | then drawing a ns Line ſrom C to the * 


0 A gA= 53259 


W 2 . 


Point A, the Angle CAB, will the Angle required, equal to EDF, | ©: 
for they are meaſured by equal 5 therefore they are e- 8 
qual *, i 
30 Prom: EM. 2. FroM a Point given out of a Line, to draw-a ri be fe 


Line upon another Line, fo as to male ee an "gw. _ 
an Angle given. 
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, a right. Lime making therewith. an Angle, equal to X. From + 
ny Point of Z. taken' at-Pleafure, draw a Line by the. preceeding | | | 
Problem, making therewith the Angle CAB, equal to the given ” „ 
ngle X, ſuch is AC, if this Line paſs thro' the Point D, he 
Pro lem is done. If it doth nat paſs thro D, draw a Eine thro* © _ 
arallel fo. 22 f non, DEE=CAB= X, f therefore wg RT 
8 3. "To biſe A, or avi 4 given ole, into febd'e- a4 
qual Parts. "Eucl. 1. Prop. 9. i 1 
Tux given Angle is BAC; having made the two Sides AB 
and AC, equal, join them by. the Line BC, upon which having 
drawn a Perpendicular AG, & from the Point. A. | BD=DC, 
therefore the Arc BGC, being eonceived as part of a 8 
cle whoſe Center is A. AB and AC the Radii thereof,” and BS 
the Chord which is cut ually in two by the ſaid Perpendicular 
AG, as.15. alſo the Arc BC at the Point G. therefore the Arc 
BG is equal to the Arc. GC, and therefore the Angles BAG, 
GAC which they. meaſure are equal, F the Angle BAC is den 
cut equally in two. 

THEOREM. 10. Tux Angle „ Zetæveen a Circle a 3 F 
its Tangent, is 1 Mer than any rectilinsan Angle whatſoever, Euel. 3. . | 
Prop, 16. | ; 

as IL the Circle and its Tangent' cannot be drawn a right 
Line, f therefore the mixt Angle made by the Circle and its 
Tangent, cannot be divided; this TR” iz therefore ile then 
* dae e . ))FFFCCCGGVCC C 
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Or che 3 of Angles, and bh 65 different Po | : 
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N Ang le,-as has been aforeſaid, is meaſured by ee 

2 Circle whoſe Center is the Vertex of the ud Angle, and 5 

which is bounded by the Sides which form it. Now the Vertex _. 

of an Angle may be either at the Circle's Center, or out of the 5 

Center, in the Cireumference, or out of the Circamference zand 

altho” the Angle may in all theſe cales. be the ſame, yet it af 

fords different conſiderations. | 
Derixiriox. 1. Tre Angle whoſe wertex is in the 8 33 

| of the Circle, and the Sides in the * 1 tailed an I at 70 5 


Circunference, as B AC. 1 SE 
＋ 5.4. 2. 72. : 1% . 27 $0. 1. . 
b. 1. 1. 45: | 
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—_— | 6 Ws. calls. thoſe 2 0 Aug les, "wich WA it the. < 
=—_ cumfepence; and thoſe Circum ctibing ones which are out of t} | 
=: - a Rr but hie touck it with their N B ee , 
. a e one.. ENS, 1 
le at the Center, is an Hite ako Vertex 7s. 
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—_—.  - 3 5 Dee. 3. 2 of « 4 G is. that part * the, Cirele * 
3 | evhich 'is F ! etaueen the Greumference, and 4 ord Line, 
D | Foes at 1 8 the Circle into a. greater, and a Leſſer Segment. . E 
3 D EP. Tas: Angle made by 'a Tangent a and à Chard Line, or 
ke drawn from * Point of 9 Fs called an s Angle of | 


2 5 : : ; 95 ment, as SS. or. PT. | 
1 : 117 ae I. ES Angle 1. the Sepmen is A een [3 half | 
. 1 Trek Arc that is bounded 27 zts Chord. Eucl. Prop. AFG 
De: Lr the Angle be CBE, made by the angent * CB, and the 
4 | Chord BE, it muſt be proved, that its Healing is half the Arc 
—_— .. : : BE. Let there be drawn the Diameter GH citing the Arc 
_— and the Chord EB into two equal Parts; and draW 410 the Di- 
—_ ameter DF Parallel to the Chord EB, and the Radius AB patting 
_:.... - | * thro'. the Point of contact, will form an Angle at the Center GAB. 
. | : which is meaſured by the Arc GB. Tt remains then only i to prove | 
that the Angle CBE is equal thereto, whichs 15 erident; for the 
: 1595 CBA is a right one as well as the 90 gle GAF; dat the 
ngle EBA is equal to the Ang le BAF, becauſe they are Alter- 
nate ones, I then. taking away To two equal Angles, ix. FAR 
from GAE which is a right Angle, and A Ty from the Tight An- 
gie ABC, the Remainders BAG and CBE are equal. Now BAG 
is meaſured by the Arc BG; then CBE des is equal thereto, | 
is meaſured by an Arc equal. to BG; the half of BGE; 4vb:ch 
as to be proved, The ſame Way of reaſoning will prove, that 
the other Angle DBE is meaſured by the Arc BH, the half of the 
Arc BHE, comprehended in the faid Angle between the Tangent 
BD and che Chord: BE, by adding to the right Angles DBA, 
FAY, the equal alternate Angles EBA, BAE, n N Sub: 
rafting ay in the preceeding Demanſration. » FR EP on DINE | 
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Ler the Angle. be BAC. It -muſt be q proved, Jar fr it is menſur- | 
ed by balf the Arc BC. Ehuo: the Point A let there . e 
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The gi aud BL A are equal. 
t Now HSA Alek, As s al 


"Cox * HI3 +CD— 
e pher, then HI 
I). =AE+DC... Conſequently. che Are HI is alſo 
s DC and AE ; which are — the . 5 
Angle fa equal 19. 1GH, .whoſe meaſure is the Arc 
by TneoREM. 5. An Angle whoſe Vertex is without the 
but. Suboſe Sidel croſs it, 20) fand upon the. Circumference, i . 
fured by half the concave Arc leſs ＋ 4 the convex Are. 
r the Angle be BAC. I bee hop 
re BC lefs half the Arc PF. 185 
W \ therefore. the Angle BAC is 


Tha 4 Now BE=ZBC—CE,; then he ASHE I They the the 
0 half BC DF, therefore ſince the Angle 
” met "Half BE; its meaſure i 704 half the cones e 
BD 58 7 which it baude. leſs half th e oo Are DF | 
which '<vas to be 5 _ 


'TxzorEn. 6. 2 4 "ele whoſe Sides touch the Gire 
* Jared by half the concave Arc. / 52 1. COnDex 1 — : 
1 the e > BAC. | Whoſe ſides AB, AC, 9 
to 


Circle. | It is ie t its meaſure is half BRG hls 
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Tangle bs 77 9? ADS. INE! me "hs LEI 7 are 4 5 5 

# Sorts thereof: Three in e. and three. aur 

regard to theit Angles. 

Dr. 2. 4 Triavgle tube ane gi are qual is called Bqui- 55 

lateral, as ADC e 
„Dux. 3. ent thet bat only mus du, apual- , called 57. 


Theeles, as HG. * 
leg Sides. we all unequal. EN) called See 59 


Dr. 4. 1 Ty 
lene, 1 DEF. — 

-Due; . Þ Triangle aobich burh. one right Angles is called a 59 
Nectangled Triangle, as 
Dr. 6. A Triangle that hath C3 obtuſe Angle, is called Ob- 60 
tufe- ang led, or Ambligenium, as VO. 

Dr. 7. 4 Triangle whoſe: . are all, aue. tea 
Acate- angled,” or Oxygenium, as ABC. 

„Der, 8. Triangle.is Said. to be inſcribed 5 in G * bz 
. | its three. Angular:Paints- are in the Gircumfrrence ns and The 
3 Circle in then aid to tircumſeribe the Triangle. | 
Dx. 9. 4 Triangic is ſaid to circumſeribe a Cirele, hes all 63 
45 Angular Points are without the Circle, and whoſe Sides touch + : 

; and then the Circle is. ſaid to. hs inſcribed in the Triangle. - 

"Dee. 192 Two: Triangles are Eguiangular, when the Angler - 54 
ane are equal to che Angles of the otben, each ta;each. _ 
Dur. 11. Two: Triangles are aid. te be entirely equal, which 65 R 
"of being Egui angular, and the Sides cqgtaining the' Angles of one ene 5 
8 io the Sides containing ibe Angles of tbe dther, each to each, 
5 "> THEOREM 1. ANY #400 Sides of 4 Triangle, are wall, lager 66 
i than the third. Eacl. 1. Prop. 20 
* Ahe is longer than AC; It has how oboaty aſſerted, that 
5 between the two Points A and C, there ee. be aan Line con- 
A ceived ſhorter. than the right Line AC. 
= _ - CoraLLarRy. THEREFORE 4 Trighgle 1 3 gh of three 67 
15 | e ee RIA or aVIN longer than the third, 
» zucl. 1. 1 777 os 2; 85 
ke PROBLEM: oy Tur Lines being given, to make, 
x Triangle. E i Prop. 1. and 22 
: Var the three g i ( 2 
Fw of the three Line, 2e © for Example, with the Extent. Js : 
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is 'A Teſeribe an Arc, pe 29K the pe End with the A 
tent of B draw another Arc ; then having drawn from the Point 
Where theſe two Arcs interſe®t,- the two Lines A and B to the 
Ends of C, they will make the Triangle required, whoſe Sides. 
are by conſtrudtion equal to the 3 Lines. ; 
6G. . To Hferile an eguil⸗ erat Triangle ayon « Line 
* Lew the given Ling be AB, with the extent of this Line, 3 
from the Ends A and B as Centers, deſcribe two Ares, from the 
Point Where they interſect, draw Lines thro” A and . and * 
will make an Equilateral Triangle 5 
7⸗0 PaoTRNL. 3. To 9 Cirile aboit @ {VER Trieng 
Eucl. 4. Prop. 5 4; kT 
Fo "Ty the ſame 'hing as to make a Cirele paſs thro' three given, 

_ * ne that t fads Point waar aer, 

om three given Paints, <uhich are not upon the ſums Line, a $ 
mu be deſcribed thro thiſs three" Points 3" 1 e of 4 cg Giele 
is the Point required. „ 

72 Dev. 12. In every Triangle, the ll. armed 
25 its Sides, is called an exterier Angle. 

In the Triangle BAC, having produced BC to D, "his Anigte 
ACDi is called an exterior Angle: being conſidered 23 oppoſite to: 
the two Interior ones CAB and ABC. . 

73 THROREM. 2: Ts exterior Angle of o Triangle is vu to the. 
auh oppoſite-Interior ones. © Bucl. 1. Prop. z 

Draw CE parallel to AB, and the exterior Angle ACD i is 

Were divided into two Afngles ACE and ECD, which muſt be 
rel ual to the two oppoſite Interior ones, n 1s oa ar | 
for ABCERCD, + and BC ACR 1 

*Coratrtaky. Tur exterior Angle ir therefore - Finne, 4 

82 of the oppoſite Interior" ones.” Eucl. 1. Prop. 16. 
Tunis muſt 3 be ſo, by reaſon the exterior Angle i * 

- equal to > both he Interior . e as has been 5 e 
ſtrated. : 

Taxonvie. 3. Tas . Angles 8 2 Triangle are gether — 

75 gaal to two" right Angles. Eucl. 1. Prop. 32: 

To demonſtrate which, cireumſeribe à Circle about the given 
Triangle The three Angles of the Triangle · are meaſured by 
half the Ares which they-ſubtend, || therefore they are meaſur- 
ed by half the Circumference of the CURSE that is 180 "Degrees, 
the Sum of two right Angles. *'. | 

Or Thus. The two Angles ACB REY? ACD are e to two 
right Angles ; + but ACD the exterior Angle, is equal to the 

re oppoſite Interior ones ABC and CAB, therefore Waka, tw 
Angles together” with ABC are oa to-two righk N 
S © 307 5 9 CD. 
IEEE 87: 1 % A . 1 % 8. | 
5 Sab. u. 70. * I Sup. 1. 39. 
* 5p *- £2: - de 19% T 2 26: 
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Aepirkler, r.  Trzzerors he two Angler of a Triangle be-.6 
Sno known, the third is alſa known. 
r 8 Ge together are equal to 180 Degrees, + 
them make 160, the third ought to make 20. 
* ConalLanry. 2. Tax three Anglet of a 7. angle may be all 77 | 

Fon one hundred and eighty Degrees; which is the Sum of the 
three Angles of a Triang F and 
each of . wil be leſs than the Sum of either a right, or an 
obtuſe Angle, and which al together make only one hundred and 
eighty Degrees, the Sum of two right Angles. 

CoRALLARY. 3. IN a Triangle there can be but one right A. g 
ge, "nor but one tuſe Angle. | 

Ir there were two right Angles, the three would together make 
D og ane he de ook 
Angle being ? an right Angle, the er 
would alſo be more than we ng ones; which is contrary to 
the preceeding Theorem. 5 
ConkAklAxr. 4 Two of the Angles of a Triangle muſt there- g 

fore be Acute, or leſs than two right Angles. Eucl. 1. Prop. 17. 7 | 
Tunis is evident, fince that a Triangle cannot have two of its 
An les, either Right, or Obtuſe. 
ee 5. Ir in two Triangles, favs Holler of dne are g, 
to two An 15 of the other, they are equiangular, that is, the 
A Angle of the My one ir equal to the third Angle of the other. ; 

CoraLLary. 6. Ir 4 5 le hath one wf itt Angle: greater g 
than that F another Trian other two are together leſs than 
the other two f the ſaid Fd. 

Fox a greater part being ſubtracted 8 che Sum of two coke 
Angles, the remainder ought to be lefler, than it would fs leiſer 
part had been taken away. | 

5 4. Tas three Angles of a Scalene Triangle are ung, 


ern 
LET ABC be a Scalene Trang e, chende it with the IF 
cle X. * Since that the three Sides AB, AC, BC, are un 
the three Arcs of which they are the Chords are unequal, + ya 
fequently the three Angles of the Triangle ABC, which are mea- 
fared by half theſe Arcs, I are unequal. 
In an Ifocetes Triangle, the Angles at the Baſt are aut; and g 4 
if the Angles at the Baſe are equal ; ; the 7 riangle i is Hoctles. Eucl. 1. 


Prop. ABC be an Iſoceles Triangle, circumſeribe it with the 
Circle X, ſince that ABZAC, the Arcs ſubtended by thoſe Sides 
dre equal. Now the Halves of theſe Ates are the Meaſure of 
the Angles ABC and ACB; F theſe Angles are therefore equal. 
The other part of this Propoſition i is 3 For if the two 8 | 
| G „ 
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. "pon: Foy Caving at 
AC and Ae the Ares AB and AC, or their C 
are equal; therefore Triang] gle ABC is an iſoceles. . 
- CoRa4LLARY. 1. TRE Angler at the 77 of an Jceles T, ng 
1 can neither of them be, either ala, or OB. ; 
Fon if one be à Right one, the other Seid be the "22 alſo: 
-* thus the Sum of the three Angles would be more than two right 
Angles) which cangot be. f if one was obtuſe, the other 
f An les of the Tri 
would x | which is wth} | 
| Conaliary 5 0 either fa Fertil Angles, or one of 1. 


25 e at the Baſe of an bceles are Equal, their Angles 12 

” e if the equal Angle be a the Baſe, the other An le at 
the Halo will boalfo equal, and ſo likewiſe the third, + 2. If the 
equal Angle bt the Yerus the Sm of tv Joya ache 
EINE eee eee the that ſame 
Sum, therefore they are equal. 
amy 6. Tun an thre Al, of an : Equilateral Triangle are 
[4 


Having deſerib'd | a circle about the ie Equilatera "Triangle, 


the ome OE. 4 he * Ne Iping He. Chords are conſe- 
-quently equal nal. N halves 
meaſure che 5 5 the Triangle, © fore the Angles aro 
all equal. 
> CoralLany. Hance each. Angle of an Equilatral Triexg 
, dents, and ahways of ſixty Degrees. 1 [ 


es. "ADVERTISEMENT. 3 


18 5 this 1 3 different Method, 2 0 
8 fing a Perpendicular from a given Point of a Line, for Exam- 
ple, from the Point A of the Line Rec ä 
EKtlangie ABC, then produce BC to D, fo that CD= from 
D 20 A draw a right Line, which will be the Per 
if BAD is a right Angle. Now I demonſtrate that it is; for the 
the Angle ACB is equal to che two. of te ones D and A 
which are equal, by reaſon CD is equal to CA. Hence Ach 
being 60 Degrees, DAC is 30, CAB is bo: therefore the An- 
gle BAD is 60430, or 90 egrees; which is the Content of 2 
right Angle. 
8: Tazozem. 7. In a Triangh, the longeſt Side blend. the 3 
9 of, Angie, and the greateft Angle is Jubtended by by the longeſt Side 
'Eucl. 1. Prop. 18. and 19. 
Havixe.defcribed a Circle 3 che Triangle, the longeſt 
Side of the Trian ngle will ſubtend the greateſt Arc. || Now the 
a of chat Arc is The. Meaſure of the Angle ere to the 


25 „ longeſt 
8 e 2. 75. 1 Sah. u. PR | 1 . 1, 4 8 
$ Sup, 7, 39. ONE 1. 32. z 3 1 


4 


* 


ol 
$ OTE es fory HI 
4 x 8 My be. 8 . y 
n 


. . Ry Ra S 
nn n by 
" FE 2 8 Ws 7 


* 


. 
vo 


** 


* N - 
_ * 
— 1 


3 WWF Wy ow e 


kw $% #0 @.t 


8 U. Rags: "OE 43 
Side, „ therefore that is the greateſt, which is mes- 
u by half the Arc. a Triangle be inſcribed in a 
Circle, the greateit Angle is meaſured by half the greateſt Arc, 
now the greateſt Arc has the longeſt Chord zt hence the Side op - 
polite to that Angle is the lo 


Turokzu 8. Ir tao of 7 he Angles of @ Tri are equal, the go. 


Saul, oppoſite tu t les are _ 
gt 38 e Triangle in a G the equal Angles 


are ſubtended by equal Arcs, ving equal Chords, which are | 
as Sides oppoſite to thoſe Angles. | 
F 4 Triangle, the balf of each Side is the Sine Nw; 
te An | 
e Triangle ABC be inſeribed in the Circle X: It muſt 
r ee te A the half of AC, is the Sine of the 
Angle ABC. The Arc AE, which is the half of the Arc AC, 
meaſures the Angle ABC; hence the Arc AC is double the Arc 
which meaſures 05 An le ABC; therefore AD, half the Chord 
of the Arc AC, is the Sine of the Are Abb, f and alſo that of the | 
Angle ABC. The ſame way it is demonſtrated, that half BA is _ 
= me of the Angle ACB, and the half of BC ene, 


8 5 ADVERTISEMENT. 


8 REFORE the Sine of one Angle, is to che Side oppoſite / 
to that Angle, as the Sine of another Angle, is to its oppolite . - 
Side: Or the Sines of Angles, are to each other as the oppoſite 
Sides, ſeeing that the Halves are as the Wholes. | 

TurokENM 10. TWO Triangles awhoſe Sides are equal, are Equi- gz 
Fr and entirely equal to each other. 

HE Sides of the Triangles ABC and DEF are equal, I ay, 
that they are Equi- angular, and entirely equal, or (which is the 
ſame thing) that being placed one upon another, they will com-. - 

cide. ' 1. BC being equal to DE, it. is plain, that if the Line DE 


be ee, upon BC, they will coincide together. If it is faid that 


DF will not coincide with AB, nor FE with AC, I prove the 


the contrary, From B as a Center, with the diſtance of the 


equal Lines AB or DF, deſcribe the Are Z; and from C with 
the extent of AC or EF (Which are equal.) draw the Arc X; 

theſe two Arcs muſt neceſſarily interſect às here at A. 2. It is 
evident that D. being placed upon B, the Point F muſt neceſſarily x 
be found in the Arc Z, 2 that E being placed upon C, the 
Point F, will be found in Z and X, and therefore in the Point A, 


* 


where the two Circles interſect: Hence, the two Triangles being 
placed one upon the other, will every where * 3 1 are 


equal. Q. E. 

Ir may be ſaid that, the two Ares Z and X, will eroſs i in ano- 
ther Place beſide A, which is true, but by what has been demon- 
ſtrated, it can be only i in two 3 and the ſecond Point 45 


e ä 5 
2285 1 F 15 22 MT 18. 1. . 89. 


5 . 04 bee) arthe Pein G, eee e if they 
| croſs each other above BC, in any other Point beſide Az they 
| would interſe& in three Points; <vhich cannot be.* 
„„ CokALLARAY I. Ir 2 the End; of a right Line tauo other . 

5 L Lines are drawn which meet at a Point, there cannot be drawn two 

"©. other Lines from the ſame Ends, and on the ſame Side, equal ta the 
| evo firſt, each fo each, f as to meet in another Point. rp 1. 

PE. Prop. 7. 

_ 7 Fon they males two Triangles having equal Sides, which. con- 

| ſequently being Equi-angular, ought to coincide together. 

5 9. \-CoralLaky 2. Two Triangles having two. Sides equal, each, to 

ED 8 — and the Baſes equal, the Angles comprehendod ” the . 

Sides are equal. - - Eucl. 1. Prop. 8. 
Tux two Triangles having their Sides equal, are entirely Equi- 


an 
5 7 BK 11. TW o Equi-angular Ti riangles, which have one 
Side equal, are entirely e 2 
ABC and DEF are qui. angular, and AB= DR, I fay, th 

> are entirely equal, for if one is placed upon the other, DE DE will 
J | coincide with AB, fince they are equal Lines. If. DF does not 
Rs, coincide with AC, but with AG, as the Angles FDE and CAB 
are equal, it will follow that the Angle CABSGAB, which is 
the ſame'as FDE ; which cannot be, it muſt therefore be that 
| [ will coincide with AC, and by the ſame reaſon FE with BC, 
| and che Point F with C, and coals mort the two Triangles are 

both every way equal. 
5 'CoralLary. Two 7 angler having two Angles and ont Side 

| equal, are entirely equal. Eucl. 1. Prop. 26. 

'For two. Triangles which have two Angles equal, are entirely 
Equi ang ular,“ conſequently if they have one Side equal, it muſt 
be, according to the Theorem, that they are entirely equal. | 

2 3 4 To make a Trieng/e, havirg one Side, and the 

es at that Side given. 

Fa given Side is AB, let the Angle at the Point A be called 

1 and that at B, be called Z. Upon A draw the Line Ac, 

making the Angle CAB equal to X, and upon B draw the Line 

BD, making the Angle ABD equal to Z; theſe two Lines will 

interſect, unleſs X and Z are hey right Angles, or both toge- 

ther greater than two right Angles, for if they are, the Problem 

would be impoſlible,F and the two Lines Es not interſect, but 

be parallel, 5 or elſe decline from each other, and they muſt in- 

cline in order to make a Triangle fuch as ABE, which is that 

Which was e to be made, for 1. Having two equal An- 

gles, they are Equi-angular; and having one Side equal, they 
85 are entirely equal; by the preceeding Corallary. 

| 98 TrzoREM 12. Two Triangles that have one Angle equal, and the 

Sides containing that Augle equal, are wholly equal. Eucl. x, 

Prop. 4. | Tas 
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85 Boot II. Sxcr. 3. by ; 45 : 
Tun Angle BACZEDF,, and AB=DE, and AC=DF, Ifay, . 


* | | 7 
„ that the two Triangles being put one upon another wall coincide; 


For DE will coincide with AB ; if DF doth not agree with AC, 
0 but with AH, che Angle BAC will be equal to the Angle BAH, 
; which cannot be: Therefore DF agrees with AC, and the Point 
> F with C, conſequently BC=EF ; therefore the two. Triangyes 
Y having their Sides equal, are Equi- angular,“ that i, equal in 
% A A gs „ 
5 TuxonENM 13. Two Triangles having one and the Jens Boſe [ 
0 the Vertical Angle of the contained Triangle, is greater than the Ver- 
2 tical Angle of the containing Triangle. Eucl. 1. Prop. 1. 
4 Tux two Triangles CAD and CBD, have CD for their Baſe, 
CAD is contained in CBD, it is to be proved, that AB, Pro- 
- long DA to E, the exterior Angle CAD is equal to the two 
: interior oppoſite ones AEC, ECA; + therefore it is greater than 
e either of them, by the ſame reaſon CED EBD, BDE; and is 
therefore alſo greater than either of them. Gs CAD being 
4 greater than CED, it is alſo greater than CBD ; which was 
| 10 be proved. | . 3 | 7 5 | 2 gr 
: ProBLEM 5. To K in a Circle, a Triangle Equi- angular 
0 
t 


to a given Triangle. Eu + From. 25. -- 5 100 . 4 
Lr the given Triangle be FED, which muſt be inſeribed in „ 1 3 
| 


the Circle BAC, draw the Tangent GH,f and make the qe. of | 3 
GAB equal to FDE, and CAH equal to DFE,$ compleat he | . —_ 
Triangle ABC by drawing the Line BC. Since the Angle BAG, ON 11 nl 
whoſe meaſure is half the Arc BA, . (which is alſo the meaſure of © © +» = 
the Angle BCA) is equal to FDE, then BCA=FDE. By the ame ũͤ3 
Reaſon CAH, (equal to DFE,) having for its meaſure half te  _ - n_ 
Arc AC, (the meaſure of CBA,) it muſt be, that CBA and DFE N Th 8 
are equal); hence the two Triangles ABC and EFD, having two | 
Angles equal, they are entirely Equi-angular,} having therefore 


3 


LF 
| N 
„de de Triangle ABC, that which was propoſed will be | 
One. ; f k : . 3 N 
|  Proniten 6. To deſcribe about a Circle, a Triangle Egui-angu- 10 Ls 
f lar to a given Triangle, or to circumſcribe a Circle with a Triangle Re 
2 Equi-angular to à given Triangle. Eucl. 4. Prop. 3- © _ 1 
1 TE given Triangle is KLM, and the Circle is X, having n 3 
- drawn the Radius AD, make on one Side thereof the Angle - 3-0 
L BAD=NLK, f and on the other DAC=KMH ; then having 51 03 
t drawn through the three Points B, D, C, the Tangents EF, FG, PE of 5 
8 and GE; I ſay, that the Triangle EFG, is Equi- angular to „„ 
t LEM. The fix Angles of the two Triangles BAD and BED, ; .. 
- make four right Angles, t AB and AD being Perpendicular to (IS: _ 
7 each other, EBD+ABD make a right Angle, alſo EDB+BDA ; F 
N make a right Angle, therefore BED BAD make two right An- ä 
8 gles ; now by Conſtruction, BAD=KLN, the Angle KLN+ _ ä 
/ Sup. n. 92. Sap. n. 73. 1 B. 1. % „ | 
FC Sap. n. 29. 4 80. u. ks 3 by Sup. n. 88. 25 
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| Fra that EFG=LKM, and that the Triangles EFG, and 


108 PropteM 7. To inſeri 


| 2 1. Prop. 24 and 28. 


DEF, the Line AC or. DH being ſuppoſe 


* Elements 7 


KLM 1 two right Angles, cherefore ub KIAf. The 
fame Pa. it is demon „ chat DGC=KML, and conſe - 


are therefore Equi-eng 
a ele in g Triangle. Euel. 4. Pro 
AccorpinG to what has been taught, divide the Angles CB 


and CDB, into two equal Parts, by the Lines BA and DA, and 


from the Point A where theſe two Lines interſe&; draw the Per- 
AF, AFP, AG, upon the Sides of the Triangle, then 


A, with the extent of one of theſe Lines, deſcribe the Cir- 


dite X, OR be inſcribed in the 'Triangle BCD ; to prove 
which, it mult be Thewn that the three Lines AE, AF, AG, are 
equal. The two Triangles AEB, and AFB are * by 
Conſtruction, fince that AE and AF were drawn larly ; 


rpen 
che Ang ples EBA and ABT are equal by Conſtruction; F eee | 


. es having two Angles equal, they are Equi — 1 
the Side 45 5 iv Jy — — 2 are entirely Thus 
AE een ee eee n equal to 


AF, and to AE ; which was to be 


20 ConraLLany. TREE ſuch Lines bei is . as being prolonged 


«vill make a Triangle, there may be Jones 4 Point equally diflant 


each. 
Tun Triangle being 5 inſeribe 2 Circle therein, the Cen- 
ter thereof is the Point required. . .. 
THEOREM 14. Two Triangles having tavo Sides of one, equal to 
two Sides of the 72 but which contain unequal Angles, that which 


oy the great le, will alſo have the longeſi Baſe, and re- 
, ha ab 


bath the longeft Baſe, has e greateſt Angle. 
Lr the two 3 be ABC, DEF, if ABE, and BC 


Ez, and the Angle BYE ; I fay, the Baſe ADF. 1. For 
11 che Triangle ABC, be conceived as placed upon the Trian 1 
DEF, ſo that the Points A and B coincide with D and E : As * 


je ABC was ſuppoſed greater than the Angle DEF, the Side 
505 will not coincide with EF, but will Sat EG, as here 


at EH, and the Line DH will be equal to AC,* then imagining 


the Line EFSEH as turning round upon E, the End of DE; 
as it approaches to the other End EG, when it is at the Point H, 


| the Line DH which will join their other Ends, will be 


than DF, which was to be demonſtrated in the firſt place. 2. 
The inverſe Part hereof will be demonſtrated in like Riker, 
(viz) That the Angle DEH=ABC, is ter than, the Angle 
L Jovger than DF, and 
the Line EH beipg ſuppoſed nearer than EF to the Line EG, wm 
BENE round upon Ts Point 8 as ama a 1 5 


5 5 SECT. 
OG * Cup. u. ws | 1 5 ; > Sup. 2. 31. py q B.. 1. Py 46. n 
* Sup. u. 80. V Sup. n. 89. 
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=. Bo Wh e T.. Ms + 44 Vs 
Os Figure having. ſeveral eral Sides, | 


bonne Js 8 or Figures of four oY 104 
aVE I 
4. Is the oppoſ Sides are parallel, ts a Parallelogram. 2. 
the N Sides are equal, and all the Angles right ones, tis a 
i I "TXT EEE 


| _—_ Al other Quadrils- 
E whoſe oppoſe Side are ——— nor equal, ae + 
called Trapezias, as 0 

. „ Figure 17 called Regular, when of its Sides axd al 106 
its An are 

Day: A igure of ſeveral Sides i ks mand; called aP 


it takes the Name æubicb i ed to. it, the Number of its Aar, 7 
or from the Number. of the Je which its Sides contain ; Thus a 
Fegure. of 6 e Sides ere . 
| ſeven, a; Heptagon; of eight, an "of nine, a 
guy of tt, 1 of clowen, a Endoeagon ; of aden « 
ecagon, &c . a; 

Der. 4. 4 Figure i is faid to be inſeribed in a Grets, 3 ett; 
all. its angular Points are in the Circumference of the Circle; but 
auben all its Sides touch the e e the Circle, it 18 Said 4 
irgenſcribe the Circle. = | 

Dxx. 5. Two Lines being drawn from from the Ends of ane of the 10h 
Sides 'of à regular Figure, to the Center of the Circle in which it is 


inſcribed, (or which it circumſcribes,) make an Angle, which is called 
an Angle at the Center, and the 4 aubich th Sides make, talen 
#0 and two, are called Angles of the Figure. 

LENA 1. OBLIQUE Lines which make equal Angles between the 110 
ſame Parallels, are equal. 

Lew there be drawn the Perpendiculars AC and DF between the 
Parallels Z and X, they are equal,* but the Angles ACB and 
DFE being right ones, and the Angles ABC and DEF equal by 
the Hypotheſis, the two Triangles ABC and DEF are then Equi- 
angular, + wherefore AC is equal to DF, they are all equal; © 
conſequently AB=DE. Q. E. 

Lena 2. Lines which make the Joe Angles, ver one and the 111 
Same Os. are parallel, 
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5 48. Fog „ae 1 1 5 
7 155 T, Lines AB and DE make upon Z and X, the fame Anjlet, | 
| hetice ABC EF, conſequently AB and DE ought to be 7 


© as LENI 3. ＋ wo · Lites ohich ju too equal and parallel Liners | 
4. Eucl. 1. Pr 


o 
17 45 and RE, join che 0 two equal parallel Lines AB and DE, . 
I ſay, that they are alſo equal, the Perpendiculars AC and DF 
„ el, the Angles ABC and 
DEF are equal, t now. AcCB and DEF are right Angles ; there- 
fore the two Triangles ABC and DEF; being Equi- angular 5 and 
erg one Side equal, ſince that AB: DE, they are entirely 
5 | = ;* «therefore BC=EF:; then CF=BE : Now AD and C 
& |þ | ch are between the Parallels AC and DF, are equal,F- there - 
/ ©, rs 1 Has BENCF AD; hence BE=AD. 
1 113 TnroREN I. TE * of a Saule, anda} zo 
Jour right Angles. 3 
Lr the Quadrilateral-be ABCD, it is . 
| chat its four Angles are equal to four right Angles: the Line AC. 
being drawn from any one Angle, to the oppoſite Angle, it will 
8 LP divide the Fi 1gure into the two Triangles A 2 ACD, the three 
” Angles of each Triangle make two right Angles. f Hence all 
. __ the Angles of ABCD, are equal to four right Angles. 1 
114 TsnRM 2. Tn ppefit Angles of a W pp ny inſcribed in in 
" a Circle, make two rig ples.” Eucl. . Prop. 2. 
TE Quadrilateral: ABCD is inſcribed in a Circle; the-two 
8 opposite Angles ACD and ABD, are each een by half-the 
Aro upon which they are placed; F now they all together being 
laced upon the whole Circumference, are therefore mea: 
tured by Ealf the whole Circumference, are thereſore equal to 
two right A 3 1 It is the ſame of the other two es BAC 
and B 
Ss: - 11 5 6 eee Ir he oppoſite Angles of a Quadrilateralads not naked 
I #00 right Angles, it cannot be inſcribed in a Circle. 

F Fon if it cou'd, the oppoſite Angles of the Quadrilateral: would 
be equal to two right . by the Theorem, but by the e 
tion they are not; Which is Sen 0 | 

116 THgortM g. ir the oppoſite Sides of a DQuadrilateral are equal; | 
they are parallel. 4 
AB D, and BC Ab, the Side BD is common; then the 
two Triangles ABD and BCD being equal, they are Equi-angu- 

lar z Therefore the Angle ABD BDC, wherefore BC is parallel 
to DC;Þ fo likewiſe BC is parallel to AD, by reaſon the Angle | 
ADB is equal to DBC. | 
117 "THEOREM 4. Ir raus of the oppoſite Sides of a Duadrilateral are | 
equal and parallel, the other two are 407 equal and parallel. Eucl. | 
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1 CS Boox H. Stor; 4: Yuck RE 49 
Tuxoxzu 5. Ir the four, Angles of a Quadrilateral are right ones, 115 
it is a Parallelogram. N ie FCC 3 
Fot AB and CD by the Hypotheſis are Perpendicũlar upon 
AC; therefore they are parallel, AC and BD are alſo Perpen- 
dicular upon DC; conſequently by the ſame reaſon, they- are / 
e e nd 


„ 25 15 


Turonzu 6. Tur oppoſite Angles of ® Parallelgram are equal; 119) 


and thoſe wbich are contiguous are equal to tae 4 r 
1. Tun Angle FDA De, F and FDA=DAB,f' wherefore. 
ſince two Angles equal to a third, are equal, DABZZBCD: No 
FDA TADC makes two right Angles ;\ then BCD equal to ADF, 
makes with ADC two right Atigles. 2. So likewiſe it may be 
demonſtrated, that the two oppoſite Angles ABC and ADC are 
equal, and that BAD+ABC is equal to two right Angles. Q.E.D. 
.. _ -*PROBEEIM 1. To make" 4 Parallelogram having one Angle, and 120 
tht bau containing Sides gibhe mn. 
Fun given Sides are Z and X, che given Angle is K: Z and 
& muſt be erg ſo as to make an Angle equal to K, and then 
draw two Lines parallel to Z and to x. / 


* 


2 = 


* 


-'CoraLLary.' THzreFORE' fo nale a Square having one Side 121 
given, "there is no more "required than to join two'Lines equal to baut 
'which-' is” given, fo as 9 may nale a right" Angle. Eucl. 1. 
D AE; og ET Wee 7% 
-TnzorEM'7. Every Polygon,' or Figure of ſeveral Sides, may 


4 


be divided into us many Triangles as it has Siden, Ii, two. fo: #9 2 


I che Polygonal Figure X, Raving drawn from one of its 
Angles as A, right Lines to all the other Angles, it will be there- 
by divided into ſeveral Triangles, whoſe Baſes are the Sides of 
the Polygon, except two which are at the two Sides of A, of 
which AB and AF are one of the Sides; hence there is as many 
Triangles, leſs two, as there are Sides, tis the ſame in all Poly- 
55 3 wherefore it may be abſolutely ſaid, that a Polygon may 
ö reducęd to as many Triangles, as it hath Sides, leſs Wo. 
 CORALLARY. "THEREFORE all the Angles z a Figure which hath 2 3 
feveral Sides, are equal to twice ſo many right Angles, leſs fair, as © 
the Figure bath Se. eee 8 5 
Tn Ax is, all the Angles of X, whieh hath ſix Sides, are 
equal to eight right Angles; for the Polygon is divided into as 


many Triangles as it hath Sides, leſs two, zha# 7s, into four. 


Then fitice the Angles of each Triangle arc equal to two right 
ones, all the Angles of the four Triangles together, are equal td 
eight right Angles ; But they all together compoſe the ſix Angles 
of the Figure, therefore they are equal to eight right ones; % 
in, to twelve right Angles, leſs four, it may therefore be ſaid, 
that all che Angles of a Chihagon, that is, a Figure of 2 thou- 
Land Sides, are equal to 1996 right Angles, this may be eaſily 
A, although it is unpoſſible to conceive 4 Chiliogon 
ny. | | FE h 
ft a ADVER, 
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3 ADVERTI ae wa. 
: 3 wy — digures, we. mean thoſe whoſe Sides and Angles | 
2 * * CR Ines: [By 222 and ch, may "conſequently be inſcribed in 2 
_ 8 the 8 EAR, is called the Ang 1 at the ob 
_—_— cauſe it is formed at the Center of theſirele by the Radii AE and; 


24 2 e to the Ends of the Sides of the Foiygem and the 
Any es fimilar to GER, formed by the meeting of the Sides of. 
the olygon, are called Angles of the Polygon, and as it hat been 
A onſteared, + all the Angles formed = EF be: whicthis: - 
. 3 Eo taken for the Center of the Poly on, are together equal to 
—_— four right Angles... When the bignels of each Angle at che Cen- 
cdter is required, as here in the Example of the Hexagon, Gans: 
—_ = of four 4 Angles which is. 360 Degrees, muſt be divided by fix, the: 
— SZ =: Number the Sides. of the Polygon; the u which is Wo, 
E-  _-.  _ the content of the Angle at the Center: 8 | 
deer being known, that ati the Pede gon will be likewife known ; 
_— A e eee 
VCC | ther equal id two right ance if; ax; . Dogrensy.G ubtracting there · 
_— x * fore the Angle at 1 55 Center, the remainder is the Sum of the 
A two equal Angles at the Baſe, or Side of the Polygon; Which are 
a equal to GEF only, the Angle of the ſaid Polygon, hence. that of 
3 | the Hexagon 1s 120 Degrees: Which might be found-alſo,; by 
. What has been demonſtrated 35 ſince that: — Angle GRF, is mea- 
1 5  - fared by half the Are of the Circle. GHF; upon which it ſtande, 
therefore ſuhtracting the Part GF, here 1 120, from 360 
| | Degree ̃ —˖ make! the ſmhghe Eincks, re will remain 24 
8 e een A, —ZB 00 
: QUESTION. 5 
. nr 8 are tbey, which may Be Joined by. their * 
5 3 Piber evithiut leaving a Vacuity ? 
1 Trey muſt be ſuch, that the Angles thereof, which are about 
tthe common Point, make exadtly-four right Angles, I hence, 
= . __- there is only Triangles, Squares and Hexagons that can do it ; the 
24 four Angles. of four Squares, which have one. Point common, 
_—_—: L make four right Angles, the three Angles of three. Hexagons, . 
_ x | 
_— B Toe one Point common, being each 120 Degrees, they toge- 
_ _ | ther make 360, the Sum of four. right Angles. Se Kquilatera! s 
_ - Triangles, being placed about a Pount, their fix A touch, 
EE . and make ſour right Angles : 
A Wurn the Angle at the Center of a regular Figure is known, 
CEE it may be inſcribed in a Circle, by drawing from the Center two 
__ _ . + Radins's, making ſuch an Angle, ad the Angle at the Center of 
8 . the Figure ought to be. For if it is a Figure of ten Sides, which . 
makes an ASS of thirty-ſix Degrees, w ich is the tenth Part of : 
i wy. Chord of that * will be one of the Sides of chat 
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To. Circumſcribe a Polygon, or regular Figure about a Circle, 
it muſt be firſt. inſcribed. and the Radii be produced, then 85 
baving divided one of the inſcrib'd Sides of the Polygon into two 
equal parts, as EF, by drawing the Radius AB thro' the middle "oo 
thereof, and having drawn at the PointB, a tangent between AC and mn 
AD it will be one of the Sides of the circomſcribing Polygon, then .  , 

all the Radii of the inſeribed Polygon, muſt be prolonged equal! . i 

to, AC and AD, thro" the Ends of -which; "having drawn right 'M 


Lines, you. will have the Figure required; which is evident, be 
* e Angle at the Center of every regular Figure, eannot be de- ; 
' ſcribed ith the Rule and Compaſs only, as ſhallbe made a Peng 5 
but only mechanically, by means of a Semi circle divides 1 a 
$ called a Protractor. „„ 


hs 1 2. To inſcribe euer, in the Circle * Fuel. + 125 


Fk ee given b _ to inſcribe. therein « Square are, thro' the | 
e muſt be dyn a L ne ſuch as AC, which is a Diameter, . | 5 23 
 thro* che middle thereof draw the Perpendicular BD, the four | . 
oints A. B. C. D. are equally diſtant, * then having drawn . —_ 
t Lines thro}, th thee. four Points, there will be a Square in EET 

> Circle X. 1. This igure hath four equal Sides. 2. All the 

gez A, B, C, D, ans right ons + hae re pan 

| upon the Semi-circumference. 8 


ProBLen'3, To owe a Circle in « Square... bel. 4 125 


Pro | 1 
| Ni Square ] FGHI is given to. ' inſcribe” a Cuche deres, hav. WE br 
ing divided each of the four Sides of the Tine into two. g — _n 
Parts, and drawn AC and BD, if a Circle be deſcribed fro 
the Point E where they interſeQ, with the extent of AE, it __ 
be inſcribed in the Square, | Far the four Lines AE, BE, . 55 

are qual, hence, the Circle will paſs thro the Points N 


Tron 5 To nanfris a Sphere au, ci. End. = 126 
Cs ABCD fe. greets) is given. to be cireumſcribed 


by a square, there muſt be drawn two eters er 9 at ma 6 : ul 
Lo Angles, then having drawn thra' the four Ends of | : 3 4 
: fl four Tangente to the Circle, they will (4. 7s e == Ds - 
uare reg uired. a | > _ 

Py 5. I deferibe LES Circle about a. | * e. Eucl. . 127 = q 

1 95 Square ABCD i is given to be ces by a Circle. | 5 
drawn diagonal 2, that is, right Lines from one Angle to | 

| er oppoſite thereto, and taken half one of the Diagonals = 


ar F Rochas, A Circle deſcribed therewith n be eee 
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r af e 2 equal parts 


AA | Fudd, 1. Pro A 
1 „ L X be Wa Parallelo Ai whoſe Diagonal 2 AB. It It muſt be 
proved, that the Angle ADB is equal to ACB, and that the 1 17 
RS, AC and BD are. a ö Þ The two oppoſite alternate 
5 and BAC ate eq the ſame reaſon 1 Al. chefs 
r ow" nerdy hence "the two "Triabgtes ABD, BAC er e en- 
ed = tirely oy; + "then. the Angle P is equal to the Angle ©, aud | 
1 FE the Angle A to the ie Angle B. 18 25 they are co 75 of equal 
8 Angles, and ADS =CB, as alſo AC =BD, and <qually « Wy | 
—_: Vie the 'Paralleloj m ABCD. 
__— Iz 29 TnEORENM z. PARALLELOGRAMS e art b the 
_—: Prop. 35 at and. LY the Jame or - equal Baſes, are equal, . ; 
1 : 7 1 0 „ 
| | | 11 — ARCD, 'EFCB. are are between the fame 
ET 1 pers; Z and X, and upon the Ame Baſe 'BC,. or another e 0 
. 8 0, I Tay, that they are equal, ze the Baſe” of "the Pai 
_ es e BCEF, is different from, that of ACD, - upon. BC Te 
—_ 5 there be made the Parallelog rain. EFCB, Þ x fimilar. and Par 
1 | the given one EFCB, itis to be proved, that the laft Talks 
=—_ 'EFCB, is equal to the Parallelogram ABCD. * 2 Yides. 
=—_ | AB, CP of the Parallelogram ABCD, are Parallel by . 
= mie are alſo equal, J fo likewiſe are the Sides EB, 
=_ | if ED js added. to A. and EF, which are 1 1 qual, the 
—_— Wholes AE, DF are equal, berice the two Triangles EAB, oo 
—_: .  - Having their three Sides equal, ce are entirely. equal; ;| and ſub- 
—_— | tracting from theſe two equal Trian les, their common part DGE, | 
= the F md ABGD oe are equal; 5 aoking to 
—_— . eeuc vantity BGC, which milk the Paral elograms 
— | | BOD and” F. ae two' Figures are equal, auhich was to 


mg 


1. 


PR &. -N 


A be proved. 5 that if the Point E, be between D and A, 

—_ | Inſtead of adding DE it muſt be ſubtrafted, in order to con- 

3 Aude che equality of the Länes AE and DF, and afterwards 

—_—]].- chat of the twyo Tyrangles, 'EAB, FDC, and TY that 

—_ pft the wo Parallelograms, ba, means of the common e 
_— Which is to be added. 


= '} 1 F 


ä Boes u. SzcT. 8 53 
© Conattany, 1. Tupnnronn in med afuring the Super fie — 13⁰ 
a Paralletogram, . regard is: bad to ang the. 0a aut. the 
+ dicular Height. 
Fox (fig. preceed.,). the Parallel ram BRE, is equal te 
| 1 — e 1 Ms = x: - CO 27 
5 being endicular, are equal to its Height, thus the 
Par 3 . is the Meaſure. of all the Farallclograms 
whoſe: Bales. are which have che ſame. height, 
or are. between the 4 arallels OS X; there can be but one 
2 Tight angled Parallelogram between X and 2. . the Baſe BC, 
and Se may be an infinite. number of de Parallelo- 
Bs, upon the ſame Baſe, and between the Tad arch X 
ECC 2 811 Re 
CormLany, 2. Tuzzrons. in meafurin the. extent, pj 131 
* 1 ang! led Parallelagram, 10 regard is had is it: Circumference- 
x altho", the Sides BE and CF were of a Million, 2 
Hos der of Miles, which, may be, conceiyed ſuppoſing the 
Lines X and . to be. , prolonged inf. the Farallelogram — 
We is infinite, is no Serge than ABCD whoſe r er 
rence is finite. 
Tukok. 3. Ir 700 Yes "be pay Parallel to. the Sir of 132 
2 Pearalltlogram, and thre any Point whatſoever -of its Diagon | 
they, ; will divide the Parallograms puto four: Parts of which thoſe 
. . the. hs, Diego's aber wo, tefs 75 and . are called 
ments, que ig aXotrere Kue EK 0 enn 
3 2 VE FL and F He. » aA 
ing from the equal Triangles ADC and Abe pw equal Quan- 
tities AKF and FHC on one Side, and AGF and FEC on 
the ee the remainders F . and BEFG, are equal. 
„ THEOR.. 4,1 bestes > ds the Triangles f the | 
4 MES 3 ts real . 5 e an che Parallels 
Ir Tris 1 t e Baſe as the Par logram 
„ an bey 5 both between the Parallels * e 


* 


1 ve the As Al A draw, DF Parallel to CE, T he 


PCEEF, Which is equal t® ABCD. + N 
9 8 8721 therefore, Deb 75 its equal 25055 |" the dou dau- 


; e 3 n rronE Wnt 2 the be Jan. or — 5 
27 "and having, t the Jane. beige, are equal. Euel. 1. u. 134 
37,90 

Gs > 15 they: are cach the half of kalte. of the 
fame! Baſe and height. | 
"2 CORALLARY. 2. "Tunnzronr x 22 Triangle, regard I 35 
A fo N 155 5 . 1 
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bela fall 


| Tf the © Triangle were obtuſe-angled, as 
in nder 6 wha th night thereof, — Side N 


Turok. 6. Ewa Triangles hang the ſame or equal 5 5 


and placed on the "= Sid, are PRE the ey” Par 
7. yo 39. and 20. 


| 55 dort 


$ 
1 


ever. 5 | 
EI, ©); . LE 443. 
Is 1 are two Triangles whoſe Superficies are Ee 
3 „wich hath che moſt Sides anf At . ua, 
the leaſt Circumference, à right 
ference than an le 
De APC be a right A 
one having the fame h | 9 
making AC=CE; the Circu 
- Produce BD 10 E, each Angle of ABD i 8 
being Ninety, the Angles AEB and EAD are eac 


2 


Triangle require 


e 


To meaſure che Triangle ABC, chere muſt 3 Veen 
a Perpendicular AN, which is the Altitude thereof, and 

> muſt be multiplied by half AD, er AD by half BC, or BC 
y AD, and that Product- 3 2, all which amount to 
„then 


* 14 5 
* 1 
» 4 % 
x 


IJ 


ele 


EDR is an Ifoceles, and DE=AD, then yy is the Cir- 
cumſference of ABD; now BE is ſhorter than BO+-CE ; there- 
fore the Circumference of ABD is ſhorter than that of ABC, 


The more” regular and uniform a figure is in all its 
greater is its contained Surface, and th 
As wilt appear farther un: 
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leffer Its pure mag 


To deſcribe a  Parallelogram having Te TL 


— Even, equal to 4 7 riengle given, Eud. 1. Prop. i 


x de . 434: +-5. 1. . 64. 
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Book 11. 4 oo 


"Jug given Tris is ABC, and; the given Angle- D; requis 1 
red td make 4 Par having. an Angle eq nal to D, and _———=- 
equal to the Triangle ABC. 1. This B fin Vern of the Tri- 1 
angle; draw BE parallel to its Baſe AC. 42. U 8 ale EE. a 
of that; Baſe, dw GH making With A an. A 

Du 3. Compleat the Parallelegtam CSR, | 
that which was required;. for it is equal to the 
and hath the — C 2 

ProOBLEM: 2. 'a giver right Lane, « Parallele« 


gram pal to given Tring, ing wes A 1 a reftifi> 19 


EfitE1, RN 
a given Line is A, the gigen Ang E to make 


4 Parall equal: to the Triangle B. 1. 
Problem, make the Parallelegram, 5 — 
B, having an Angle to ee * : 


FH, — ;:com | 
produce the Line IF till pgs moet „ art of DG, and: 
eat the Parallelogram DELI, in which is FHLM equatto | 
DEFG ; | hence FHLM is the Parallelogram required, equal. to | | 
the Triangle B(- to-whish:; EFG was made equal,) having an 1 
Angle equal toi the: given ente C. 1 upon FRE \. 
 equatito:the: given Line A. 1 
aon 3. — 3 equal. to 4 ples | 
right lined: Fi ball gs STATS - ging: 4 


= ge lad ARCD; the U 

un given right-li Bi d is given e E. | 
.. Reduce the — _ two Triangles, . — . / 
AC. 2. Draw the ogra © to — Triangle ABG, 

having the Angle G equal to ys eiven Angle E. 25 Upon 

Hl draw alſo . ual to the Tri ACD. 

having the Angle THL equal to the ſaid Angle E. + this being 

done, GR=GI+IL; i therefore GK=ABCD- is the Parallelo- 

gram required, But if the Figure had been compoſed of more 

chan two Triangles, the ſame thing would have been done upon | 
the Line KL for the third Triangle, as was done upon HI for he 

Wenn and ſo like wiſe for the feſt. 

Drixivr ion. Tus Side oppoſite to the rig % Angle of «red 141 | = 
angled Triangle, is called Hypothenuſe. | = 
» TREOREM 6, In every rect ba: Triengle the Square of the |, 7 = 
 Hyputhenuſe, or fide «which fubtend the right Angli. it equal to the „„ FF 
Squares of both the ether Sider. Eucl. 1. Prop. 47, 

Lr the rectangled Triangle be CAB, if upon the. Hype: | _—_ 
thenuſe CB be — the Square CD, (= Parallelogram or Square . 1 

denoted by tauo diagonal Letters ) and ã upon the other two Sides | 7 = 
Ga and AB, be made the Squares CK, 7805 I ſay, thet CD 1 
CK-+BG. From the Vertex A, let mere be drawn the Line * . =— 
6. 1. . 72. n ogy +5. 1. 2. 72, ND, 5 ? 


$ Sup, u. 1 | Sup; n 49254 : 
* Sup. x. 138. 125 F Sup. v. 19 . 
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: e makea/right Angle, the Baſe-QB-of that Angle will 


Gat 


144 


+ BG whi 


Ack and HCBwhiotvthoſe Sides comain arg equal, ha 


2: 


Hen 4s Ukeipiſe forthe; dame Reaſon, half-che Square: 
now'ehoſe/Trian 6s ars de 


. "will 


3 e Hyr kenuſo/BO divideithe - 
ard CD i e lb — and D, de firff bf: 
h ea 0” the Square* CK," and the ſecond to the Sum 
| is tg demot ſtrated. From he Point A to ing rb 
Ey let there be dron che Line Ak and from B to the Points 

the Line BE, theſe tw: . 
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- there is a Figure put before i it, which ſhews how often it is added 
ct itſelf; 3 b 5 that b is added three Times to itſelf. — 
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2 | to be ſubtracted + Sa a, and that conſequently a is greater than 
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above the lefler, or the greater, leſs the leſſer. | | 
ULL.et there be two Lines AB and CD, having A——E——B | 
taken from AB, the Line AE, equal to CD, C-——D | 

+ ___ » their Difference is EB, which is the Exceſs of AB above CD, or 
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hath Unites or Parts, which is expreſſed by joining the two Let- 
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.a-right.'angled Parallelogram is greater than an Oblique one:“ 
"Hence there is a determinate Meaſure, for which Reaſon it is ſup- 
poſed: (as 1 ſhall. proceed to fbew). that two Lines which are con- 
ceived as multi plied one by the other, make a Rectangle. When 
ſmall Letters are uſed, if — are joined together, it enotes that 
they are multiplied into each other, but it is not ſo jt rite af 
tals are uſed ;: thus AB. does not denote that A is multiplied by 

S, but that AB is a Line whoſe Extremities are A and B, the Sign 
of Multiplication of two Lines marked with Capitals is this X, 
that is, AB X BC, fi $, nay that AB is multiplied by BC. If it be 
conceived that the Plane ABCD be taken and put upon itſelf as 
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—_— Signs of +b—d,-muit be-changed,:puttin them f- brd. 
T | -4  OBsERve well in this Exprelhen c+f— it is:? not fb 
=_—_- 3 © that d i is ſubtracted, but b and d. are. ſubtracted from cf. When 
one and the dame Quantitp i. is to be ſubtracted from each ſide of, 
. the Sign of E it is only canctlling it in the Place where 
it is with the ign 4 and to put it on the other fide with the 2M 
Sign 885 ee to take awuy d _ aol: Ne: write | 
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Er bh a Line 8 Line, 912 2. T 
Lir 4 L Ty many 2 Live Wa another 2 


$i „„ 4 a Hh 1 inn 3 W 


6 2 85 55 k * for theſe Three Pray 3 — 1 


5 muy 1 1. Wann * eee as 
ther bave each the Sign. T. A Prove oath Fo have the ſane 


* 
We nt 442; d pee mat begin by caat- 
pl 8 * which ſigniſies the Produd of a by f, 
— Manner as many particulas as ther 
_ are 3 it will be af+bf--ag+bg, which is the Produdt e 
95 de ere ter een 5 — 
= a cut 
| . 
a 
to their Sum ACEG, the Whole being a to it rf 
theſe four Froducts af+bf+ag+by, Fee theſe. four Pa- 
rallolegrams, as is evident, they are therefore equal to ACXAG, 
yg 4, to the F AG, or of a by 
e 2. "POM into 2 5 or "bf into are, gives „ Prodes 
evhich ought to have the Sign —. - 

Tear b. if one of the two Quantities bath the Sign—, and the 

8 the Sign -＋, their Product ought to have the Sign—, to mul- 
ciply according to this Rule, 2 1b 5 by f—g. 1. Muldply a b by f, 
Which malces af- bf, dut as a+b ſhould not be multiplied by che 
whole Value of f by the Product af bf is tos much the Value of 
2- that is, by ag+bg I therefore take away what I had put foo 
much, and the eſſion will be af+bſ-—2g—bg; let ag AB. 
or HI, BBC, or ID, g=HG or IF, and f=AG, hence ab 
SAC, and f—g=AH; then» af=ABXAG, and 'bf=BCXBF, 
it muſt be demonſtrated, that af+bf—ag—bg=ACDH, or char 
ACDH=ZACEG—FGHIL—DEFI, which is evident. 

Rur 3.-L = 84 zn 15/5 gives the Sign +. 

In multiplying theſe two compound Quantities together, a—b 
and g. their Product is e gb, in which you ſee 
that the Pradut f —g by b, is marked with the Sign +, 
to ptove that this is right.; Let ag A, and b=BC, hence a—b 
=AB, let alſo f=AG, and g H, hence f-g=aAH, to de- 
monſrate What is required; conſider that as ABIH is equal to 
ACEG, or af, if there was ſubtracted, 1. DEGH, or ag. and 
BCEF, or bf, provided that DEFI, or bg, Which was taken 
8 too much be reſtored tn for; in e DEGE "Ike, 


„ * 
„„ „ 440 
* 


* 
- 


. 
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4 


A if Gee 
© BCEF, twice DEFI, er bg, is deducted, hence af—bf— 3 
is the Product of a—b by 1 5 therefore lefs into lefs gives +, 
uct there ought. to be the Sion, +, 
be 


- that ts, at the End of the Þ 
© becauſe ths having aken away too much, the overplus mat _ 
Spy. of compound Duantities.. : 1 


Tas general Rule for Diviſion, whether the 
ſimple or compound, is to put the Dividend above a Las and 


the Diviſor under the ſane thus to divide ax cd by xd+cb, 


Wed, it was ſhewn in ſimple: Diviſion, that the ſame 


I write 
xd 
Letters being found both above and below muſt be cancelled, the 


ſame muſt be alſo done here, when they are found in each Part 
of the Dividend and of the Diviſor. This Expreſſion bn may 


* 


which i. fimpler and of an 


a 
my) 


1 


32 
5 
9 


e be reducelt to this 2 a+d 


dere 
equal Vals s 
As Diviſion' undoes _ Malt 1 * EN 8 Rug 


that were given in Multiplication, . ſuffice. to ſhew what Si the 
Quotient ought- to have, 1. Whether the Dividend and Diviſor 
have both the Sign 4-,.or 2. Whether one be +, gs the WHO, 


or 3. e ny; have the 3 —. 
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8 E c T. 
Or che Power of Lines." 


_ 
* 


Derinirio 1. 


HE 2 ff Power of a Lines is the Line ar befare. it 2 — 
tiplied. 
EF. 2. ThE e 


E ; the Line multiplied by itſelf. 
Tus ſecond Power of b i 4 85 0 or ba; the Mende 2 denotes the 


two Dimenſions of bb. Take Notice, that there is a great Difference 
between bz and 2b; for 2b, ſhews that b has been added to it- 
ſelf, whereas bz, ſignifies that it is a Square, or that b is multi. 


cond Poxwer, or Square Y a Line, i⸗ the Praia | 


' 
15 „ 


7 


plied by itſelf; which is very different, for Example 3 and 3, or 


3 added to itſelf makes 9. When a Line is marked at its Ends 
with two Capital Letters as A and B, its Product or ſecond Power, 


Which is the Square ABCD, is marked wich four Letters, or elie 


by two, which are at the Ends of the e. 7 as A and C, or 
the ſame Line AB joined ta itſelf with the Sign of Multiplication 
thus ABX AB, or in ſhort, a Line is drawn above AB and the, 
Sign, of the 1 Power 05 thereto, in this Manner 


| AB, Moc MN is a Square whoſe fide i is MN, .or which. is pro: 
duced By MN . by MN. | 


- 
— 


PIES: 


8 3 2. 


ADVERTISEMENT. 


| Buct1p and the ancient Geomitricidni tak the Square for the 
firſt Power, which is end by the modern Geometers to be the ſe- 
cont... I poſitive Quantity before: it be multiplied. I itfel, A or by 
another, tbath' one Value, er one Power: Quantities which baus 
the Sign , are called Trey" and fuch as have the Sign — are: 
called Negative: TED 1 e 

Du. 3. A Line aubici- 
the Root that Poco. pri" x 7D” 
Tux ſquare Root of 56 or 52, is a Line equal wb, bar ia, 
ee ot a Square equal to 26. 


” 


REA - 


Ar IIRC 


"In the Root 0 a Power cannot be expreſſed by 3 83 
| happens in tertain Caſes, as foall be demonſirated, this Sign * bs 


= put before 1, a1 1 th the Sign of the Power thus J. a is n 
Root 3 M it 1 4 Cibe Root 'thut 1 Bs 


Ds#x.4 Tun Cube, or thirg Pere of « Ling 1s the Putt 14 


avbich i 15 avhen- it multi its Square, 

Pius S quare of 5 i s bb, if 36 is multip aleiplied vis ach” makes: 
tb, "the Sclid or Cube is the third er 6 the Line 5, the 
Cube 363 may be expreſſed thus 55, the Number 3 denotes its 


three. Dimenſions; 8 is different from 35, fer 3 is 5 taken» or 


added to itſelf three Times and 43 is multiplied, once by itſelf, 
which produces its. Square 46,'or-43,. and ſecondly, chat 

is maltiplied by 5, which, makes 4h or 55, "the. Number 4 
taken three Times, makes 12: But the Square of 6 (e ve | 
16) multiplied by its Root, (webich. 4 4) makes 6 Sb ages 4 
Line as AB, is marked at its Ends by two Capi "Lette | 
Cube or third Power may be ex vreſied thus; ABXAB AB, 
Which ſhews, 1. That AB eee plied by AB, which gives 
the Square of AB. 2. That the Square FAB is to be multiplied 
by AB, the Root of that Square, this Expreſſion is abbreviated 
by putting a Line above AB we. a little Figure, ſhewing, the q 


Number of its Dimenſions ; thus AB is 2 Cube of A. 


D Ex. 5. Every Duantity ewhich is compoſed of the Produet ef two 14 


other Duantities, is called a Plane. 

Tavs 4 is a Plane; or plane Quantity, one of he tenen 
an denotes the Breadth, and the other the Length, that is, 
is Lk Dimenſions ; ABXBC i is a plane Quantity, or imply a 


Dx. 6. Taree Quantities multiplied together product a Solid.- 15 


Tavs bed is a Solid, whoſe three Letters denote the, three Di- 

g menſions thereof, the Product of two of theſe Letters. denote the 
| e or Surface, and the third denotes the Height, or Thickneſs 
by which the Plane hath been multiplied. „ö; Ä og 
4244 - | K ADVER« 


multiplied makes a Hows, is called 1 


4 4 — a. _—_—_— —_ "WV * 


Fr ts of cnc. # 


A wude An ER 71 8 EM E x 1. g = 64.107” 
| 4 r EY 228 8 . Yee «4 * Ar. 
I e eee e are t Gplidd; the Pro: 

duct is always equal: ab and h make the ſame Plane 3 ie . the 
ſame of three or. more Lines: abc, bra, cab, by what order ſo- 
ever they are multiplied, the Product is the fame. In 


ws 


© :the Word Rectangle ſignifies a 2 Al ber Plane ; 
ee Solids her er treated of, are ren 
angles. * l 8 2 
17 . 1. Ir of cove rig be Lines, ies „ 
e, the Reangles.c omprebended under the” whole Line, and euch 
Part of the divided Line, are « a to the Reftangle made by both 
" the + Tinti. Eucl. 2; f i 
e . Ai i cut ins the bert 
» the e AB is undivided ; it muſt pro 
BE US cctngſe fde by the whole Line r . 
5 „ 8 
+ the Pars of AE that in, that ARXAESABXAC+ABXCD+-AB 
DE. The Farts bein e e ere 
. conſequently tis the ſame 
AR, 118 ACHCD-+DE 3 ae 3 
W AR QE. D. N 78686 -1 
18.0 Pier, 2 Is ; F b the R 
f#thended und the whole Line, 2 Parts, are 2 Fr 
LA wars of the <vhole Linc. Eucl: 2. Prop. 2 
E T the" Line AB be cut into two Parts at the Point C, let 
3 and BC = che Whole being « | 


B44 is” 
A che 8 ee | 
& Re 1 7 the whole A, Jud ST A rayon 
29 Pho. 3. 1 21 $ FS ths Colt e ee 
ang. 2 ry vibes undler the vv ine, and. ore; of its Parts, is 
egus egy of 4 id the r ee Square 
Ld: 71 Part. Eu. 2. Prop. . 
Lair the Line AB he any how divided into tv wo Far at 2 ©, 


"A mut de demoniteaed, at ABX ACE ebe FAC + 
FT 
1 f ewiſe a=6+&d: then 
215 malen ng. Aid bd by the fade Multiplicatsf 3, the 133 
11 7 ab==b4+bh ; now ab, s the nde e of AB by AC, 

and bs is the Rectangle made 51 che N F 4 4 totze 
"Rr with * e 3 QE.D „ 
"0 1 nd nee PROP: 


- 44 z 


7 


5 * — . 8 oy >, 
IIA Ns oo 7 oe — *. 1 n 2 "322 . 25 . 1 WS 1 ö Lt, 
: n Tt R reren 8 * 1 ads * 
1 7 : * 4 
9 5 Dl ons 7 8 * mY * : £5 
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© Boon m. 1 2. 


| Buoy, 4. Ir a right Line be any how Bwidet into two Parts] 750 
wes. 6.4. 5 of ht — 1 — 


that AB==AD2ADXDB+DB 2 5 3 
e of b+d, + 7 C 
nt DB=d and 2AD 1 5 x 


1 Se 3 ph was to be 5 Pg: 
Por. 5. Ia Line be divided into two egaal Parts, e 


per be 8 
ad DB=0, Auen, 2272 


AF 


I prequel amet, the Rect contained under the tan ue Parts 
1 together with: the ye of the intermediate Part, is r to the 
Square of half the given Line. Eucl. 2. Prop 
- i bane AV in dei equally at C tad woequall at D, 
: : 
F 


IL, that ADR DAC, Let AC — 
—— an vm of avd en ele 

NOW e 3 | 
—ab—bþ4 But +-ob—ab=o; therefore the Rectangle is. ab. — 
S ADXDB= ae „„ 0 


ob which is equal 1 to Bb, "will me ADX DB-+CD=aa, which 
was to be proved. To add 36 10 240, is only to cancel —b5, 
for i it is ident, that az—bb+bb=aa, as has been explained.) 2 
© Prov. 6. Ir 4 right Line be divided into tzuo equal Parts, and ,, v7 4 
re be arother right Line joined directly to it, if the fin whole © — 4 
Line together with the Part added therero configered as making | Ee 
enly one Line therewith, be _ plied by. the added. Line, together | 3 
auth the Square of of the whole firſt Li Sig the Rectangle or Praduct EEE i 
i be equa}. to the Square Pu alf The 2 Line, together evith | | =—= 
5 Lige, added thereto being confidered as only ane Line. Eucl. 2. - = 
Io A—— 7 3 n ¹ : KR =_ 
Fur Line AB is divided into two o + 
equal Parts at the Point C, there is joined to it directly the right 


Line BD; it muſt be demonſirated, that © ADXBD CCB. 


Yo AC * CBS B, then AB=28, and BC or AC=85. Let BD 
A, then OD, and-26+d=AD, therefore ADXBD=2bd 1 
+44; and ADXYD-+BC Sab db; bees the 1 of CD 3 


or . is 1+ RELAY; il hence ADXBD+BC=TD; wich Was 
to be proved, ro ait, that the Rectangle of AD X BD, toge Y 
| with. the Say: of AC or BC, is equal to the I” of CD. 


k 4 p 
4. Sa 
| K 2 „„ | Pack, | 
1 * A . — 5 P ; * * * 5 a ey 7 4 . © * 
1 J Bees 4% | | r 
3234808 2 ; 8 8 if Y | 
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* Ne OS. 1 WY — 2 * 
_—_ — — 7 3 TY — 2 LY 
-- of 


3 — r 
3 << 


3 ** * , Y . e 
_ . » RF 
4 "© y * < * 9 
[ - os £ a 2 q 
1 5 2 n 5 * 
1 N BY, A ; 
i =y by * * 7 By * 
. * 1. i 7 2 8 2 * 1 4 » . 
2 FA 8 0 n ; F 
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'Y 5 7 WE of 1 the _— / Pare, 

—_— _ 5 and the Tant EET: tach. Engl 5 
N A 5 l * * — 8 

3 e ag al how ent = 7 


_ 5 ; . Zh r 
—_ : ber Point C. It muſt be demonſtrate, that Bene 
—_— .:' Tr +AC. Let Ac =b, then (ACS ; dec then BC= =dd; lo 


== weer fince ABS=b+6, then - AB ul +46, and ABXEC 
WP VV l di. e theſo two Quantities 3 


5 £ BL 12 | I 1 and adding to them AC or 6b, it will become 2ABXBC+-AC= 


_- | 264+ di-+bb, and cools equently equal to 2AB+8C; QE. D. 

5 43 = x 24 - Prop. 8. Ir -a right. Lone be any how divided into uU N ar ts, faur 

= 2 os Times the Rectangle comprehended_ under the aubole Line, and. one of N 
. the Parts, together with the Square of the ather Part, it a to 

—_ | the Square FFT 

—_ . . wy one Line. Bucl. 2. Prop. . : 

_— - +. ES Tak Line AB AB was. divided any bow into two Pars at the 


=. Point 2. it Ray's be . that LABXBC+AC, is , equal 
_ dio he Square. of a Line equal to AB BC. Let AC, and 
—_— „ AB, — AB+BC=4&+4d>+4, or þ +24, 
—_—_ Whaſe Square is. 45-4444 ddt which is equal to that of 

3 Line AB+BC 5 now n ſince AB was ſup | 
—_ - - 3 and CB=d3 then 4ABXBC=4bd+446, adding to each 


, woe 


Part of AC, Its 8 bb, i will be AC+4ABXBC=34+4bd+ 

444, which is the ſame Value as was found for the Square o 
Line-d4+24=AB+BC; hence the 9 e of AC+4ABXBC is 
7: | WIN the W of the Line AB+CB ; which was to be 

Ws» | proved. 
18 ez PRO. 9. I y a right FH be di aided into two equal Parts, and 
5 „ ol. ones, the Squares of the tave unequal Parts arg 
—_— f b Les Squares of _ the whole Line, and intermediate Oy. 
—_ Kucl. 2. Prop. 9. 

—_— _ 2 Tus Line AB Is cut into cue equal-Part at C, — into wo 
4 * 5 . ele ones at D, it muſt be proved that © AD+DB, is double 
—_— 6 ; _ 2" ; | | 


AAB. Let AC; l let . 8 yl 
En /, then e and DB 1 0 


. Hence AB a8. abe alt and DB=bb—2bd++dd, and 
AD+DB= =bb4+2bd+2ad—2b, and by reaſon that +2b4—abd 


VVV 8 . 2 Sp. * 


* 


Fa "ue; 5 : N 5 \ 
* 1 8 bets « LCs » 4 2 QF — * 4 Ki ted +; — * 22 
„ 409M , e Is > ei, , oat erg» 39 
Re ee F Wi 8 3 
r e * * 23 >. . ' g * 7 
. * Y, 


— 


s 
3s XK dt. * 


| e a. 2 © Stem, 3 


"2h ne hes then AD+DB= 45. which is ce dub 1 
"RD, z avbich aba! 10 b proved.” I 


her right Line be recti 7 Joined to it, the Square of the whale 


: ney with the Part adjoined cenfidered as only one Line, 1 bl — 4 5 


ware of the adjeined Part, it double of Kew hs 
9 74 Line, and r , the Jaid half awith t/ og 
| wfieemd as only one Line, Euel. 2. Prop. 10. 


Tun Line AB is divided into two A e ek, 


equal Parts at the Point C, and the 
the Line BD is adzoined thereto, it muſt be RW tt "that 
the Square of AB+BD, together vo os of BD, is double 


8 thoſe of BC and OD, that is, that AD+BD is equalto 2BC+- 
205. Let AC or BC=b, then BC=3,, and AB= 5253 then AB 


=4bb. Let BD=; 5 AD zA 0 AD=435+4bd+1; 
Then the Square of AB+BD, together with-the Square of BD, 
ie equal to-465+-4bd+24d ; now the Square of BC, or 66, toge- 
cher with that of BC4BD, or 5-+4, is 2bb-+2b dd which is 
ths: half of 4bb+4bd+ add; wwhich was to be proved 
BEE eee 
Sid which ſubtends the obtuſe Angle, is e to the 5-0 þ 
p 15 other Si 225 together — 4 Abl N le 3 under 
the Side upon which the Perpendicular, (or Height of the Triangle) 


Leon and its Part * Jo as to meet the Perpendicular. Eucl. . 


P. 12. 

Tur Angle ACB of the ambligonium Triangle ABC is Obtuſe, 
and the Perpendicular AD falls upon the produced Side BC, 
which being ſo, it muſt be demonſtrated, that the Square of AB, 
the Baſe of the obtuſe Angle ACB, is equal to the Squares of 
both the other Sides AC and BC, rogether with twice the Rect- 
angle made by the Side BC and its produced Part, comprehend- 
ed between the __ Angie 0 _ e Perpendicular AD; which 


Berpreſed thos: : AB=IC+AC+ 2BCXCD. 'ADB being a right 
5 | Auge AB=BD+AD, and Thy the lame reaſon AC=CD+ . 
But 55 nc cb 2 on ſubſtituting i in ; the place of 
A BD; and din the af rag of AD+CD, the equal Quantity AC, i it 


will be AB=BC+AC+2BCXCD, deal d to be proved. 

'PrOP. 12. IX every oxygonium or wee Triangle, the 
e of one of its Sides is equal to the Squares of both the other 
| Sides, le 5 tauice 255 * e under one 25 the ſaid 


5 ES 2» — $ rf ber Ex 


1 2. 2. 155 f x Sup. n. 20. 


. 10. Ir a right Line is divided 4% tauo | lect Parts 2 26 


amblignium Triangle, the Square of the 27 


SF 
. % 
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8 * 


1 | 20 1 Elements 1 Geometry „ 
| A —- 1 aber Sides, and one 2 its Ports Entained between the Perpendicular 
= | = Wi cuts it, and the Angle that's elle * the Sik 12 rf _ | 
5 2. <7 i 54 

_ . I fu pros thr the Triangle ABD is an um; "that th 
= © +, Perpendicular AC falls upon che Side BD, it mote deniſe 
—_ that the Square of AB is equal to the Squares of both the och * 
—_—_ 1 -- Sides AD, and BD, leſs twice the Rectangle made of the wh 
—_ } 8 iy 1 0 and its Part DC contained between the Perpendicular AC 

=_— } GR the Angle D oppaſite to the Side AB firſt taken ; it mu 


= 775 50 be demonſtrated that at AB = : ID + BD — BD xp. 
1 = 3 ACD being 2 right Angle, AD=AC+DG,. taking away DE 


* 


WF 
N 


2 


3 * from each Side, it eee. es AD—DC=AC; this is done as has 
3 553 3 AC+BC=AB. Now RC=BD—DC, 5 the 
3 | Square of BD—DC BD—2BDXDC4DC, hence BozlD— 
4 Z | 2BDXDC+DC; therefore. putting in the The of Aan Bc 
=. i | the Quantities equal thereto, it will be AB=4D—DC4+BD— 
= „ende (nd ws — Bere A5 15— 

1 5 7 DDC, ; W . 8 


0 Fr the Ratio's and e of Lines, sac 
5 a and Solids. ' 5 | Ay 


ADVERTISEMENT: 


| 1 may be confidered both what a Line is in itſelf; and alſo What 
it is in Proportion to others, which Proportion n it to be 
eſteemed, equal, or unequal, ſhort, or long, it is the ſame of 
Surfaces, and Solids ; now one Line may be pro A to 
another, and they may be compared differently, Viz.) by 2 
ſidering either the Exceſs of one above the other, that is, their 
Difference, or how often one contains the other, which make 
- ..two Sorts of Proportion. Geometers conſider only the latter, 
which they alſo call Ratio. which in general ſignifies Proportion, 
n „ or chis e Has * ene that we are going 
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3 3, a 15 3 OY | an en * EPI Fo 2 in SE pr r. 
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ty 
- © OI 2 WF. 4 


is me en it is den their 

pared : But the werd Habitude 

Greek germ. uot 2 Lan 4s, 

niſies w ne thing is reſpeQ to ahother; ; and that i 95 


the word "Ratio fi 15 in eometry 7. But as 1 faid before 
| ke the ſecond Soak. of. NN that is bers to be treated of; 
which will be explained by the following Dejmitions, 
Dex. 1. Tus Ratio of a Line to a Laas of a Plane to a Plane, 729 
of a.Solid to = Solid, 3s,,the Manner by which a Line contains or 15 
contained in that 225 aubich it 1s compared, that a Plane contains, 
eis contained in a Plane, that a Solid contait 4 Us contained in the 
Hol with hich i id compared. "FIR; 
Drvts ien ſhews kow one Quantity i. 15 "contained i in N 
expreſs the Proportion or Ratio of one Line to another, 
hen wo Line A to the 2 B. We Aide B by A, writing 


eee ee l e this *. 
preſſidn ſhews or expreſſes the Ratio: £2 , that is how TY 
4 


times, and in what manner A is in or what part B is 
| which is e Feger 6f ei e of SS >. 

Dt, 2. 4 Ratio whoſe Ea fannt ts POL » Ninker, 30 
F called a Ratio of Na Number. 4% Mun... 

\ Tux Exponent Dewi either how one : 1, or i 
contained in another, Br i, C in Arithmerical terms, ſt ſhews 
the Quotient of the two Quantities, when diyided one by the v- 
ther; if this Exponent or Quotient is'2Numbet, as for Exim- 

the” Line B is vontained fix times in A; the Rats 
of theſe two Lines A and B, is a Ratio of Number to NuthHbes. 


Daf z. A Ratio gebt Expontut "canner be e N 


ber. is ed Sard or Frratwnal, 
ir there cannot be found a Number, that Reue t Jow 
times the Line A contains, or is copchimed in & Eine B. 
2 — of theſe two Lines A and B is furd. That F ure 
nech Ratio's, ſhall be hereafter demonſtrated. 


Dey. 4. Tux, Equalit of Ratio's is called A 32 


TR 8 atio to B, as C has to D, the four 
ti es are ſaid to be Proportional; which is  exprefled thus: | 
A. B:: CD. It has" been ſaid, that the SEARS 
erpreſſed thus f 57 hende, chat of C to D is in Ike manner 5. 


"Conſequently the Proportion of theſe four Lines, which conſiſts 
in the — of their Ratio's, may de alſo expreſſed Thur : 
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1 18 cpi Rat Rat: wy have equal age. 3 


Tur Exponent of a Ratio ſhews how often — we Terma44 


is contained in the other, therefove if e are e cqually en, 
their e Fe are equal. 


D Ratio of Ato B. and alſo of 


the Ratio of C to D, the two Ratio's are equal, ſeeing e- 
qually contain conaineach other. Z 2 87 
LISAiA. unn the r 6 5t multiplied the 
wer taps ae ; 5 
— this Rate, or eakch 7 he frns Thos th 
the t atio, or evhich is . T, 
Quotient 9 of the Terms divided one by 555 
/ many times A is in B, or what part B is of A; conſequently be- 
ing token as many times as tis contained therein, that is, — 4 


multiplied by 9, it ought to become equal eee 
” hence Ag=B; lich wu to be proved. 


e A. B: C. D. the Terms A and C. "5x 
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to the ſecond Tem. 453 
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IF foall y PR It generally ſuppoſe the Antecedent to be kf 
than the Canſequent.; thus having mentioned 4 and the 
B, I Gall ſay that 4q<=B, ef it were otherwiſe, and 
that the Hntectdent A. <were greater | than" the ent B, it 
evould he equally true to ſay, that the Term A mltipiled by the Ex- 
ponent of A to B avill always produce the Conſequent B, by reaſon 
the Exponent equally ſorws how one 9 U contained in the 
other, whether the Ratio be furd, ur of Number to Number. 
Rente when, the Antecedent A is leſs than 4 uent B, the ex- 
ponent of that Ratio will be greater than Unit, and on the con- 
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| = of its Ratio to the ſecond T, 7h will per e e Wn 


ſecond Term which vas divided. 
Proe. 3. Four Terms will continue in P, 


eng erede” it" 10. its" Confſoguent. Which follows. from the 
Deſtin of 'Proppetion. 


45 ProP. dong Duantities | being ee de 


46 \ProP. 5. Four Quantities being. P 


that is, c 
eguents, they till continue Proportional. 


Ir A. B. C. P. It muſt be proved, that B. A:: D. C. 


To contain and be contained are Terms, thus if A 


contains B, as often as C contains D, and conſequently that there 
be an equality of Ratio, it muſt be that B is contained in A, 
as often as Di contained in C, and that there is alſo an Equality 
af Ratio's, when a Conſequence is drawn from this P 

it is called a Concluſion 4 e ee or Inverſe Ratio. 


that is, in compari 2 75 and ſecond Antecedents N and 
the = and Jecond . — Neeb theſe $4999; ee 

How the Proportion 3 B:: mM D. It muſt be neoved, that 
Alternatively. A. C:; B. D. let 3 be: ſuppoſed to be the Ex- 
ponent of two Ratio's, * 47 5b. and CqzD.; then. inſtead 
of A. B:: C. D. it may be wrote A. Ag:: C. Cg. It muſt 


re C:: Ag. Cy. aten i, er 


dent, fince that the Quotient of C, divided by Ax the ſame 


as that of Cy divided by Ag, which . Now y e to 


the Rules of Diviſion, + be Cancelled it being both 
prom and below the ry . 5 


= = therefore che two * having one and the ſame e. 


47 


he . ha 

RO. © F % tabbo erms 
Terms of the ſame Ratio, thus if 4 2 Antecedent of 22 whe 
fas te ow Rat, will. @ 

1 the DS B:; C. P. It muſt be p 


4 Mk, * and LCD. It m 


8 Ihe Rr of 


» fp 1. 4 Supt u. 4. 
e . # pony 
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= Terms of the ſame Ratio, ' thus Antecedent from Antecedent,* 
_ und; Conſaquent from Conſoquent, the ſame Ratio will remain. 
Lux the Proportion be A. B. C. D. It muſt be proved that 
AC. B- D:: A. B. IF 9, is the Exponent of theſe Ratio s, 
then AgzzB,. and Cr D. "I mult therefore be proved that 
A—C, A r: B. No the Quoti divided 
by AC, is gz then theſe two Terms have the ſame Expanout, 
and therefore the ſame Ratio as A and B. 
_ Prop. 8. Four Quantities being in Proportion, Componendo, 
- that is, the firſt Antecedent, more its Conſequent, is to its Conſequent, 
2 on. e Antecedent more its . it to iti W 
Eu 1 
Lt © 2 1 5. fe muſt be demonſtrated chat A. B::C+D. D. 
Aternatiztly, A. C:: B. D. + then adding the Terms CandD, 
(which are in the ſame Ratio,) f to A and B. F A+B. CD:: B. 
D. and again Alternately AB. B:: C D. P. Q. E. D). 
"Pray. 9. WHEN Jeverad Quantities are in Proportion, ans Sum 50 
of the Antecedents, is .. ak of the Conſequents, as each Antecedent © 
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3 CDoR F. Te eaſt be proved that AC 
E. B+ D+F A. B:: C. D:: E. F. By the Fra 
Propoſition A4-C. C: BAB. D. Alternately AC. B+D::- 
Gi Now the Ratio of C to D is the ſame, as that of E to 
FE. therefore AC. BD: B. F. Alternatively. A+C.E :;: 5 
. F. then alſo to the preceeding Propoſition A4-C | 
IE. B4D+#F ::E.'F or. A. B. or C. D; for the Ratio is always 
the ſame, awhich was t te nan? | 

Paor. 40. Fouk Quantities being in = Proportion, Dividendo, 51 
Hats is, the firfl Antecedent leſi its Conjequent, i is to its Conſequent, as 
In fſeeond Antgcedent 2 ita Conſequent, i 14 to its Confoguent... Fuck. 5. 

rop. 17. 

. D. Jemuſt be proved that Ar B:: C- D. 
D. ſince A. B:: C. D. then Alternately. A, C:: B. D. then ſub- 
 trafting B from A, and D from C, AB. C- D:: A. C. 
Now the Ratio of A to C is the ſame as that of B to D; hence 
A—B. C—D :: B. D. then Alternately AB, B:: CD, D. 
Solch ada, tobe pro vel. 
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Third, are equal one to another. p. 9. 

Ir A. B:: C. D, it „ Poli th be the Ex- | 
ponent of the Ratio of A to B; twill be that of. Cre. which 
1s the ſame, then Ag=B, and CB, * therefore AqzB=Cg. 
theſe two Quantities ing __ to a Third, ix. D, ine are by 

V L. 2 | Prop. 1 


#9 


. 2 1. SY + Sup. x. 46. 4 Sup. 1. . 46. 
$ Sup. a. 47» 8 | Sup. a. : In 
5 Sup, X. AS. | : 


399 1 7 
„ Puyuor. 145 Two Ratv' equal ts third k or 
| S3 ach other.” "Riel: 3, Prop! i | 
Ir A. B E. F and C. D:: E. F, it muſt. be pevei unt 6 
A. B:: C. D. I the Exponent of the Ratio of A to B is'g, and 
that be alſo chat of the Ratio of E to F, which is the ſame, 
now ie Rite of E ee D i che fone, un chf of E 8 F: therefore 
its Exponent is alſo 9. The two Natio's of A to B, and C to D: 
5 Tau en one and the ſame "Exponent 5 therefore they are 
ROP. 1 3. Warn Ne Quantities art niltiplied 7 ent and the 
s Fame Quantity, they" continue in the wy" Ratio wx the Auer 
Hom, as they were in before. © | 
Ir A and B are multiplied by x, it muſt be proved that Ax. 


Br: : A. B. the Exponent of the Ratio of A to Bi =" and that 


| "of the Ratio of Ax to Bx is gr., Now the Exponent is juſt the 
fame, for _— enge om is both above and below 
the Line in Er. there remains =; + therefore the Ratio, ha- 


ving one and the ſame Exponent, they are equal. f 
 ProP. 14. Two Quantities being divided 7 4 7 bira, the No- 
5 * tients thereof” are in the ſame Ratio as the 8 ities them 
EgFVES, i 
4 LET the two Quantities be B and D, divide hem os let 
| the Quotient of B by x be called p, and let that of D by æ, be 
called g. It muſt be proved that p. :: B. D. Now 825 and 


3 then px. gx :: B. D. and p and q having been mul- 


ti x, according to the preceedir Propoſition | 
20875 7 cen fine pre ge 2:9. Ca be that rn S 


6 For. I _ Wurn four Quantities are pere the Pro- 

3 | Buck, 6. e 56 of' the extremes, is equal 'to that of the Means. 
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A. B:: C. B. 10 It muſt be proved chat AXD=BXC, let & 

A nent of the two equal Ratio's; then Ax. and 

.Cx=D. this Proportion may be thus expreſs d: A. 

Ax :: C. Cx. It muſt chen be demonſtrated that AC*=ACx, 


aobich is evident. 
CORALLARY — Quantities being 6 in e Fiogarvion; he 


57 Produ#t of the Extremes is equal to the =—— of the mean Term, 


Eucl. 6. Prop. 17. 
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+ vided by A,' and = that of D divided by C: then 

=D; Hence I reduce the four Terms to theſe, A. 

"Cui According to the Suppoſition on AXCz=AzXC, — 
XC from each ide, there will remain 
Exponent of the Ratio of A to B, is equal to chat © 
f C to D; therefore chey are Equal: * * Conſeuenty the four 
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Proportionally, provided that the tæuo 


ne Terms be always wha the tavo Extremes or the t«vo Means. 
Lr the four Terms Be A. B:: C. D. provided that A and 


D, for Example, be always either the two Means or the two 


Extremes, their Product is always | un, wee they" are 
ee according to this P 
RALLARY 2. THe Product᷑ of — Terms of a Propertion ge 
being divided by ihe Jo ff Term, the Quotient of the Diviſion will be 
*the fourth Term if the ſame Produtt be divided by the fourth 
——— ail be the firft Term, 
Fox the Diviſor multiplied- by the S makes a Product. 

equal to the Dividend. 


Dr. Tus Proauct of 400 3 being g equal to that of two 61 


ters, ſ they may then make a Proportion, ifthe Firſt is to the Third, as 
the Fourth is to the Second, the Propertion is called ciprocal, or ſe. 
_ two equal Rectangles be AC and EG, if AB. 


Fh, the Pro ion is by » John Ah. 


and ends in ſame Fi If one of the Sides of the” 


3 ame Ratio, thoſe Narr are in e Rar are Pretrial, 
Eucl. 5. Prop. 22. 


Ler diendbe three Quantities A; B C on one Side, and three 
chers D, E, F on the other Side. If A. B: : D. E and B. 
O:: E. F. it muſt be demonſtrated that A. C:: D. F. in e- 
JR 1s Mirernatel,' B. F:: 5 D, and B. E:: C. F. 1 

| to 


chat of B to E, chey are 9 Conſequently A. 
and Alternately A. C::D. F. 8 * 
Puaor. 18. 1 the firft Term is the Second ar the Third is 196, 
the Fourth, and the Fifth to the A the Sixth to the Fourth, 
the Sum of the Firfl and Fifth «vill be to the Second, as the 80 
8 Third and Sith it to the Fourth. Eucl. 5. Prop. 24. 
Let the fix Quantities be A, B, C, D, E, F; if e firſt A 
is to the ſecond B as the third C is to the fourth D, IT 
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a thus: A. BE: C. D and E. BI: F. DP) | 

| I ay that A+B.-B :: "O41 D ; for, 1. 
” 24 and E. F: B. B: then . A.: C:: E. F. . 

C:: A. C. 1 and-fince A. C:; B. D; then A+E. Cre. 

D. $ and Zterrately, AE. B: > C+E. Dar Ronan ws 

+. PROPOSITIONS + concerning Propertiont aubich Kuct ir tis 
e Beek, — — 

Eucr 1D calls that Quantity a Multiple, which is meaſured. ex- 
aft 1 Quantity repeated a certain number of Times; 
* hoſe Quantities plies, which contain the Quantities | 
9 * multiples leg 169 am wwe 3 of as; the 3 


|  » . peated, > hr haring been wel n ale Gon rom 
Pr” = Ro e — 2% Equimaltiples of 

: 64 Por. 1. Ir are ever, many Santities, 16 
| ar ne other tities,. each 2 At One it the An, of 0c, 

of By 


1 this Propoſition thus: Bx and — Equinnultiples 

+ and C, I ſay, Sr and C to C, 
Ae . By. S K & . dlternately Br. 
Be Cr. C. 3. Addin ng therefore the Quantities Cx and C, which 
4 are in the ſame Ratio, „ to B and Bx ie will be By, Bs Bæ-＋Cx. 
3 C, and Cx. C :: Bx+Cx. BC; which was to be proved. 
Por. 2. Ir N Firſt is the fame Multiple of the Second, as the 
Third-is:of the Hoch, * the 7 * the . ory 15 


| 1 4. FA D, and that R. 1 25 8 . > Ge metre i 
. Z CF. D. Since A. B:: C. D and 2 B. F. D. then 4/- 
. 5 Fernatively A, C >. B. D. and E. F: B. D; hence the Ratio 


Por. 3. Ir the Riß is —— ha + Moleiple of the Sean as 
"the Third of tbe Fourth, and there be taken E oragy ke the 
Nirſt and third; the Multiple of the Fir will: ze the fame Mul- 
', tiple hd ne as . Mage of the Third is waa 

2 f 4 
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Quantity which is a Multiple contains the Quantity whoſe 
Mucke Kc, therefore 'tis the — ns were ſaid, 
if the Firſt contains the Second, as many times as the Third 
contains the Fourth; therefore . required to be demonſtrated | 
thatif A. B: : C. D, _ that E uimultiples of „ 
A and C; heh ts, that E contains A as often as F contains C Ly 
and "Wine" therefire A. C: F; it muſt be that B. D::E.F, : 
for fince A. B:: C. P; then n Alternately, A. C:: B. D. Now 
A. Cr. E. F. Hence the Ratio of B to D being equal to one 
and the ſame Ratio, it is the ſame as that of E to F. 7 | 
Proe. 4. Ir the Firſt is in the ſame Ratio to the Second as 88 
the Third is to the Fourth, the Equimultiples F the Firſt and 7. bird, 
uiii alſo bear the ſame Ratio to the Equimultiples of the Second and» : 


Fourth, howſoever multiplied, if they are taken as they correſpond 
ber. 175 
uit is as muck ns to fay, that if f. 5. g. D, likewiſe. 
Alternately, A. C.: B. D. it muſt be that Ax. Cx : Bz. Dz. 
For f Ax. Cx.: ::A;C; and Bx. Dz :: B. D. But A. C:: . 
D. therefore + Ax. Cx : : Be. Da. E. D. CY LE. 
Por. 5. Ir one Deantity is the Multiple ＋7 . > is 
zantity, as the Part fubtrafed from one is of the Part fubtratted | 
the other, the Remainder of one will be alſo the ſame Multiple 
of the Remainidey off the other,” as the whole <uas of the awhole. 


Tuts Propoſiti may be thus, if A. B.. E. F, 1 
fay chat A—E. B- F: A. B r then the Quantities tities which are 8 
ſubtracted from them are in the ſame Ratio, therefore they will = 
remain in the ſame Ratio. 5 69 9 : 


Paor. 6. Ir two Duantitie are Equimnul, favo . ber £ 
Auantities, and there be E multiples — XA them, \the 5 
Remainders are either equal thereto, or Equineultipler thereof. . | 

Tuis Propoſition I expreſs thus. If Ax. B:: AY. By f 
DI ſay Ax -C. Bx—D: : A. B. This is evident; for 15 
Ar. Br.: A. B. | Now two Ratio's equal to a Third, are ; 15 
equal: * therefore if Ax. . -& lp, it malt be | 
that Ax C. Bx—D :: A. B. e e 5 
Paor. 7.  QuanTiTiEs” are one 10 e 4 their Equimul- 
| Hples ars ont to Bnather, if ta hen a they Ns ES, . 
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Ir the . Exponent of che Ratio of A 

to B, tis a triple Ratio, for its Exponent e eee, 

tiplication of hah three equal Quantities =, &, 2. _ 
*. THEOREM 1 SEVERAL Duantitics bring in Progre 


o 
e e pg peo rn of thoſe of A 
2 . the E 
AB; chat of B to C is 4 
er Ar. Hence the three Quantities 
Dp theſe A, Ax, Azz. Divide Ao by As 
f ty Ratio of A.to Ace, which 


© frrace, that the Ratio of A to F. is 


of the intervening Quantities. - 
77 Tuzorrm 2. Tux Ratio if two Planes is pf 
Ratio's which the Sides of One haue to the Sides of the Other, of the 


Breadth to the Breadth, of the 85 to the __ 55 
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3 wo it muſt be demonſtrated that 

| | Rao bs compounded. of that of @ to c and of 6 to d, let a 
0 | be the Exponent of the Ratio of à to c;; then a c. Let x be 
chat of 5to 4 then rd, and azhx=cu, Dividing azbx by ab, * 

the Quotient will be a compoſed of x and x the Exponents of 
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| 25 e of a to c, 4 to 4: Therefore the two Planes . 1 
„ a Ratio compounded. of thoſe of à to c and of WES thats” - =} 
1 of heir Sides CEB rs Fo get THR = 
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I Air e er chat it is here always ſuppoſed that the 
| Planes and Solids are all Rectangles, therefore it was that this Re- 
25 mark was made before. 
1 Trou 3. Tur Ratio of one Solid to anther, is 5 
= of . ee which the three Sides of one have to the three | 
| Rs 0 
Luar the two Solids be abc and def; it Pg ks demonſtrated | 
that their Ratio is compounded of eee 7. Ja 7 
the Ratioof abc to A may be expreſſed thus 7 FF. RS; 
ent is compoſed of the three Exponents of thoſe very Ratio ss, | 
| per Fo It is Dares to aint gr Ratio of thats "rm —_— SE 
is compounded, -wherefore according to the firſt Definition, theſe 80 
two Solids are one to another in a compound Ratio to that of ; x 
| their „ 
Tnrongxñ 4. War four Duantities are proportional,” the Pro- 
duc of the Antecedents is to that of the Conſequents, in duple Ratio 79 


5 : to that of each Antecedent to its Conſeguent, or as the S quare. of each. 
 Htetedent is to the Square of its conſequent 4 

„ Lr a. 3: : c. d; the Product ac of the Anker accordilig 

5 | to the preceeding Propoſit tion, is to 4d that of the Conſequents, . 

| in Ratio compounded of thoſe of a to & and of e to d, which A 

ing equal, the Ratio is duple. The Square «a of the Antece- 

; dent à is to bb, the Square of the conſequent 5, in Ratio com- 

| ; _ Pounded of the Ratio'# "of 2 to 5 and of à to 5; and conſe- 


- _ quently the double of theſe two Ratio's : Now theſe Ratio's are 
the ſame as the two Ratio's of @ to b and c to 4 ; conſequently 
| the produtt ac is to the Produkt bd, as the Square as is to the £5 
Square 2 
Cora, 8 Planes Hr is, thoſe ⁊ubeſe Si, wales | 
tional, are one to another in Ratio pl, that of the Sides . 
| 7 bu to the Side of the other. | 
Tuxix Ratio is compoſed of the Ratio's of the Sides of one to 1 
| the Sides of the other ; ; + theſe two Ratio's are equal, tis there „Cͤöͤꝑ⸗˖ ükE 
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© Fore a duple Ratio.” '*” Fence: all quares ing anne Tn., 
th are in Ratio duple that of their Sides: | 
81 THEOREM 5. Wrtn' fix Prantitits are pr | 

4% of the three Antecedents is to that of | nuents, in 
triple Ratio of each Antecedent to its Seo ng or as t > Cube of — 

each Antetedent to the creed Boing wor : A 

Laer there be 4. 5. c:: d. e. f. the vedud abc is to the Prodatt 

af, in Ratio compounded of, thoſe of à to d, of $ to e, and of 

to; + Now theſe three Ratio's are equal: This compound 

Ratio, is therefore triple. x The Ratio aaa the Cube of @ is to 

aid the Cube af din t le Ratio of that of à to 4; now tis the 

ſame Ratio as thoſe. o atod, of btos, and of . to fr conſe- 
quently the Products we are f| 


peaking of are one to another, as 
the Cube of each Antecedent is to the Cube of its Conſequent. 
2 Cos ALL T. SIMILAR Solids, that is, whoſe Sides are | 
| tional, are in Ratio rriple of the. Sides of one to an of the 
Y Tus Sides of two fmilar Solids are fix prop | Grantities; 
therefore che Ratio of one to the other is tri Hees all Cabes 
being ſimilar Solids, are in Ratio triple thoſe of their Sides. 9 
230 3 6. In a Geometrical Progreſſion, the Ratio of tae 
Terms between which are two other intervencing ones, 00S ns 
' if there are three. ing ones, it is Triple. CSR” - 
Lr A A. B. C. D. the Ratio of A to C is compoſed or Ü 
: ws Ratio canpoled of that of A to B, together with that. of 
Bro C, $ Now theſe Terms being in Progreſſion, the. two Ra- 
d are equal; therefore the Ratio which ; compoſe is a'duple 
Ratio | In the ſame Manner tis demonſtrated, that the Ratio of 
_eatodistriple.* _ | 
34 THzokeM 7. WOE Quantities are proportional, their Squares 
— 75 ; 
Ir a,b : c. J. I fay aa. bb : : cc. dd. theſe Squares are in Ratio 
Silo that of their S 4e + that dM OO Bans of. « to B, and 
3 eee eee ual by Suppoiition, thoſe, 
r . is then 
of cc to dd; therefore the Squares are | 4 


'Ivab:: 4 I ay that aas. bbb: : ccc. add. for ths N of 2 
43 to h. and that of 4 to 45 are triple the Tame Ratio's, I there- 
fore they are equal. 
$6 Turenzu 9. Tart Quantities Being in e Proportion, 
| oe gel ae OE is to that RIGS ET. HOW 
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. 1 9 
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Ex there be = Se LV e Lez c. the Ratio of 
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ea inded of the two Ratio of pr b. and of #'to c, 1 


 W= A a qual; 'therefore the Ratio of à to c is 
Aude, WIN 9 of A to h is alſo duple eee et 
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64 
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* 
1 Ler them be 3 . L . The Ratio of b to f is com- 
pot of the three intervening Ratio's, and theſe three 
| *tio's being the ſame, 1 of 5 to / is triple, + nom the | 
| Cube 3 is to the Cube e in x Ratio triple the Tame Ratio: T a 
\ . "Therefore #5. . 
Tuson. 11. Ir age others talen 6088 * 

be and two. are in the Jame Ratio, and in perturbate Proportion, the . 

' Quantities that are in equal Ratio are Proportional. Eucl. 5. 


'Pro 

F = ae N 
and two, are in the ſame Ratio, but the Proportion is perturhate, A 
that is, that A. B:: E. F, and B. C:: D. E, it muſt be de- | 
monſtinted that A. C:: D. F. The Ratio of A to C is coms Ts 
unded of thoſe of A to B. and of B to C, alſo that ot D to. F 
compounded of thoſe of D to E, and of E to F, now theſe | 
' Two Ratio's are compounded: of equal Ratio's; for A. | 
f, and B.:C:5:D. E. Conſeq ' the. compounding 
ies being equal, the Quantities compoſed thereof are 
dne A. 0 5. 22 ͤ ̃ 1 IN 


a ing in contain Props tied, 277 
the Fo ir ito the Cube * the Second, as the Fir 1 
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50 reduce bew different Ratio's ſo as to have the Jane by | | 4 


Lev the two Ratio's be f. and 7 . „ ha fem 1 
OCionſeqdent, I multiply the Andy and N 


na by the Canſequent of me Second; which: producgs 2 ME. 
multiply the Antecedent of the-fecondRatio, and its 4 > 
. a „„ Conſe- 4 
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eee Ratio" are Mere 2 * 


„ "theſe two Ratio have the ſame Conlequent, nevertheleſs there 
is the ſame Proportion between the Antecedent and its Conſe- | 
5 quent, as there was before. 5 A He „ 


© wag THEOREM I. Two Ratio's havin ing one and the ſame Conſeque 7 
Fg are; ou; to another as their Antecedents, _ . 
Be the two Ratio's be thoſe of A to X. b to X, 

| Which have one and the ſame Conſequent X, it muſt be demon- 
ſttrated that they are one to another, as the Antecedents A and B, 
1 8 divide A and B by X, and the Firſt will be expreſſed thus 


| * 2 2 » and the Second = x! now [and B being divided by one nd | 


ee e d 3 AN 
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1 ee 20, | Io. tæuo 1 3 the Great 1 bas 4 
greater” Ratio to ane and tie ſame third Quantity, than't Leſſer, 
ebe Ratio of that third Quantity to the Lefſer.is greater. than os / 

„ e Kue, J. Fp. S. 
Ur the two 8 eee be A and B. the Gen e 
A *chaſe at ple rd Quan tity-as C, it muſt be de- 
nonſtrated; 1. That the Ratio of Aro Ci enter than dat of - 
1 5 n and S N hey 
have one and the ſame Conſequent; therefore 1 to the 
ing Propoſition, they are 8 * as A and 3: 


5 than B; therefore g Ss - 2. It muſt be 
that ths Ratio of C to Bi, gte than that of C10 


il Att == Reduce'theſe two Ratio's' to the ſame Conſe- 


- 3 0 . wh 
* ny : * 5 
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„ 8 "ACBC Ra ET 
- OE FD, 8 4 the Ratio — is then the ſame as 2 
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che Ratio —, the ſame as —; 4 now theſe two Ratio —and | 


* * ; x : in A, 4 11 8 4 7 * i B N 4 
SY »t * 1 - 3 x * 1 OE * by F ; 2 1 9 . 0 > — 
- * 2 


— are one to another, e B; but g to oo Pow: | 


pre A is greater than B; therefore the Ratio of C to B 
groater, than that of C to A; 2 E. D. 
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bo III. Ster. 6. 


2 . "Os bb unequal Qgantities, that 2 the Greate Fo" 49 ö 1 « 
| 2 12 greater Ratio to a Third, and on the Contrary, 4255 : F 
, to which the aid third Vun) has the greater E. bg : 


ler 3 two unequal Quantities, A having a great | ol 
| r Ratioto C, than that of B to C; thus 1 e 7 Ay g 
© B; aid va be demanſrated. i. I js then fup- ES. 
| aſd === now * theſe two Ratio's are one to another ns A WE, 5 ; 
| B; ie muſt therefore be that AB. 2. IF . u, 3M 5 
be demonſtrated that B is lefſer than an A, having reduced es 
| | Ratho's to the fans cee = . it muſt DE 


pk Mn RT we of D> BA. on A BA. OS 
IN OY - | 1 CA CB 3 . 
be according to what was ſuppoſed, bat > — now / theſe 1 
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two Ratio's are one W anothir ax A and B; + it muſt then be | Il 
that A is the Greater and B the Leſſer. +”. 
Prop. . Is the Firſt is to the Second as the Third to the n . \ "9 
ud that the Third hath a. greater Ratio to the Fourth, this the . . \- 
þ hath to the Sixth; the Firft will alſo have @ greater Ratio o ER 27 1 
e Second, than the Fifth hath to the Sixth... Euct. 5- Prop, . _ 
Ir the fix-Quantities be theſe A, B, CD; E, E, the four e N 1 


: * 1 5 R % \ N þ 3 | . 5 2 - x | 
8 of which are in Proportion A. B: B::C. D, or or —=— . 1 
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| Ragiog— being gene than n be that — is alſo great- 5 
. Te * fry 7 9 22 . „ #3 B n 5 


4 | a 8 85S 5 
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gr 6. I. the Firft i e th Second; as ; the Third is to the 
eee Firſt be greater than the Third the Stcand avi 


3 e e the Fourth; and if equal, equal ;"if er, tefs. 
$- Prop. 14. | 
$ EI” the Proportion be A. B::C. D. it muſtbe demonfirated 
E that if AzC, alſo B=D; and chat if Ae, Ae BD ; 


" ® Cap. . 9 Seh. n. 90. 8 
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n be if ASSC, . BSD. . A. Cab. 
} D; N unleſs tan. Ny Op B be alſo 
bo 3 3 or being greater t B is wile 
1 3 or if A being leſſer than C. the Tan B,. be alſo 
than D. 
95 ProP. 7. Ir three Duantities on one Sth 15 three on the Other, 
taken two and iv, and that in an equal Ratio the Firft 
3 is greater _— the Third; the Fourth will be alſo greater than 
the Gets and if Bqual, Equal; of di, Loh. Bud, f. 
rop. 2. 
| La A, B, C. be on one Side, and D, E, F. on che Other, 
V8. B: D. s and B. a : E. 6? 3 


or leſſer; Fa ET Equal Quantities cannot contain 2 
12 or be contained therein, equally alike. 
Tuer. 8. Ir iu Quantities an_ane_ Side, und three en the 
Soc taken two and two, are in the ſame Ratio, they being in 
- perterbate Proportion, and that in equal Ratio the Firf 7 is greater 
| Alas the Third: The er ewill be a/fo gre * than the Tixth; 
> "FE Equal; i 2 1 
1 1 urea Lo. J K. x 33 
| RD. K, and char Xn, than C; I fay that Dis 
F than E; if Equal, ; if Leſſer, Leſs: 0 05 
1 n ſuppoſed lefſer A; the Ratio of & 
. 2. ® then fince B. C7. D 2 
EE L. B: E. D, the Ratio of E to D is lefs 
or chan that of E to P, which is the ſame: 
er than F; + the zeſt is eaſy. ; 
| PzoP. 9. Ir four Duantitic: are in 
. | Gran and Le, rner chan the Su 
5 | 15 1 zonal Quantities be A. B. 
; Pu age greateſt and D the leaft, and T fey that 
. Let X be the exceſs of A above B, and let Z be the ex- 
_ ceſs of C above D; hence A=X+B, and C=Z+D, in the 
of Aand put w what they are equal to, and I have 
jon XB. B:: X+D, D, which is the ſame as the Pre- 
+ 
it 


ng one; it muſt then be demonſtrated that X++B+DYB 

DF Z+D. Subtraft from each part the Quantity B-. D, hence 
-_ remains only to demonſtrate that XZ. Seeing X is the diffe- 
| rene between A and B, and Z that of C to D, A-—B=X, and 
C—D=Z: Now A—B. B :; CD. D. f then-putting X and 
E in the Place of their equal Quantities, A—B and C—D, it will 
| TOON 2. D, or Al X. er * 
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95 the Ratio $ and Proportions of Lines. 


| CcorpiNG to the Idea which has been given of Ratio's 1 
Proportions, it Is evident, that in order to demonſtrate that 
four Lines are in Proportion, it muſt be ſhewn that if the 
| uus divided! into two, three, or as many parts you pleaſe; if ea 
part of the Firſt is Equal to each part of the Second, each part 
of the Third will alfs be Equal to each part of the Fourth; if 
che of the Firſt be CE than thoſe of the Second, thoſe 
ES Joy. Third will alſo ater than thoſe of the Fourth ; if 
| Leis Leſs; and that if part of the Firſt be not contained 
exactly any certain number of times in the Second, each part of 
the Third will not be exactly contained in the Fourth, in Fine, 
that if there be Exceſs or Defe&, in dividing the firſt and ſecond 
One by the Other, there will alſo be Exceſs or Defe& in divid- 
ing the Third and the Fourth one by the Other. This is the 
moſt natural Method, ſeeing Ratio is only an expreſſion, which 
mews how one Quantity contains, or is contained in another; 
and it cannot be more plainly proved that a firſt Line is contain- 
ed in a Second, as a Third is in a Fourth, n proving it 
of four Lines. 

DEFINITION. A Panaire Fpace 15 that which-5 15 N ͤ% 
Parallel Line. 

X and Z being two parallel Lines, the es which i is between 
them is called a parallel Space. | 

LeMMa 1. IF @ parallel Space, or the Perpendicular evhich 
meaſures it, be divided by parallel Lines, the oblique Lines con- 

tained in that Space will be divided into as many parts, as the 
' Perpendicular. 

Tus Perpendicular D C is the Meaſure of the parallel Space 
between X and Z, the Line AB is Oblique, and contained in 
that Space; divide D C into three parts by drawing the two Pa- 
rallels E and F; I ſay that the two Parallels do alſo cut the ob- 
lique Line- A B into three Parts. The two Parallels E and F 
divide the whole parallel Space, which is between X and Z, into 
9 chree n thro” * the 1 Line 5 B * 
| as 


# 


W 


5 ER Cr ads parts, as the 


* 


parts as the Perpendicalar, 


the Parallels; I therefore 


Perpendicular DC ; which was to be proved. 

LeMMa, 2. QBLIQUE- Lines, which make. the. ſame Angles i in 
equal Parallel Spaces, are equal, and equally Oblique. . 

Ler Z and X be two equal parall 3 in which the 


; oblique Lines B C and E F make the equal Angles. MY and 


EFG; I ſay that the two Lines are equal, and equally Obl 
, BY 


From the Points B and E, draw Perpengicularly the Th 


and EG, whieh are equal; therefore the Triangles BCH, and 
EFG are Rectangled and entirel equal; + and therefore BC 10 
EF are equal Lines; as alſo CH and FG; re; Wag 1B 


and EF are equally Oblique ; which was to he prove, 


Lemma. 3. OBLIQUE Lines wwhich make the ſame. Angles in 
wnequal parallel Spaces, are anzqual ; aer, as the Space is le, 
and. Harter, as the Spaces it leſſer. _ 

Tur Qblique Lines BC and FG mals the fre Ang es, iti the 
Spaces X and Z; the Per AB is longer than Fz there- 
fore the Space X is greater than the Space Z. I nuf be demon- 
rated, that 1 Oblique Line F G, is ſhdtter than the Oblique 
Line BC. Upon BA let there, be taken the part B equal to 
EF, and thro' H let there be drawn a Parallel | to the Baſe AC; 
the two Triangles ABC. = EFG,, being night Angled, and. the 
Angle BCA being equal-to-FGE, - the Suppoſetion they are Equi- 
angular; 5 che Angle BEE is gk to BCA, and BHK to BA J 
therefore the Triangle, BKH e with BAC, an 
likewiſe with FGE, - FE i Is BF poſed e to BH; therefore FG 
SBR: Now BK is part of BC; they FG its equal is alſo 
part of BC, and confequently leſſer, QUE. D. 

Turok. 1. Have did 


cut Proportio > 
. Br I leg. + the oblique Line is aut into as many | 
for Example the Perpendicular i is 
cat into ten parts, the Qblique Line will Alco be cut into ten 
2. By the ſicond Lemma, I If the Parts of the Perpendicular are 
equal one to another, thoſe: of the Oblique Line are alſo equal 
one to another, for the Oblique Lines make the ſame Angles with 
Mey are equal and equally Oblique, 
according to this Lemma. If the ten Parts into which the Fer- 
$14 e is divided are all equal, the ten Parts of the Obliqu 
ine are then alſo all equal. 3. According to Lemma z. i te 
Parts of the Perpendicular are unequal, thoſe of the Gelee Line 
are alſo 3 N it A that if there be ten > a 


gn oh, "; 5 Sw 2 19 * | 
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4 B. 2. 1. * 


| walled — * babe or more 4 
Parallels, the Per poudiculay of + that 8 Pace, and the oblique Line, ere 


90 . ' Elements of Geometry. 
Parts taken from the Perpendicular, and that there remain one 
Part which is either leſſer or greater, the Oblique Line will be 
ſo. divided, that after ten equal Parts be taken therefrom, there 
will remain one which is leſſer, if the Remainder of the Perpen- 
dicular was leſſer, and greater, if the Remainder of the Perpen- 
dicular was greater, as was proved in Lemma 3. Whereſore as 
the whole is contain'd; or as the whole contains, ſo the Parts are 
contained, or do contain, therefore according to the Nature of 
| 5 the two Lines we are touting of are cut Proporti - 
ON 

iss. 2. Ix N Obligue Lines are in lr ani tho . 
parallel Space, and the ee be cut 9 a parallel Line, the Lines 
ill be divided Proportionally. 

Tur Oblique Lines EF and MN are between too Parallels, be- 
tween which AC is Perpendicular. This Space is divided by a 
Parallel Z: then by the preceeding Theorem MN. AC:: Mͤ D. 
Az. and likewiſe EF. AC:; EG. AB, and Alternately MN. MD 
A0, AB:EF. EG. therefore MN. MD=:EF, EG, and by Fer. 

| be, MN. EF::MD. EG; wuhich was to . proved. 


Tuxox. 3 OBLIQUE Lines which make the ſame Angles in 
different parallel Spaces, are one to another as thoſe Spaces. 
Tux Obliq — Lines BC and FG form the ual 1A les BCA 
and FGE; jy uently if AB is equal to EF, e ſecond 

Lemma = BC=EFG. Tf AB is greater than EF, by Ge hind Lem. 
ma + BC is greater than FG. If AB for Exam die is triple EF, 
then BC is triple FG ; for ſuppoſing that BA is divided i — three 
equal Parts; by the firſt — 7 30 is alſo divided into 
three Parts, which by. the ſecond Lemma, 5 are each equal to 
GF, for theſe parts make'the ſame Angles; || therefore they are 
- equally Oblique: Therefore BC, is FG, Q. E. D. Thus 

it is demonſtrated that the Oblique Line FG is the ſame Part of the 
_ Oblique BC, as EF is of AB; or that FG ivalſo contained in BC, 
as often as EF is contained in AB. If AB is equal to, or con- 
tains EF, one or more times, more ſome remainder, then BC 
is likewiſe | equal to, or-cantains FG, exactly one or more 
times, more the ſame Remainder; therefore the ines are 1 9 55 
ty 2 4 &c. bo E. D. . 
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n 
* 0 7 the Ratio s and Proportions which the Sides of = 
s are os ICE, "OE bear to each, other. . OR 
re of | E : T_T, 
aha %% „„ | 1 


ame ri w 0 7 . are Similar, when their Sides make oguat 4 8 
inen gles, or which are Equiangular. | | E 
Dr. 2. In co 3 fimilar Triangles, the Sides aubicb are 9 | „ 
be- oppoſite to e _ As. es, are called Homologous Sides. 1 
ya fl KX and ſimilar or equiangular Triangles, each of their | | - 
D. Sides as ABand DE which are oppoſite to the equal we fall C and 2 

F, are called Homologous, hat is, proportional; ſhew, | | 
er. that this is a proper Term thereto. | | 
: Tukonx: 2. Tux Sides of two fimilar 1 are Prefortio- 10 
5 nal. Eucl. 6. Prop. 4. ES = | 
| TPunxco' the Vertex of the two Triangles ABC and DEF draw | 5 og. 
N. Lines Parallel to their Baſes, and from their Vertices let fall upon i = 
nd WM the Baſes the Perpendiculars X and Z, the Angles ABC and DEE | ä 
. are equal, the Oblique Lines AC and DF form alſo the ſame An- : = 
F, les: Therefore AB. DE:: X. Z:: AC. DF. * Hence AB. DE:: 1 
ee C. DF; by drawin Lines thro' D and E Parallel to the r 
by Sides AC and DF, it will be likewiſe demonſtrated that AB. DE:: | 1 
to BC. EF, and that two fimilar Triangles have therefore all their | 3 1 
Tre Sides proportional. 3 | 1 
us TIsS for this Reaſon that the correſpon ding Sider of footer Fi 8 1 
he gures are called Homologous, becauſe they are Proportional one to „ 
Go | anoth er, or. have the ſame Ratio, wht the N ord Homologous 
1 
C 
re 
L 


— 
& 


implies. „ 
: 88 2. Two Triangles fimilar 60 4 7 bird are * one toll. „ 
another, Eucl. 6. Prop.” At.. LR 
LT A, B, C, be three Triangles, if A C are Auna | . cf —_ 
to B, the Angles of B are equal to thoſe of A and C; then te „ 1 | 
Angles of A and of C are alſo equal one to the other, + _ 8. 
therefore according to the firſt Definition, tA and c are Simi- | IR... 
lar to each other. 

_ _Tazor. J- Ir the Sides of fave Mien are FP. Proportional, (2 7 . 

they are Similar. Eucl. 6. Prop. 5. 3 1 
Tux Sides of the two Triangles ABC and DEF are ſuch, that | 5 | I 
AB. BC::FB,, ED, and AC. :DF. EF; I fay that . 5 9 LESS 
Triangles are Similar. Upon EF deſcribe the Angle GEF equal +5, moe 
„ to ARC, and the Angle EFG equal to BAC; therefore EGF 7 1 
is equal to ACB; 5 conſequently EFG and ABC are two oo | : _ 


we 


* Sup. u. 7. ＋ B. Jo 45 525 5 t Sup. n. 
8 J. 2. A. 80. 


5 "ae Trian 2h * jt remains 1 only to e FEI the wo. T. 1 
5 1 angles EEG and EF are equal; and that as EFD, is the fame as 
2 hy EEG. it is fimilar to ABC. Seeing EFG and ABC are. Similar, 

5 then AB, BC:: KF. EG, by the Suppoſition, AB. BC: EF. ED; 

then EG and ED, which have one and the ſame Ratio to EF, | | 
are equal. T The ſame way tis demonſtrated' that all che Sides ".- > 
of EFG, are e to theſe of RED; which Was to: be . 


ved. 

13 Treo. 4. Two Trials are ſimilar, 3 cles — ave 

Angle 2 _ the Sides containing that Angle hs ag 
iz +: Bnet: 

"=" I'E "Angle FED is is equal to. ABC, and AR. BC: FE. ED41 
Vo "fg that ABC and FED are enticely Similar, 'za prove it. Make 
. the Triangle EFG Similar to ABC, the Triangles EFG and DEF 
we equal; for AB. BC::EF. EG AEF. ED. as EG and ED 

have one and the {ame Ratio to EF; they are therefore equal. 

Now ſince the Angle DEF is ſuj ppoſed equal to the 3 1 ABC, 

it is then alſo equal to FEG, Le — is made equal to ABC; 

therefore the two Tr N DEE and GEF; having two Sides | 

. EG to ED, and EF to EF, and che Angles FED and 

2 which theſe Sides contain equal, they are equal; 7 
TE TR are Similar to EGF, they are Simil: 

to another. 

10 Tusoazu 5. Is two Van Fa one Angle of. one 94457 40 
one Angle © = other, and the Sides of another Angle proportional, 

* and the third Angle of each be of the ſama Sort, that bs, Is, eue, 

2 or Obtuſe, then are the two. T 3 Equi | 

= Angles, ood. Sides are Proportional, axe -e 


2 the exo Tri eb ABC and DEF, the Angle An * 
5 the An gle D. F one of the 0» 
ther Angles are W N I fay, that if C and F are of the 

_ ſame Sort, the two Triangles are wh gular; and the An 
- whoſe- Sides are Proportional, are equal. 1. Let C and F be 
Acute; I fay that the Triangles are eee beg ( vis.) That 
"ths ANT ao Ecare equal, as alſo E and F. If B is equal MM 
: to E, ace to the preceeding Propefition, the Triangles are 

1 But if B is pou than E, let ABG be made e- 
BF, * whoſe third Angle AGB is equal te the hdd - 
gle F, + and therefore Acute as that is, and AEG and DEF | 

, and r 4 kr o_ DE. EF. now 

155 poſed that DE. EF:: AB. BC. accordingly AB. BG: DE. "oo + 
BC: 'then BC and BG having one 2 fame Ratio : 

ich AB nd ee t 9 gone and 85 5 


* 


2 Ts 


> Sup. 1. * The + B. 3. 1. 582. 
; $B. 2. $ | . 4 
OD: 2 2. 1. 23 pt B. 2-8. 76. 


bath been 


IV. r 2. 


_ a at the” Angles BCG and BGC are Ad | 
and Conſe nently BGA i is greater than a right Angle: + Bur k it 
SITS that the Angle AGB 1s equal to the Angle 
FE; which is ſuppoſed Acute, therefore it is at the ſame Time 
= both greater and leſſer than a rj tAngle; vhich is abſurd. thatif 
Cand F are not Acute, then BGC equal to C is'not Acute; Whick cbr 
is falſe T conſequently the Angles ABC and E muſt be e- 
8 bene ABC and DEF. are entirely ien, therefore 
15 in the two Triangles, &. 5 
- TxzorREM 6. Ir tavo fimilar Triangles have one Point common, ; 
and the Homolegous Sides Parallel, the two.other Sides meet dired&- 3 5 
, that is, they are in 4 direct Line ewith each other. Eucl. 6. Fi: 1 
Pro ok - f | 
5 2 two ſimilar ges be ABC, DCE, which have a 
; Point common (vz.) C, the Sides AB and DC are Parallel, as 
are alſo AC and DE; I fay that BC+CE is a right Line. See- 
ing AB and DC are Parallel, the Angle BACZACD, || and the 
Angle ABC=DCE per Suppoſition; then the three Angles 
AB, ACD, DCE, are e to the three Angles ACB, CAB, 
ABC of the Triangle ABC, which together make two Tighs,. 
| Angles ; therefore BCE. is a right Line. + 6 
- +, TazorReM 7, WEN revo fides of 4 Triangle are art by its? 
- Parallel to. the Side which ſubtends the Angle wobich they contain, 
- they are cut: Proportionally. Eucl. 6. Pro 
[Lux che Triangle'be ABC, draw EF Paralle arallel to BC. TI fay 
that AE. EB:rAF. FC. the Triangle AEF is ſimilar to the Tri- 
angle ABC, ſeeing they are Equiangular; f for beſides that the 
Angle A is common, the Angle AEF ABC, and the . ; 
AFE=ACB: $ then AB. AE::AC. AF, || and dividedly, * 
AB—AE. AE:: AC— AF. AF, .now AB—AE= EB, and A 
7 AF= oy then EB. AE: FC. AF, and Permutativeh, A EB 


7 1 8. Ie he Angie of a Triangle is cut equally i in t 
; * a right Line, which alſo cuts the Baſe, the Segments of the þ | 
dere one. to another as the two other Sides,” and if they be /o, 5 
Line drawn from wy Vertex to the Baſe divides the Angle 7 

ii two. Euel. 6. Prop. 3. | 
Lx the Triavgle be ABD, the Line BC drawn from the Ver- | 
tex, cuts: the Angle B equally in two, tis required. to be proved... 
1. That AB. BD::AC: CD. let there be drawn DE Parallel to ß 
BC, and produce the Side AB, until it meet the Parallel DE, te 
Angles ABC and AED are equal, T and by the ſame Reaſon | © 
CBD and BDE are equal. f it is ſuppoſed that ABC and CBD . 
aue «al therefore CBD and BED are alſo equal, and ſo conſe- + _- 5 


| | _ quently . 
2 B. 2. 1. $4. ＋ B. 2. 1. 17. 1B. 2 . 84. n 
FB. 2. 2. 80. B. 2. 3. 5. a PE 
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+ "we of Samy $9 
2 are BDE and BED. therefore the Triangle DBE, 
B. AC:: BD. CD. and Alternately AB. BD::AC:" CD. 2. It 
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being 
BD=BE. now AB. AC:: BE (or BD.) CD. $ then A 


maſt be 8 that if all this be 45 then BC divides ABD e- 
vally in two, ſince Suppoſing as above DE Parallel to BC, and 
e, to E, then AB. BE:: AC. CD, ® and by the Hy- 

as AB. BD::AC. CD. then BE=BD, + and 5 Triangle 

is Iſoceles, + and hath the Angle BED=BDE J but on 


account of the Parallels BC, ED, the Angles ABC, BED or its 


BDE are equal as are alſo CBD, BDE, * "therefore the | 


Angle ABC=CBD ; 'avhich wwas to be proved. © 
18 Des. 1. Tross Lines which make the ſame 8 with the 
Lo pd Lines which they croſs but which are taken from the other Side are 
called Antiparallels. 


Paraiier Lines make with the Lines which they croſs," the 5 


tame Angles taken on the ſame Side, [J thus if AFE=ABC the | 
Lines FE and BC are Paralicl. But if AFEZACB the Lines are 


19 TRROR. 9. Wurn the Sides of a Triangle are cut "0 Lines Anti- 


parallel to its 55 2, they are cut in reciprocal Proportion. 

FE is Rata Ks BC; CO AFE=ACB, and AEF= 

ABC. the Triangle AEF hath then the ſame Angles as ABC, and 
conſequently they are Similar, and their Sides are Proportional, 

A but their homologous Sides have not. the ſame | Poſition, for 
Ah is not Homologous with AF, but with AE ; therefore the 
Sides AB and AC are not divided in direct Proportion. | AB is 


i net to AF as AC is to AE, ſo that of theſe four ities, the 
1 —B Oey . AE: 
AC. A 


ProBLEM 1. To divide a right Line in the 4 Manner 4 
one that is already divided. Eucl. 6. Prop, 10. 15 
Tux Line AD is divided into the three Parts AB. BC. CD, 
"tis required to divide the Line AG into three Parts proportional 

to thoſe. of AD; join AG to AD; ſo as to make any Angle 
you. will, then ow a right Line chro the Points G and b, and 
draw Lines Parallel thereto thro' the Points B and C of . di- 
vided Line; which Parallek divide AG in three e which are 
Proportional to thoſe of AD: for + AD. A AF, and AC: 
AB::AF. AE ; therefore what was required 3 is done. | 
PROBLEM 2. To divide a right Line into as many equal Parts 


775 you pleaſe. 


Tux given Line is x. required to be divided into three Parts, | 
Foin thereto an indeterminate Line, making therewith any Angle 
2 N as Z AX, with . extent 'of the AR and one 


5 Gap. . 46. * Cop. n. 16. + . 3. 1. . 
IB. 2. u. 57. 8 B. „„ 

13. . „ „ OB. 2. 27. 
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1 . E 
from B the end of the three Parts, draw a Line to the Point C, 
the End of X, and thro the Diviſions of Z, draw Parallels there - 
£0, then according to what Was demonſirated in the 

* Problem, AC will be divided like AB, that is, into thres 


Eadl. 6. | 
e fig. preceed. Tt was required 10 cut off the 
third Part, you wh only divide AC into three Parts, accord- 
he, r and take from AC one of theſe 
ee 
Pon. 4. Two Lines being given, to _ a third in Proper- 23 
5 tion thereto. Eucl. 6. ii... | ; 
Tu firſt Line is AB; the Second BC, join them together lo 
"as they may make only one right Line: ee take AD equal to 
BC, which join to AB. making any Angle therewith at Plea- 
ure; from D draw a Line upon B and thro' the Point C, draw 
'a Line Parallel thereto, produce AD untill it meets the Parallel 
GE, which being done, I ſay that DE is the third Proportional 
ee is to AD, or to its equal BC, as AC is to 
| and therefore as AC—AB is to AE—AD, that is, as 
BC to DE therefore == + AB. B C. DE; which was re- 
4 
een 5. Turns Tis being „ Proportion, to find a fourth ag 
85 - Proportional. Eucl. 6. e = 
Taz Firſt is AB, the Second AD, with which make any An- 
gte at pleaſure, ſuch as BAD; the Third is BC which join to AB, 
ſo that they both t "_ * make a right Line; then thro” B 
and D draw a right Li thro the Point C draw the Line 
(E parallel thereto; 88 > AD untill it meet the Parallel CE; | 
Which dein ee I ſay that DE is the Fourth Proportional - 
for | AB. AC:: AD. AE; therefore dividedly, $ AB. AC—ABz 
AD. AE—AD; that is, that AB. BC::A AD: DE, and conſe- 
quently Alternately AB. AD: : BC. DE. : 
Puxon, 6. To find all the Lines that can be reciprocally Pro- 
15 portional to two given Lines. * 
Ler the two given Lines be AB and AC ; the ſhorteſt AB, 
muſt be taken from the Longeſt AC, and a Circle be deſcribed _ 
having the longeſt for its Diameter; then from the Point B, the 
End of the ſhorter Line, draw npon the Diameter an indetermi- 


7 


Prop. 3. To cut a of rom given right L Line any Part requined. 28 ER TRE 


nate Perpendicular, as V. Every Line drawn from A which cats % 8 Te 1185 1 
the Indeterminate Line, and ends at the Circle as AD, or which „ 


Cuts the Circle and ends at the Indeterminate Line, will ſolve the 


Problem, AE and AD are reciprocal to AB, AC as are alſo AF „„ 


1 and AG ; for BE is Antiparallel to DC, fince AEBZACD, od. 45 


* Fu 4. 16. + B. 3. u. oe * . 16. 
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N 9 A 1 ſay that BD is a mean Proportional between AB and BC. 


Elements of e 


ABE ADO: thibefore the Lines are cut reci „. e A : 
C=ABG, + and ACF=AGE. I then BG and FC. — Anti. \ 
_ parallels; therefore AC and AG are reciprocally divided. = 
> Pros. 7. To deſcribe upon 4 owe * Figure Similar t to a 
Figure given, Eucl. 6. Prop. 18. 
Tuxxx is no more required than to reduce the given Figure 
into Triangles 5 and to dram Lines upon the given Line king a 
| Gene mg and formin 8 Triangles. A | 
; EMMA I. Ts the ti; a Reva led 5 
| Reon a Lid: 4 — eee Die it in. 
| _ to baus other Trienghs Simla 1 0 the whole Triangh, and 29% ne 
to another. Eucl. 6. P 
Lx ABD be a Redengied Triangle. If from the right An- 
gle A be drawn AC Perpendicular upon the Baſe BD, I ſay that | 
- the three Triangles ABD, ABC, ACD. are all Similar to each 1 
other, 1. They are all right Angled. 2. The Angle B is com- 
mon to both the Triangles ABD and ABC ; therefore all their 
Angles are equal, + and conſequently Similar. 1 The Angle D, 
is alſo common to both the Triangles ABD and ADC; they ate 2 
then alſo Similar, fince ABC and ADC are Similar to a Third, s 
they are Similar one to another; 5 conſequently the three rect- | 
4 Triangles ABD, BCA, CAD are Similar, | | 
Fneor. 10. Ir a Line be drawn from the right thy of « 
8 Triangle, Perpenditularly upon the Hypothenuſe, it will 
be as follows. 458 1. The Perpendicular is a mean Fo vs; | 
between the two Segments of the Hypothenuſe, 2. The longeſt Side of 
the Triangle is a mean Proportional between the H melanie, and | 
the greateſt Segment. 3. The ſhorteſt Side of the Triangle is a mean 
Proportional between the Hypotheruſe, and the leſſer Segment. 
Y the preceeding Lemma, the Rectangled Triangle ABD, 
is divided by the Perpendicular AC into two rectangled Trian- 
gles which are Similar thereto and alſo. to one another; ſo that 
ABD, CBA, CAD are three ſimilar Triang les, therefore i. + 
C. AC AC. CD, or == BC. AC. CD. 2. CD. A:: AD. 
BD, or = CD. AD. BD. Spe mira e e 
Az. BD. 5 E. H. 5 2 
29 ProB. 8. To find a mean | Proportional, between have given * 
Lines. Eucl. 6. Prop. 13. | 
MzTnop 1. Thr two given Lines are AB and BC; Join 
them fo that they may me ke a right Line, fron the middle 
thereof which is ©: and with the Extent of AG or GC, de- 
fſeribe a Semi-circle, then upon B erect a Perpendicular. and pro- 


. 


duce it till it reaches the Circumference to avit at the Point D, 


e Ts. 
11 B. 2. . 52. and 39. * geh. . 18. . B. 2. . 52: 439. 
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5 tA r ab 3 ious: _ Angle, 
BD is Perpendicular by conſtruQion ; then by: th 
3 D b a mean Prop 1 berween AB and BO 
A BD; BC. WOES | 
Mxruop 2. AB and CB tg two 


Sf 
LF 


ſo that BD=AC and from D and A, as Centers, with the Ex- 


tent of AB or CD; deſcribe two Circles which interſect in E, the 
| between 


Line EB or EC. is che nal AB and CB. 
| BE: then EAB and CEB 
. are both — and the Age ARE is common to each af 
them, theſe two Iſoceles are then Equiangular,: * and therefore 
Similar; 1 then AB. BE:: BE. BC, or = AB. BE. BC. 
1 - Prob. 9. Havi the three 2 Lines 0 ' @ Geametrical Pro- 
: e of 1 of Lines, to find others, ad . $2 
Lx che three 1 be, the Firſt AC, the Second” 
AD, the third AB, divide AB into two equal Parts; and 
the middle thereof with the Extent of hal AB, deſcribe a Semi- 
Circle, upon the Line AB take a Part ual to the firſt Line AC; 
and upon C erect a Perpendicular which is bounded by the Cir- 
cumference at the Point D, from whence draw a' Line to the 
Point B, and an indefinite Lhe X from A thro' D, alſo prolon 
the Line AB ad inf. which I call Z; then at the Point 5 er 
a Perpendicular which cuts X at the Point E, from whence draw 
a Perpendicular which cuts Z at the Point E. from which erect 
a Perpendicular which cuts X at the Point G, from whence. let 
fall a Perpendicular GH, and ſo on for the Reſt. 1, The Line 
AD being a mean Proportional between AC and AB, || is' equal 
to the ſecond Line given, which is hereby found, if it had not 


been given. 2. All the Triang'es ADB, ABE, AEF, 2: 


c&c. are Equiangular, ſince that beſide their common An 
XAZ, they are all right Angled ; for the Angle ADB in 
Semi. cirele is a right Angle, + and EF and HG are P 


cular upon X by conſtruktion, as are DC. BE, GF ken 


hence according to the Definition, f they are Similar, and their 
 Homologous Sides Proportional: 5 hon AC. AD::AD. AB, 
"and AD. AB:: AB. AE, and AB. AE::AE. AF, and AF. AG 
A8. AH, &c. conſequently AC. AD. AB. AE. AP. AG. 
AH, (I 
 Plaro's Methed of. finding rue mean Proportionals lere, two 
25 Lines, mechanically. 
nx given Lines are AB and AC, which join ſo as to make 
a ror Angle. Place the Square X ſo chat its Angular Point 
may be upon the produced Part of AB, and that one of its Sides 
be W to * the Gd of AC. Z i another Square which muſt 


be 
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ſo chat one of its Sides 
ESE fy rey mie 
b ind DEB, eu- 
lars, hence * => AC. AD. ee AR, AB, then +> 
Proporti yok pleaſe. 
Tus rhe cas, he — — is compoſed of St: nan, 
Which are ſo adjuſted one to the other, that when the Angle FA 
I een 2 the two Rules FA and AE touch one another, 
all the ules BC. CD. DF. EF. touch each other and 
$row; + to the he Tait A; if the oy, be opened, theſe ſame 
_ Rulers. are impelled and driven therefore two Lines being 
iven, puſh the Ruler BC, ſo chat AB may be equal to the 
ſhorteſt-Line, and open the Angle EAF..ſo. that. the Ruler DE 
may be diſtant from A the Leagth of the ſecond Line. It is c- 
vides that AC. and AD are two. mean Proportionals between 
A and AE. In order to find ſeveral mean Proportionals, the 
Number of Squares muſt be increaſed. 
: 152 Tnkok. 11. THE Segments. F. Taue Chords which interſe# 
OY avithin a Cirde, are in reciprocal - Proportion. 
oak the two Lines be CE which interſect at the Peint 
A. m muſt be proved that BA e A:AE, AD. Let there be 
Wt - drawn BC; ED; which form ras 3 Gmilar Triangles BAC, 
EA; for the Angles at A are equal, and the Angle B is equal 
to the Angle E, feeing they are placed upon the {ame Arc CD; 
therefore Homologous Sides are proportional. + Then 
BA. CA::AE. AD; then Alternately, AB is reciprocally to. AE, 
1 Na AD ;/aubich Was to be prov | 
Lemma... Ir a Tangent and a Secant be drawn from a Point | 
5 45 of the Circle, the 7. angent is a mean Proportional between the 
d whole Secant, and the Part thereof which is out of the Circle. 
Ler the Tangent be CB and the Secant CA; it muſt be 
| „ chat AC. CR: CR CD, or == AC. CB. CD. The An- 
le Cis common te beth the Triangles ACB and DCB, the Angle 
858 is meaſured by half the Arc BD, 4 the ſame half is alte 
the Meaſure of * Angle BAC; 5 hence the two Triangles 
Ach and BDC having two Angles equal, and conſequently their 
Third, they are; Simi mays and Proportional; | the Side DC of 
the Triangle BCD is omologous to the Side BC of the Trian- 
$7 AGB; x therefore- AC, B&::BC. CD, or 5+ AC. BC. CD. 
31 Prog. 10. To 2 IP Ve Fre fo that its lngeft part may be a 
. mean Proportional between its ſhorteſt part and the achole Line, 
 aphich is called mean and extreme Ratio. Eucl. 6. Prop. 30. 
Tux given Line is BC, at the Point B erc& a Perpendicular 
36, equal to half BC, with the Extent of GB, deſeribe a Cir- 
cle whoſe. Diameter i is conſequently equal to BC, draw the Se- 
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A e Srer. * 8 
. what AC, 3 taken CH upon BC, equal to CD, I ſay _ 
Le. BC will be rightly divided at he-Poines Hark 
d. If HC or DC is t ngeſt part, and BH or BOw-H Hs 
© Shorteſt, It muſt be demonſtrated that = BC. CH. HB. by the 
ing Lemma, AC. BC::BC. CD, and ſubtracting the 
© Lines BC" and CD from AC and BC, the Remainders AC he. H 
And 3 are alſo 3 ſame Proportion; Moen * 
D: AC BC—CD. INC Ac 
. _ and BC-—HCZHB; therefore +> > BC. CH. HB ; 2 
8 E. 0 . | 
 Coraltany 1. A Line being divided into mean tt 3 


3 Rates, if the mean or longeſt Php be added thereto, this new Line 
. 3 dl aſe. be divided into mean and extreme Ratio, whoſe mean 


1 * A0 de A Lins! divided into wean and extreme Ratio at 
= the Point B, the mean or longeſt Part is BC, which add to the 
* Line ſo as to make CD equal to BC, It muſt. be proved that 
E => AD. AC. CD. Let AC=a, and Chun; then. a—z=A" 
* — and CD x, and a+x=AD.. It muſt then be proved that => 
Ae. 4. K. by the Hypotheſis a. K:. a—x. Permutatively 
r. aa. x, Compoundedly,. x a. a -e. x. but a- 
F =COypber, therefore EIS SUE: x4 00 THO: '#I which 
* was. to be 

7 CoRALLARY 2. A Line being divided into mean and extremsy | 
 . Ratio, if its fborteſt part be Subjratted from the Mean, the Re- 
” | enainder will be lo Guided into mean and extreme Ratio. 
Tux Line AC is divided into mean and extreme Ratio, at the 
Point B, its ſhorteſt is AB, it muſt be proved, that if from 
I BC be ſubtrated-DC=AR, the Remainder AD will be divided 
. N to the ſame Ratio; that is, that ++ AD. AB. BD.” 
Let AB=y, BC x, BD=x—y. then AC=y+x, it maſt hlv-. 
tore be demonſtrated that == K-. y. x. According to the 
- Hypetheſis, v. xx. y. by Permutation x. yiiyo+x- x. divided- 
4. 42297. eb ebe Xs as Fre: T Then. * * ys: * ws 

- therefore * . J. *; which aua to be proved. 

3 eee 3. Fnont the firſt Corallary it is eaſy to conclude 3. 
A | - that when a Line -is gn into mean and extreme Ratio, in- 37 
* numerable other longer Lines may be divided into mean and 
extreme Ratio, by e en e e Line, and 
* . by the Second 'Corallary; an infinite number of ſhorter Lines 
may bo divided into mean and extreme R by n 
4 «the thorteſt. Fart from mn man. 
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RPE 7 
6 7 5 8 — 
5 $73 1. 5 x 4 2 * 
— . « 8 a 8 1 o ful f 
2 ol J « N n * 
% * * Y 
| 3 FF 11 To 7 
g # «Yo 2 5 _— 85 % e 5 i ID - OT 13 
* ? 8 4% K 8 x: <6 > 255 : 
* 5 92 1 LA 


yg w o CER ws. are WP. Similar, 0 5 | 5 
le 1 * to each, and \the Sides e them 


1 


den 5 2 en 6 4A by 
39, CORALLARY. Hence ie follows: chat all: roger Rigures of 
7” the ſame Name are Similar; for bein 7 of the ſame Name they 
have the ſame" Number of Sides and Angles ; and becauſe : they | 
are regular, all the Angles are equal as well as the Sides con- 
© raining them, and therefore in a equal Ratio ere 
therefore they ate Similar, according to the Deſmmition: 
40 Ion. I. Tun Circumferences of laue fimilar Figures. are one 
2 to another in the ſame Ratio, as their Sies, each to each, 
Lr there be two Hexagons X and Z; each Side of X is. ;: 
hence its whole Circumference is 6 4, each Side of Z is 5, and 
conſequently its "whole Circumference is 6 2% N 4. 6 bir 
i: + r 
Taxon. 2. u Cirewmfrentts tauo regu re N. 
ges, are to each other as the Radii —. ee eee 
. Circles, and as their Apotomes. 
X ant Z are two regular and finillar” Polygons „ from the 
Centers of their eee, e. draw the Radii AB and 
A, DE and DF ; the two Triangles BAC and DEF are — 


* 


4 


les by conſtruction; and ſinee that theſe two Figures are Similar, ; 

che Angles at their Centers BAC and EDF are the ſame; -there- : 

fore the Triangles ure Similar, then AB, or the Radius of. X is 3 

to DE, the Radius of Z, 25 BC to EKF. eee ehe be. 5 
of X is to that of Z by the preceedent Theorem, as is to EF, 


therefore the Circumference of N is to that of Z, as the Radius of . 
N is to that of Z, or as the Diameter of one is to the Diame- 
ter of the other; for the Radii and Diameters have the ſame 
| £ Ratio one to another, the Radii being each the half of the Di- 
=_ ameters. If AM is 25 upon BC, it is the Apotome 

72 of X. t ſo likewiſe if is Perpendicular from D upon EF, BN 
—v—j TS It 15 the Apotome of 2; now according to 9 72 8 9 been 1 | | 


* 


1 8 „„ NF as 0k: + B. 3-#.54 f B. 2.n.144 _ W | 


x + BBs £5 EL, 5 5 x 7 , - Prod * * ths * 
2 Rb . To N . a 13 To * FN a.” « fas 0 : 
* . : » 4 3 
bs „ 
l YL 
1 4 x 


e „„ * is. b the 
Circumference of X is to that of Z, ky PETER 
"the Apotome of Z. 

© CORALLARY, Tur ene of Faye Circles are one 6 194-42 
2 'as tht" Diameters or Radii thereof. 
CiRrcLes may be eſteemed as Polygons; | now ahs 
:i Cirenniferences of two park ar are one” * er as their Di- 
"- ameters, therefore the Ciroomferences of Circtes are one to ano- 
| © ther" as their Diameters, 'ind-conſequently-as the Radii thereof, 
1 ng the N are” the Halves of the eters.” _ 
Tnrtor. * Ares' of an equal Hom of Degrees. es 443 
Pig! ; avs ane Io anther 1 the Greles aubeſe furt 
1 r. 
A Depte 151 proportional Parts of the Whole; they are 
* one to ansther as the Wholes whoſe parts they are, 
” that ic, as the Circles of which they are the Degrees. 
Tuxek. 4. Tu Chords f ſimilar Arcs, taken in 2 2. 
HE e as the Ares of which they are 


Rionr Lines being drawn from the Centers of de 
to the Ends of the Chords, they will make ſimilar Triangles, 
mice the Chords of ſimilar Arcs have their Angles at the Center 
85 qual; the Chords are chen one to another as the Radii of the 
Cr. and therefore as the Circles, which are one to another 

Radii, + ber ef Degree the preceeding Theorem, the Arcs 
"of the ſame Number are one to another, as the 
ue s of which they are the 8 the Chords are therefore 
dne o another,” as the Ares whoſe Chords they are. 1 

Tukox. 5. Is un the Point of Coma cubere ſrocral Gireles , 45 
8 there be drawn a right Line cralfing the Circles, the Parts 
that Line are Ong. fo! Hande, as he Circles aubich it Enter- 
Laer. e 

Tur Point dere he Aa Circles Wurk is A; From: A' Jet 
The a Line crofling the Circles C. D. E. It muſt >, 
+ be proved that the Parts of cheat Line AC. AD. AE. are one to 

_ ” another as the Circles which it interſeQs. Thro' A, draw che 

Tangent AB. hehce the Angle BAE is meaſured by either the 
Are CA, or AD, or AE, f therefore theſe three — are Simi - 
"lar; the Chords AC, AD, AE, of ſimilar Arcs, are by tbe. pre- 
erding Theorem, ont to another as- the Arcs'AC. AD. AE, and 


Parts of the ſaid Line are therefore one to another, as the Cir- - 
cles which it crofſeth. | 
Turok. 6. AncLes which are in the Same. & e Circles, 46 
63 _ avhether their Vertices be in the Circumference, or in the Center, are 
dene 10 another as the 1 8 which * are 8 Eucl. 6. 


| Prop ” 5 This 
® Sup. . 10. '2 B. 2,-n. 87: 


'S Ping „ 


theſe Arcs are one to another as their correſponding Circles; the Wh . 1 


e er ſhorter in Proportion to its Circumferencę. 


175 ing divided into at many equal paris you: pleaſe, 
e upon the oppoſite Side, ; ths party of th th, 501 Side, . ar 
den From the Perpendicular are longeſt. 

Ir ABE be a right oped Triangle, whoſe Angle BAE is 


divided into as many - 1 38 iy right Lines drawn 


. From the Point A to that. the parts of B 


R which are. farchait: from AB;trv lenge s that the Pare. DO is 


-* *Jonger than CB, and ED longer than DC. Seeing. that the 
"Angle BAC was by. the Hypotheſis, made equal to the Angle 
CAD, the Angle BAD will be divided in two, and according to 


| | - what has been demonſtrated, +: DC. B:: AD. AB, Now AD 


FA; 1 chen DC>CB. Ry the ſame Reaſon, if if the Angle 
Tak i is divided in two, as CAD is-cqual to-DAE, then ED. P 
- "CAE. AC; and--fince that AR AC; then ED>DC ;. there- 
bore the Parts of BE which are fartheſt from AB are longett, 5 
4 Tuxox. 7. Or two regular Polygons inſcribed in the ſa me ar 
different Circles, that which hath moſt Sides, has an NE long- 


Y. to have 


Lr che two. Polygons be Z and V, I ſuppaſe 


twice 2 Sides 2 2; that therefore if BC as a Chord of 
h e H will be a Chard of 10, that is, if Z bath 18 


» Sides, V hath - Rag, ref of Z js. AD, 5 and de Apo- 
tome of is F 

H; therefore Dai is _ to GFH, ha 3 the Angle 
2 vally in two, the Angle Bat wil equal to LFH. I 


ang and DAE are rake Angled. and have the 
3 equal; they are therefore Equiangular, | and 
d 1 85 LE: DE. DA. +. the Polygon has 


6 Sides ; hence - 2 times LH is its circumference, multiply 


DE by the fame . an "If DE were the fourth part of BC, 


5 7 72 times DE would be the exact Circumference of the Po- 


'tygon Z, which bath - 18 Sides, and contains 18 times. BS; 


but by the preceding Lemma, DE is ſhorter than EC, therefore 


- leſs than the fourth Part of BC; then 72 DE is- leſs than the 


Circumference ef Z, which, I call , wherefare.72 DE bath 


leſſer Proportion to DA, but not , which is lo nger, 999 7 
as has been demonſtrated, LH. LF::DE. DA, alfo $ 7 L LP: 


72 DE. DA; therefore. 72 LH hath a leſs Proportion to the 


Apotome LF, than the. laid m, the Circumference . 7 has * 
b n Z hath to its Apotome DA ; which avas to be 


HE preceeding Demonſtration well underſtood, ma ala 41 55 [2 
tiple ; 


nerally applied 0 * . Polygons, 1 not ds in m 
8 * 2. 10 and 39. + d. x. 17. t B. 3. „ 


5 . 2. x. 80 
oF, * Sup, x. ＋ * 1, 10. 1 B. z. 1. 91. 


e evident „ by-reaſon e Arc wth e | 
Lama. Don of the acute Angles 7 eee, Triang 851. 755 
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cer their Sides, but allo in any WIT, whatſoever; u 


0 13, or what other you will, which-camot'be' only of News. 


ber to Number, hence inſtead of ( as in the 


propoſed 


Angle DAC being double DAE, it will be be heyy 


Example} 
as — Wo. 


and by r — 


nary mg er 


the 

J. and it may be e as divided into 13 
which the pe gle DA contains 5; 
n of the Part DE w 

"cular DA, are 


Line DC; and therefore 
times DC, which make the —— of the 2 


whoſe number of Sides is 13 and 5, DE and DC 
only ee ee eee eee wil 


| de the fame e. before 


 CORaLLarY' f. 


CORALLARY 2. 


Or two Polygons 
mence, that which has the "moſt Sides 4 the lon 


26 Cites BE a 


Tun Radius of 


"the ſame 
a Circle . 


than the 13 of the 
arg always leſs, than ten 


b, 
Jane Cireanſs-, 


en Apotome. 
the fame 
2 as @ Polygon, in leber than the Ayotome of that Fe. 50 ; 


3 


A Circle is a Poly having inſuſite Gag whoſe Apotome i it 
its Midius, which is — longer than the eee of any - 


acer Leh e ade R 


Nc 
/ 
F * 

% A i * 
e 2 12 — , 4 3 1 
ng i ——_— _ Par * _ 1 8 2, Al FA Ne 

. 1 85 * D a , 
1 Cry 


or the Ratio s and gen of Sadie 


+ 


eib 1. 


* adjacent . 
e are about the W are fimilar to cach other, 


al to the whole Parallelogram. Eucl. 6. Prop. 
Lr ABCD be a Parallelogram, whoſe Diameter is AC, bot 
which there be two other Parallelograms AG EK and CEFR. 1 
8 of them hath one Angle common with ABCD. The 
oppoſite Angles of the Parallelograms are equal; * therefore 
GAK=ECH=HFE, and KAG=KFG : Hence the three Pa- 


4 


Angles. + The Tria 
gular, conſequen 


4g 


rallelograms having two of their Angles equal, the others are 
alſo equal; for their Sides being Parallel, they make the ſame 
les ABC, AGF, FEC. are therefore R- 
ly Similar, ＋ as alſo ADC, AKF, EHC; 


then F AG. GF:AB. BC, and AG, AF::AB, AC, and AF. 


„ . 2. 5. 119. 


5 2200 4. 0. : d 


+ B. 2. . 27. 


AE 
ü Sup. ». 8 | 


1 


"AR. AG: a AL 


ag 


. Dian the wat Leal. K we 
| am AUER i het from "tie In, 
| rallglogram ABCD,. they are Similar, and have the Angle EAG 


ſame Line. If it be denied, and it be aſſerted that the Diame- 
ter AH C interſeQs EF at the Point H; draw HI, parallel to 
AE; the Parallelograms EI and DB are Similar, + therefore A 
E. RH:: AD. DC::AE. EF. f then EH=EF. A he 
Part is equal to its whole; wvhich 55 ab. 
Tazos. 3. WHEN a Line it drevided- men And. extreme 


to the 8 of the mean Part. 


w. Par is AD. then AB. Ab EAD. DB, or ++ AB. AD. 


BD. therefore AD= ABXDB ; I which-avas to be'proved. 
54 CoRALLARY. To divide a right Line, ſo that the Rectangle 
27 the aubole Line and one of its parts, may be equal to the Square 
. of the other part. Eucl. 2. Prop. 11. 
THa1s is only to cut the given Line into meth 5 extreme 
_ Ratio, accordin vg to the Theorem. 
- Tarzor. 4 
ReFangle comprebended under the two Parts of the one, is equal to 
: BY Rectangle contained under the two Parts of the other. Eucl- . 
ro . 
? Tas 3 Chords BD and CE of the Circle x inthrſ6e at 
| A the Point A, it .muſt be 
It has been proved * that BA. AE:: AC. AD. then BAXAD, 
the product of the Extremes, =ZAEXAC, the Frodutt of che 
5 of Means. F 2, E. D. 
. 56 THntor. 5. Ir from @ Point any where taken out of a Circle, 
os be drawn two right Lines, one touching the Circle and the other 
_ cutting it, and bounded by the concave Circumference, the Reftan- 


7s out of the Circle, is equal to the Square * the Tr angent, or touch 
ing Line. Eucl. 3. Prop, 36 


From the Point C which is out of the Circle; let there 
be draun tw-o right Lines, CB which touches the Circle, * 
” 0. A. 38. f Sup. n. of. + Sup. 8 3b. 
ER ; 8 RT 8 . 3. 57. 
P Sh J. WY. +. B. I. *. 50. 155 


. 


ſo likewiſe CEFH, and. 7 
Tag: 8 2 A5 4 ub, be taken 2 a; der, |: 


f . 
x $ + = —_ F 1 1 * * 4 5 + 
N of - g 4 8 8 
7 >; 14 7 8 RR 


common. It muſt be proved that their Diameters are in the 


| 3 5 ; 


5 3 Ratio, the Rectangle of the whole Line and. its le ye" part is equal 


, ay ry 
c $ . - 
28 — * 


Lr AB be a Line divided into mean and extreme Ratifh the | 


ct: aig 2a $a es. 


F two right Lines interſect within a Circle, te 


proved that BAXDA=CAXEA. 


” Ay” g N | LEE 
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| gle comprehended under the whole cutting Line and its part that 


by 


ot 


e AC. . "DG: 


3 Is wu Ke Acc e * 
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vr 
0 * 4 * 1 ” "IS is $4 4 . 


e row 6h 
wen Ic 225 a Fals . rafare. out of 7 
Circ le, be Aen. euer fo nou y right Lines, which crofs, the reli and” 

| ; 9 ie: c — 
i- 


1 part cu 0) 7 CGirele, 


Eng Linc which 4 & dran from the ſame Point... . 
2ORALLARY-2., Ie from u Point, talen at bacon one — „„ 
U e r ines hich nach | e 
| ts to 21 74 1 | | e 2 
1285 e che nor ge the Tobi. ual do che ReQ- : N 7 
1 2 9 855 er ircle; and there- : 1A 
. Fore, theſe Squares are equal to each other; from hence it fol- - 
lows, that the Lines which are the Sides thereof, are equal. po = 
Then. 6, Ir from a Point taken at pleaſure out à Circle 59 a Wo 
de drawn evo right Links, ons of vhich cuts the Circle and ends at | 1 
the concave Greumference, and the other only reaches to the Circle ; 
| and that the Rectangle comprehended under the whole Secant ur 
cutting Line and its part aut ef the Circle; be equal to the $ gare 
_ of that Line which only reached the Circle, tlen this laſt Line 
a be a Tangent to the ang Cirele. : «Exd. 3. Pops: 37. 


= _ = 
_—_ 


* 
— 


NP” 


mg the Square 5 the 7 which juſt reached the Citole, „ 3 
1 equal to the Rectangle ACXDC, it is equal to the Tangent . 7 _ 
BC, whoſe. Square is equal to that Rectangle, it cannot then be ER __ 
A, — Line, e it is a Fe awhich Was to * F 
ed. ; &. 8 +... + 
Tazore 7. i * 4 : Poine inghe Chrcapnfaravee of a Gino: <2; * » ""_— 
& 1 two Lines. be S 70 171 CONCAVE Cireumference, and there. be 3 _ 
55 4 third Line drawn. croſs thoſe tauo Linas, 10 lau Points in the Cir» 95 J 
| cum erencey equally diſtant fromthe given Point, the Rectangle com- > 
£7:eh, ende _ under dne of _ the Lines and itt part contained between the | „ 
Sven Point and e Line, is equal to the Rectangle of the other 32 — 
I Yew and its york contained Andes, the Jais Pe "gent and third - of | - =_—_ 
Lr K be oo Point i in the. Geer from which let | BCT 
# ere be drawn the Lines KF and KG, and thro' the Points E, ä 


and D which are equally diſtant from K, draw the Line ED, it | - 
mult be proved that KF KBK GOK C. The twa Lines Be . 
and FG are Antiparallels; for the Angle KBO. is meaſured by | 
half the Arc EF, more half the Arc KD, or its equal KE; R 
now the hae of. KF is alſo '? Min, of KFG:: | 43 | therefore | - AER | 
. up 0 3.7% 1 B. 3. 5. 57. 2 * 2. „ 52. 85 . 1 
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= : F py 5 e 5 e wg 1 
= | | RBC=KGF. by the ſame reaſoning KCB=KFG. Hence FG | 
ande are Antiparallet, according to the Definition thereof; * 
3 then RF. KCMKG. KB; + therefore. KEFXKB=KGXKC. t 
0 ,  evhich was to be proved. EE 
_— CoraLLary. Tus ſame Things being ſuppoſed 'as above, 
EN - 95 5 not only follows that if from * Pont K there be drawn 
1 | Lines ad. inf. as KF or KG, which terminate at the concave 
1 LVircumſerence, and are croſſed - by che right Line ED, all the 
_ PL KRectangles made in the ſame Manner as above, are equal one to 
1 e another, ſecing-theſe Lines taken two and two, are each equal 
—_. to the Refangle FKXKB; but alſo, that if from the Point K 
_ —_ de drawn the right Line KE, the Square of the ſaid Line KE | 
1 will be equal to each of the aforementioned ReRangles ; for ha- | 
—_— - - _ ving'drawn' the right Line EF, it will always form two ſimilar 5 
1 85 | les ſuch as FRE, and EKB, whoſe” Angle K is common, 
| and the two other Angles alſo equal; viz. BFK to KEB, and | 
| EEK to EBK, 5 each ſtanding upon equal Parts of the Circle's 
—_— Circumference, hence their x Br mon Sides are Proportional; | 
_ GY 257 3 FK. KE: KE. KB; then the Rectangle FR 5 
ol equal to the Square of KE, + and it alfo follows, that 
_ 5 | # the Line. ED is a Diameter, the Line KE will be the Side of 
n © a Square inſcribed in the Circle, to which each of the Rectan- 
—_— .. Ales wc pom under the aid Lines, fuch as FEXKB or others, 
—_ :-.-.-. - 62 "Trans 8. Ir 4 Quadrilateral be inferibed 5 in a Circle, the Reeg 
=. - Z angle contained under the Diagonals is equal to the Sum of” the Redi- 


: les made of the Hite Sia, N 

. * 6 8 he 3 be * e, wheſe Diagonals are AC 
_ - | and BD; it 5 — be ed that ACXBD=BC AD+ABX 
_. - oo, DC. Draw BE, ſo that the Angle ABE may be equal ts 
1 5 ChD, and that each of them being ſubtracted from the An- 
1 « gle ABC, the Remainders CBE and ABD niay be equal; hence 
55 as the Angles ADB and ACB ſtand u the fame Arc, 

ha, are equal; 5 the Triangles BDA and BCE are bag yr 


„ 2 
2 a. 
bs 9 n 


LAX U 
* 


"IR = 8 


hits. 4 e 
4 2 4 
W 


2 
"IT 
PLIES Gs 
I 

* * 


* aa. * J 
e 
r 
i „5 . ” 


and Similar; therefore BD. AD::BC. CR; 
gle of the Extremes is eh to that of the Means; 
5 By the ſame Reaſon, 
= Trian and BAE are Similar; for ABE=DBC by : 
; „1 and BAC=BDC as ſtanding upon the ſame Are 
BC, their Homologons Sides are then alſo P. al; there- 


fore BD. CD::AB. AE; hence BDXAE=CDXAB; $ Now 
BDXAEXBDxCE=BDXAC, 1 chen I. 3 . 


Se. . 16. +48 #. 1 | B. « 2. 56. 
$ B. 2. 43. 2 1. e 
12 1 B. 2 1. 124. 8 
. £ 2. 58 „ e : 
| uf, u. | up, u. 10. 1 B. 3. 2. 56. 
PE a 8 B. 3» A. * 5 1 B. 55 A, F. 


F 


ond BDxCB=ADxBC, it 18 therefore that conan: a r 
xBC=BDxAC, two things equal to a third, being equal one to 44 


another. Q. E. P. . 7 * 7 
Tüssazu 9. Ir the Diameter of a Circle be divided, fo that g : . _> 
one of 312 parts be Quadruple the other, and there be raiſed bor the 3 1 | — 


Point of diviſion a Perpendicular bounded by the Circumference, J — 
| fay, that the Square A Chord drawn from the End of Diame- _— 
ter to the End of 5 the Perpendieular, is equal to froe' times the Square | | =_— 
11 Nr Part of the Diameter. . "= 
M be the Diameter of the Circle X ſo divided in A, - E- 
har Na Al if the Perpendicular AB he erected and ep 
be drawn the Chords NB, _— NIE: the right angles 


Tri - NBR; f ay, that MB=; AM. - Let AM=a, then, 
tothe 80 Poſition, MN 2 let MB=6, then 5 4 
1228 aa; f now let BA=4; ws Poop bee Il N 
4%. $ by the ſame Reaſon therefore (air "which was to be” : 


- 


1 1. Tur Diameter NM being divided in ever gg 
fo many parts, the Square of MB will be equal 10 as many times 
that of \each of the Parti, as there are part.. 

Ir, as above and ſ [opal pg NM is ſo divided at che Point 
A, that AM be the Fifteen or any other part) of NM, it will 
always be, = MA. MB. MN, or 75 5 4. MB. 4; therefore 
che 8 uare of MB is alſo equal to 34a. 
 ConaLiary 2. Tus Square of BA is equal to þo many timer; _— 
the Square of each 0 _ Parts, « are there are parts Itfe one. IE 
Fon Ig. prete 5 always the ſame, or any ether | 2M 
Diviſion: 8 8 to he the Same, 3 9 
AM. BA. AN, 42 4 46. + then 4as of rn | ON 
equal to the Square of AB, 1 chat the Square of AB is equal ü bl 
to ſo many times the Square of each of the Parts, a4 there are = —_ 

pats lefs one, is what was to be proved. | . 

| he on bg TOR "bo the Lim Pra avenge eme Ra- 66 | | ..- 
tio; I ſay that the Square 0 ine and its greateſt Segment, 
is 2 foe times the. . Joid balf Er. r 45 | 
Lea BA be divided te eee e av abi Phlas . 1 
C, and let AB=2a, and BC==6, then CA=2a—6, it muſt be „ 

demonſtrated chat the Square of a-Þb { which is an · Laab TU) - ll 

is deb fe taking away 4 from each part, there will re- | = 

main only to prove that 2 45. TU is equal to 4. By the Sup- r 
poſition 24. 65:6. 24; 5 then — al and "ran | | 
1 N it will be $6--2a6=406 


= pA en ee. | 22 5 3. 5. 17% | | , | 
. 1 5 „ 57. 5 
. . EN a. 6 
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== 108. Dee of Geometry: 
—_ | to he g then ſubſtituting 2 was before 4 ken 
—_ w_— Fg 1 eee 56; 2. F. D. : 
_ = | e 67 Ide it. |Two right Lines N A inte mean, and 

— 1 Rat Kat - war &vided. Eucl. 14. Prop. 2. 
=. 655 LT che two. Z and A ivided into mean and ex- 
* N 5 . | io 4 775 Points 85 and G, ence Z. AC. AC, CB, a 
1 „„ n i wan be 5 e AC. CB: BG. GF. 
_ or that 4. cim. 1. qQUArE. of half Zz. ether with i 
| 5 5 is equal to e e the Square of half 2; © likewiſe the 
_ '* © Square of half X tog le Squares bong is equal 3g Big times that of 
—_ NX. hence theſe 8 Proportional, their Sides are 

_—_— ts Proportional * ing th ey A in Subduple Nato,” wherefore 
. ll half Z. Ta. half, :: half Xx; half X: and Aeli f a. 
1 . ü 1 half X, the Conſequents being changed and doubled I 
A | | Ze a: X. n bur by-the:Suppoſition 28. Z. 4. c. and g X. n. 
1 | 4 259 the to Lines. are divided Proport ly; $2. 


68 Tukgox. 12. A. Tine being aided into tao unequal. 1. if 

" the Luintule the Square. of the. half thereo . equal to the Square 

1 | | of that half together awith.its longer part, the Line is then divided 
—_ | into mean and extreme Ratio, whoſe meay'part is the Wer 9 14 


nel. 13. Prop. 2 
- LzT-AB-be:a« Line mnequally divided i into two 

| Point C, let AB= 2a, and ACA AC=6b, hence CB gz A., 

nee if five times the Square of a, the half of 
| A5. 1 e Square eee 
1 : then the Lage AB- is divided Fw gan * a 12 and 

. | C or 6, willbe its no Rug het rei, sit muſt be ſhewn 
—_ - that if AB is? 4200. then 56 zab- bbb, Let us 1 
—_ - | poſe then that: 24. b. . 2ab=bb; 
_ | adding + 2a6 to each part, vill be 4anzzzeb+bb,.. ! ae by 
—_ | e age — ne ie will e ga bz * 
—_ 69. Tron. 13. py "right Line, is divided into mean and extreme 
7 | Ratio, the _— 3 the lefſer Part re with balf the. greateſt, 
8 | | 8 — f ther guare * bal, be greater, park. Eucl. 13. 
. 55 5 5 Prop. 3. 25 n & 7:06 hoon ET wy Sx | 
| e into mean And extreme: Ratio at the 
aint ©, 2 habe cement and N er une 2 — 
—_ _- Ban, Fare Part r wi & le part at, is, the 
\ E 5 | are of, aber 8 .awhich is geen). is Quintuple the 
| 5 | Square of half AC, that is, of m, which is um, according to the 


| Suppoſition ==» K 2M, 3"thon. OOPS > * adding 
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* Bag; 1. 84. 1 + 3, A . 81. F t B. 3˙ „6. 
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part it will be um F znu- Nun = Q. E. . 
gh es on. 14. 15 @ right Line is divided = ag * and extreme yo 
Ratin, * Square 0 225 aubolg Line, „ ee with that of its re 
5 755 is triple . Snare of the greater 8 ud. , AS. 
r 
= Tec 4g be die into mean and extreme Ratio, at the Point. 
ls ) Let AB=Z, and Ac ga; and BC=e ; then 
- e.' It muſt be demonſtrated that 2. Ter 34a. "= 
"age = [ _ Ax mult therefore be demonſtrated that 
| aa Fan e 2. 4 Lee Ze, and Ze=aa, | by the Sup- £ 
_ poſition, hence ar- Heras, there may then in order to obtain a 
2 f, be a in the Equation in the Room of zae- Fzg, 
their equal value 24a, and it will be aa ze = ; 1 gh... 
aua to be proved,  . 
\Tazos.. 15. SuaLAn Triangles axd Porallelograms, - are. ene 1 
10 e ee in Ratio duple that of thei Sides, which are of the. ſame 
Ratio. Eucl. 6. Prop. 19. 
Lier ABD and EFG be two ſimilar Triangles, let fall the Perpen- . 
diculars AC and GH ; the Triangles EGH, and BAC, being right . 
Angled, and the Angle 2 75 pv to the A o Fi E 1 are Si- 
milar; then BC. Ac EH. GH. 5 alſo the tw les DAC and 
FGH being Similar; then likewiſe CD. "ACE . GH, hence 
RC+CD. AC: 2 GH. || Let AC, and i 
Cn, and EF=z; hence b. dim. ns and Alternately, b. mid. 
Tha Surface of ABD is the h td, + and that of 
GEF & the half of un; bot the Rig ohe 5 De 
ed of the two Ratio s of 4 to m, and of 4 to: ; + now 
5 Rag s are the ſame-: Therefore, according to the Bega 
| e Ratio, $ the Ratio of d to mn, is Fl Let BDMN. 
1 EF 47 be two 2 Parallelograms, by the ſame Reaſoning 
it, will be . that 6. di: m. u, and 6. md u, the Surface 
of BDMN is 4, and that of EFKI i 375 the Ratio of 34 to 
aum, is compoſed of the two Ratio's of & to , and of 4 to z;. 
theſe two Ratio's are equal ; the Ratio compounded thereof i is 
therefore duple. . D 
LEMMA. SIMILAR Pahengs 3 bud 3 equal. nam 5 
bar. of Triangles, ſimilar each ta each, © 
Lux the two ſimilar Polygons be ABCDE, and FGHIK; L 
ſay that they may be divided into an 8 number of Triangles, 
each Similar to its correſponding one; for 1. Seeing the Polygons 
are Similar, they have each an equal number of Sides, and the 
Angles which they contain are ng by. the Definition; | hence 
from one of the equal Angles, as from E and K, may be. drawn 
war Wee 20 5 * ae will a ts en into an 
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equal number e of Triangles, 2. 10 che Triangles of one Pe- 
3 Similar to thoſe of the other, each to its correſ 
; thus the Triangle ABE is Similar to its correſpondin 
one FOR; for by the es ae the Ang EAB= ; and 
their containing Sides are zonal ;_ that is, EA, AB:: KF. 
FG and therefore the two __ are Similar. + It is * 
ſame of the other Triangles, whoſe Angles contained between 
homoh Sides are equal, whether they be form d by the Sides 
of the Polygons, or by the remaining ones after the equal ones 
which touch at the Points E and K are taken away, ſuch as BEG © 
and GH, therefore &c. which was to be proved. © 
73 Fxzoxew 16. ALL fmilar refiilinear igures, are one to 4. 
wothtr as the Squares of their homologous Sides.” © 
Lzr the ſame things and the ſame Figure be "EE" as in ve" 
_ preceding Lemma. 1. Each of the Figures may be divided 
into an equal number of Triangtes ſimilar one to another, each 
to each, by the See Lemma, &c. 2, Each-of the * 
one Figure will be to each of its correſpondi 


in the other Figure, in duple Ratio of each of the eee 5 
the preceeding eos at is, in duple Ratio 
FK, or AB to FG, * AR is'to it - 


in duple roy of AR to FR; 5 and it is the ſame 


her Triar which compoſe. the two Figures, whoſe 

the P n by reafon of cir likeneſs, 

wherefore as each Triangle 3 like in the other, 
Jo are all the Trian AF one ws 2 the e tho other, 


} 73a is, the firſt Figure is to the Serond, 28 the Square of the 
Side AE is to that of FK; and it is the fame of all the Reſt 


pitch npon wig vou will, t mer: oh &c. which Was fo * 
concluded. 


CoxALLAx r. Ir R arr Proportional, e F; 1 
ee uper thoſe Aro are Proportional, and if the fimilar Fi. 
s ave Proportional, tbe Four Lines are F e pa: Eucl. 6. 
2 72. 

Ler the four proportional Lines 1 4. Bic. & upon which 
let there be deſcribed four ſimilar Figures V. X. Y. Z. by the 
preceeding Theorem V.. X::aa. 35, and V. Zee. 4d, bat . 
Sbitce. dd; ® therefore V. X:: V. Z, and if this be fa: then a. 
ber. 4; for the equal duple Ratio's are compounded of equal 

Ratio's, therefore if aa. $4::cc. ad, it muſt be that 2: Sic. d. 
75. Tuxonzu 17. TriancLes and Parallelograms having the 
775 Height, art one to another” in the Jane Ratio as thei. 
aſess 

Lx Z and X. be ber bers Ranbas or two Triangles, 
having the ſame Height which I call a, the Baſe of Z is 3, 
and that of X is d, the Surface of 2 is ab, if it is a Farallelo- 


0.8; 2.7. 122. + Sup. n. 13. 5% 9. . i, 4 ' 
33 || B. 3. 30. TS 1 
. 3. 1. 84 . 


* m. Sper: 4. 
; but enly the Half thereof, if it is a Triangle: * at is 0 
the Surface of X; or if it is 4 Trangle, then only . the 
thereof ; now ab. ad::b. 4; + therefors Z and X afe one 


E 


to another, as their Baſes. 


"ProBLeM 1. A Paint being given in ont of the . 
anght, to draw a Line thro' that Point fo. as to divide the e. 
| accords * a given Ratio. 
Ws a Triangle required. 10 be divided 
1 1 right Line thro? 
Ratiobe that of B 3 2 
ſame Point, there ſhould be dra 
BAD an DAC es ane to another as 
what was required is done. If G and o di 
Points, draw) GH parallel to AD, and from D to H. 
where that Farallel cuts AC, draw another Line wiz. 
DH;. it muſt be that it divides the Triangle ABC. 
according to the Ratio of BG to GC. The two Triangles 
BAG OC a 0 0 another as BG to GC, 5 it ms. 
then required only to prove that DHCZAGC, and DBAH 
beg hence as DHC. AGC::DBAH. BAG; the two 'Tri- 
GAH and GHD upon the ſame Baſe GH, and between 
85 ſame Parallels are equal; J. then GHC+CDH, or DHC 
GHC+GAH, or GAC, it remains ta prove that ABDH=ABG; 
which is eaſy ; for by the fame Reaſon as before mentioned, 
the Triangle ADG is equal to that of AHD; therefore adding 
to each the Triangle ABD, it will be ABDH=ABG; and there- 
fore ABDH, D  ABG. ABC, therefore that is done which \ 
„ „ 4 
DBLEM 2. To divide a Par bgram accor: ng 1% 4 iu | 
Roti by draxwing 4 Line thro' a given Point thereof. 8 
Luxx the Parallelogram be ABCD, it is required to be divided 
according to the Ratio of BF to FC, 8 a Line thro" 
the given Point E. 1. Draw FG Parallel to AB, or to CD, - 
_ * the two Parts ABFG * CDGF are one to another, as BF is 
to FC, according e Theorem, 2. Take GH equal 
to FE, and bn drawn a right Line from E to H, I ſay that 
ABEH and ECDH are the Parts required: For HGI and EFI 
are two fimilar Triangles ; ſeeing they are Equiangular: For 
the Angles at the Point I are equal, + and the other Angles 
are likewiſe equal, being alternate ones between the ſame Paral- 
lels; | therefore the 'Triangles having the Sides EF and GH 
equal, are entirely equal. F Therefore ABFIH=ABFG—HGI; 
and there being added to each the Value of HGI equal to FIE, 
it will be ABFIH+FEI=ABFG; which was to be demon- 
ſtrated. It is proved the ſame Way that COHE=CDGF. 


3 fp k ; Theorem 
2. 1. 133. 2. 3 „ $4. ap. u. 75. 

4 Sup. u. 75- 12.2. ny 134. 
* Sup. ) EBT. ww 21- 4 5. n. n. 25. 
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ets Por PAINE a - 265 3 


5 wh MO Ti, yo” the . 411 wh 

LY GD is Eg 3 20 2 Haren e 7 the ren le 
acl. 5 W ELD = | 8 

Demanfiration di erent from has Ml Gold is 1 51 42. | 

AC i a right A igted Triangle, py Sight Angle 5 is A 9 


: the Hypothenuſe i is BC.. Tt muſt be proved that BC=AB4AC; 
and that differentiy from what has been done already, From the 


| t Angle A, I6t fall che Perpetidiculat AD and prolong it, then 
Seek to har has btn proved, > a * BC. BA. BD ; then © 


AB=BCXBD, or, BEXBD fince that Derr, — a. 
| Square: 80 likewiſe <> - BC. AC. 'CD; therefore AC=BCX 
OD, or CFD ſeeing chat CP=CB ms now BC 


| Po af; . Therefore BC=AB+AT; abe 3 to be 
79pr 
Corattary 1. WAT E igure ſotver, is * upon the 5 b 
pot benuſe of a right angled Triangle, it is equal to the femilar. Fi- 
| $94 deſcribed 7 * in a like Po of on upon the other two Sides there- 
Eucl. 6. Tio. 


” Upon the eo: DA. AB, let there be three fimilar Fi- 
Hits X. V. Z, let X be apo the r . e 


rte one to mother as BB, AB AD, AB. | now BD=AD+AB by 
Sothe Theorem; therefore NV Z. 

CorALLaky 2. A Perpendicular being drawn from the. right 
- Angle of a reftangled Triangle upon the Hypothenilſe, the Squares 
2 drferibed upon the other tawo Sides are one to another as the Parts 
or Segments of the Hypothenuſe. 
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Angle A. Te-muſt be proved mat AD: AB: :DC. CB, nee 

27 DB: DA. DCs. # then DBXDC=DA; {3 by the fame 
"RO == DB. BA. BC; chen alfo DBXCB=BA, wherefore 

'  DBXDC. DEXBC::AD. AB; but Dede. Dec c 

31 CB; f hence, Ab. AB::DC. Ch, E. D. dep” 
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GH, for. 1. They are 2. The Angles ABC and 
If being equi, if The ri cht e les DBC and LHI be taken 
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e A 
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| Ir che Parallelograms and GHIK are equal one to 
another, Fg.” above, T ſay that AB. BC. GH. HI, wy, In reci- 
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therefore AB. GH:: HI. BC; + D. F. B. 
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1.5 tue two Triangles be ABC and 'GHI whoſe' Surfaces are 
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| 3 — 85 qua 3 — given. right — 
$ e DE the | — DH equal t to B = 
ing the given D, then find IK a mean Proportional be- 
- - tween, CD and DG, |, upon .IK,. deſcribe L. fmilar to A J I 
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3; 9 0 20. A Sau uare whoſe . Wer to. that 
7 of a right angled 5 is: greater than the: Farallelogram 
the Square of half the Difference WA is between the Sides 
7 the am. „„ „ 
Tus Square, is X, and Za? m_havieg an equal 
Circumſerence. the Sum of the, two; es either of X or Z 
LA the half of AC, which is AB, is the Side of the 
e of 2 is "AB, and the Shorteſt E. Let 
AB or. You „ and and chat BD be taken-equal to , 
e 1 4 long Ste of 2 will be e e net 
YG or or. 32 | will then be 2a; the 
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Perpendicular height the A 
t ther — —— two Pol of the ſame Cit + 


that hc hack ano Sides, * that e then 


their Surfaces are x6 and ad New x6. ee . t and % 
{ therefore | r than d. 

ConaLLany.. 
trial Figures, that: 1 having the ſame Circumference. 

Fox a Square is greater than a Parallelogram of the ſame 
Circuit, I the Square is a Polygon, and uently the Cir- 
2 conſidered as a Polygon of — number df i Sides, has 

the greateſt Apotome, therefore A Frome: Surface. Ie bs the 
ſame of all ather Polygons. 

Tuson. 22. REGULAR .  Amilar 8 in Ratio duple 


that of their Sides.” Eucl. 6. Prop, Frog. oft 9 


Lr che two ſimilar Polygons be X nd Ds they. are: Sand to 
two ſimilar Triangles, ? and if à is half che Circuit of X, and & 
its Apotome, and c half the Circuit of Z, and 4 its Apotome, 
ab. and cd Zz; now ab is to cd in Ratio that of a to 
e, or that of þ to 4, + which by the Hypotheſis out there- 
to, the Figures being Similar. 

- CORALLARY- IDE: the * of one Cirels i is t0 that 
of anather, in a Ratio of 
| meter. e 2 

eg 45 e ü, ob! aa Pak, are ons 2 genes, 

ther as 33 be Daunen of their erb U 
Eucl. 12. rop. „ 

Lr the two inſeribed Polygons be X and Z. It muſt be de- 
monſtrated that they. 2 to another as the Squares of their 
Diameters?AD, GK. that X and Z are ſimilar Polygons, 
they 1 uple Ratio of the Side AB to the 


Side GH, by the — Theorem; but on account of their 


Similiarity, the Trian s ABD, GHK are alſo Similax; for. their 

F ohms Sie b placed upon ſimilar Arcs, 1 the ho- 
Sides are ther Proportional, 5 and therefore res 

115 : GK; hence the duple Ratio of AB to GH is the 


0 yr a5 dhe duple Ratio of AD p GK, therefore the Polygon | 


X is to the Polygon Z, in duple Ratio of the Diameter AD ta 
Mey 4, 26 the. den e AD „inen of ak 

» Bs . 
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Qz e "ovens" 

* B. 2. 1. 146. 1 "+ B. 2. u. 133. 4 * 3. 84% 

$ Sup. u. 48. Sup. u. 87. „ 
. B. 2. n. 145. f Sup. u. 71. . 
| Sap. u. 10: B. 3. 3. 80. > 


* 


HE Cirels is the emf Copacins of all be-, 


ann or "sf 110 Bs: 


be talen 3 


SG 


1 - > * "4 
—_— > rk 
© * 
[ * N 4 1 7 57 n 
* YL 2 ; 
* . — 5 * 
It 3 
' +6 * 
+ 4 ” 
x C — 1 
NA ” 
7 1 
+ 
Y 


"8 on th 
Duel. wn Dog vl n we we 


_ . 5 8 ; 22 „ — he — 5G TOC O. — that BI= Kk. 
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1 . — — now BGKR is leſſer chan BE, wg 0 equa AD : 

—_—_— gh © therefore” AG: is leſſer chan, AD a le 

—_ | 95 PRO., 6. To apply Line AB, a ge 

—_ s 3 equal to C, 3 4 "ol nn mila to D. C 

| as 5 N 4 1 tobe 1 then a 'Paralh re . _ 7 #54 — 
5 | TE IHE. MOOG. 

= biet Ms Point b. eren EB deſribe the Pa- 

V 35 | ralelogram EG fimilar to D, + which according” to what is 
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1 | | CCC R a | | 
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9 | from 
= f M ee ene RN, MN _— rolong AB and GB; 
draw the er FBN, and then A the Parallelogram 


m2 required. For theſe four Paraltelograms' D, Hk, LM, E are 


1 . Similar by confirudtion; 3 OP is ſimilar to LM, or to D. 


EE: . 280 likewiſe 1 conſtrucrion; hence LM==HK=— 
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. 5 3 dr: to 13 which 8 Pa 1 8 1 
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Ir #ave commenſarable Lines ars added together their 


7 | 
15 Tn is evident, Number added to 28 * «Number, 
—- 119 Faor. 10. Ir 


r 2 . If 
| 3 comme Second, tb TI tt be % 10 
| i 98 is n anch 2 n de in the Ratio of the Firſt t 
. | "ea i © le by number; that of the Third to che 

the ſame, is alſo expreſſihle by Number. 11 
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3 . Pnor. 2. Ink Sguare a. rational Line, is ; 
HF 8 Ber ; its Cube is aifſo a ebe. * . 
= | A are of Namber to Number, No 
| Nati g which are coy thereof” are 

4 © of the triple Ratiq's Cube Numbers." © 


Lurche fmple: Ratio be cha of 3 to 43 chen the Ratio of 


—_}... | Numbers, therefore 4 and 4, are one to another as 
| B ber By the ſame Reaſon 63 and i ure one to: 
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E r ere , Number, they e 


Lana. ' Four Lines being roportion, the. Produ of the 14. | 
* is 2 they 23 5 e 1 as at, as the Square of ; the 2 
4s to t N © 34 4 
1 8 3 ec L hat ge be: 'bb, 
the Produt be of the Means divided L y the 2 * 
d Fou 1 — may be had therefore — Be: 
| Hence it muſt be demonſrted that 4 1 OA Map 


* 


. 
h . th asg k. e and lde and, divide bee 


Fee 65 there will remain aa and 35, the ſame Ratio, will 
always. remain; +, therefore ac. bauaa. bb, me was to be 


| proved. . 


"Tazon.. Foux 838 3 
| Rectangle 25 Produ# of the Anlecedents, is to. that of the 


ts, as twwe ſquare number. 
= the four commenſurable and a Lines 1 a. 


b::c. 4 by the preceding Lemma, ac. bd::aa. bb. Now à and 


þ are ſuppoſed Commenſurable ; their Squares are. therefore two 


ſquare Numbers, therefore ac and bd are one to another, 5 two < 
quae Numbers. 

Lemma. Six rl being Proportional, eval, the Praca of the n 
beendentr i is to that 0 2 ſequent as the Cube off the Ini. Term 
#s to the Cube of 


Ler them be 2 2 bi . * muſt be proved that "ace 
| 3 ce 


Mens: bh; == nd —=/: 7 Then WARE 


2 


bbbee 
Now in multiplying ace and by a6, and dividing the pro- 


dung of that multiplication acace and-bbbce by ce, the Quotients . 
will be 43, 53, the fame Ratio will always remain; $ morons 
2 Taz. 1 aubich . was to wy man . 
utgax. 1X commenſurable nes W th 
Fraaact of the dntecedns is. to that 7 5 
cube Nambers.. 
r them be a." Ine, gue. +; ; obs . many Lon, 4c ace. 
aaa. bbb, Now a and b being Commenſura there- 
1 4 expreſſible by Numbers, | 23 and 43 are two cube Num 
ders; Ki re ace and % are one to nacher as two 
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15 4 133 „ Lines art in ontinued Proportion, 
nher the IO # ts the Third as tees ſpare Nember), the re 


rſurable. > 
po on de K i. 3. e, if the Ratio! f 
| r; I ſay that the Ratio fs 63 
Number e for the Ratio of à to 
f to b, or as the Square of 4 to the Square 
25 3 7 ig this of adv be- 
as two uare u 2 Ko) of 1 

g is Rational. TE * K 

130 | ConaLlLary. In this Caſe the a of the Extremes 2 
du Sil are . with the: Square of the. . 

aud 118 Sage. | 
Fox 1. Seeing chat by the Suppoſition 2+ . 3. 265 It will | 
follow that ac; 4 and therefore ac! commenſurable with 
2. By the preſent Theorem, the Sides 4. 5. & are. com- 
menſurable. mr” . 

131 Turn. 7. Te three Lines n 3 the Fru 
'* is to the Third as two Numbers, æaubeſe Product it nat a Square 
© + Namber (or which have for E re two ſurd Numbers) the 

nean Term ci be Tucommenſur abl igel. and e in 
Log * With the Firſt and Third. 
f , c. 4, the Firſt of the three Lines & is to the 
4, as cee Numbers 2 and 9g, whoſe Product 18 is not a * 
Number, 1 ſay that the ſecond Line c is incommenſurahle in it- 
fell, and Commenfurable in power with the Firſt and, Third. 
It's Square cc is equal to 64, or to 18, F Now 18 not being a 
Iquare Number, its root e cannot be ed by Namber, 
Were c 18 Incommenfurable in itſelf with þ and u; but its 
Power cc, Which makes 18, is Commenſurable with 5 and ; 
that 6B ne 2 and with 9. en that is Ratio is expreſſible 
number. 
* Tazor. 8. IF of chert Lines i. in 3 Proportion, the Fir 
132 ;; not to the Third as. Number | to Number, the mean Term is Incom- 
-menſurable with them. either in itfelf or in Power. | (1 1) 
Lr the Proportion be += 6; c. d, whoſe fir T. 6 is not | 
to 4 as Number to Number; I ſay that neither & nor its pl 
ce are Commenſurable with & and 4; for the Ratio of & to 4 is 
duple that of 5 to c, and of c to d. || this duple Ratio being 

: "therefore Surd; the fimple Ratio of i to c or of c to d is there- 
fore Surd y be ſecond Theorem; I The Square of ô in to the 

Square of c as 5 is to 4. + Then ſeeing that &. is not to 4 as 
Number to Nember; 464 and cr are not as Number to. er 
eee they' as NE REI I xengt 1 e 
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| by the ſeventh Theorem the Line c is Incommenſurable in it-. 
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numbers, the Firſt and d are Commenſurable ay in Power ; : 
* fen evg . N 5 . 
b. c. d. ff = that 6. F:: 1. f. the Ratio of btof is 
—_ e Now 1 and 5, the Exponent of the Ra · 
tio of $ 0% are not Cubes; therefore the fimple Ratio of 6 to 
c is Surd : 5 So likewiſe of the Ratio of c to and chat of d to: 
, But ſeeing that . ci:: 5. I; and e e 12 7. "SF 
therefore b and c are commenſurable in power. 8 | 
Turok 11. Is of | four: Lines ee Pte Eh” 
the Firft is not to the Fourth as Number to Number, the Ratio eas . 
Firſt to the Secend is not r Number to vl 
. e. 4 ,; the Ratio of & to is 8 therefore this . 
wiple Ratio 82 ſurd, by the. ſecond Theorem, the fimple Ra- ff 
3 and ſince that 83. cit. i this Ratio of þ e 
e Surd, that of 53 to ci is Surd. e go 5 
urable in power with 5. Tg | 
9 1. To fnd a Line which 5s eee is oe 
= end Commenſurable in pou: euvith 4 Ano er eien 36 „„ 


Ler Sele ee ee e | "ag 
The Line 4 being 2, take a Line x. equal to 3 or to 5, or to any | | 
Number which is not a Square, Between theſe two Lines find 
a mean Proportional, which I call c: Hence <= 6. c. x. Nov 


ſelf with the two firſt Lines, and commenſurable in power. „ 
Pros. 2. To find a Line that ts Incommenſurable, Gs duell in .- 
ilſelf as in power, avith a known and given Line. 137 KS 
Ly the given and known Line be B, by the preceedi ing Prob- | a 
lem find the Line D, which is in itſelf Incommenſprable there - 
to. Then, between B and D, having found the mean Propor- ; 
tional Line C; this Line by Theorem the eighth + will be In- n . 
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„ A 1 = ary e ABCD. It muſt ih ON "Its Dia- 
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139 Turon. 13. A-rational Line being divided into mean and ex- 
| treme Ratio, the two Parts: thereef are irrational. | Eucl. 13. 


— 
7 e * . 
1 . 4 HET. — 1 
> S . N 2 5 Ra . > 4 £ , , . ; 


rational 3 and netioge 
| Ratio at the Point A ;:1 ſay. that che Parts AC and AB are 


| 1 or, which is the ſame. Thi that they can- 
EL expreſſed by Numbers. To CB join the Line BD, the 


. Fa er e. the Square of te intermediate Part AB joined with 
: | Squares are a8 f to 1. Now 5 is not a ſquare ene There 
5 fore by the Theorem, F the Line AB+BD is irrational, bur 
| B che half of the rational Line AB, is rational; the interme- 
5 diate Part AB, mult therefore. be Irrational ; + and. therefore the 
: leſſer Part AC is Incommenſurable ; for if it were commenſura- 
war og I pr; | 99 8 * 45 
140 ORALLARY. Tg mean Part ts ommenfarable wwit 
F 'T whole Line, either in igelf or in Power. . 5 | 
Lat 6, be a Line divided into mean and extreme Ratio, „ 
'S the mean Part, and þ—x the leaſt Part. = 6. x. B-. 
Now ſince +—x/is by the preſent Theorem an irrational Line, 
4 1 che eighth Theorem 5 x, the mean Proportional detween 
8 b and b—x x, is incommenſurable with 5, either in itſelf or in 
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7 "ADVERTISEMENT. per OE 

HE Chords of aan ee fone, ee e nar 
I. another as the Arcs whoſe Chords they are: The two 

/ Arcs BED and CFD being equal, the Arc BDC is double of either | 

of them. If BC, the Chord of that Arc, was. thereforo double | : 

the Chord BD or of the Chord DC, as the Arc BDC is dau- ob 

ble the Arc BED, then BC would be equal to BD-CD ;. which „ 

cannot be. „ Therefore it cannot be uppoſed that the Chords „ 
of one and che ſame. Circle, are ons. to nun | . 
which they are the Chords of. „ 

Turo. 1. Tus Radius ef a Cirele is equal to the Chord of. „ 
fox Degrees. © © 857 | 510 

9 e at the Center of an Hexagon is 60 „the „„ 

Arch Part © 360 Degrees, which make the four right > Anchen 5 f 1 
that may be conceived about the Center. Then let BAC be YT, 

an Angle of 60 Degrees; hence BC is the Side of the Hexagon, „ 

which muſt be proved equal to the Radius AB or AC. The TIM" 5 

e BAC is Iſoceles; therefore the Angſes at the Baſe are equal; 

at that of the Vertex is 60, therefore both together make 120, = 

each therefore 60. The Triangle is then Equilateral; there- "=, 

tore BC AB, or BC=AC ; which was to be proved. 

| CoraLLary 1. Girele being ou to dejeribe an Hexagon. : u ; 


- Buct.. 4. Prop. 1 1 „ 
Pn Com al to the Extent of the Radius, it 
will divide the Erde — equal Parts. 
e mk 2. Ir is ea to inſeribe an equilateral Triangle i in 44 | 
@ Circle. © „ 5; 
Fon two Parts of the Hexagon's fix; make the third Part/of | HE; 
3 Tus Ratio of the Circles Ci $3 
ORALLARY 3. Tur o of the reunference touts © / 
' Radins, is above 3 tot. CK 


Eacu Side of the Hexagon being equal to the Radius, the fi 
Sides are equal to three times the diameter ; hence the Circum- 
ference of the Polygon is to the Radius of its circumſcribing 
_ Circle, as 3 to 1. Now the Circumference of the Circle is 
has that of the Hexagon, each Portion of the Circle 


- * the Side of FOE . which is the Chord 


4 a * 
9 Ru = ro 1 ; 
. 5 * 8 i 8 
1 7 B. I * 1. 5 . ; 9 * 5 g # 


246 Taxon 2. Tas 2 7% one of the 52 an ee - 
| i 5 Triangle inferibed in a ors 17 : 
„ meter or Radius of the Civcle. E 

n Ler ABC be an -equilateral Te the Circle 
5 X; let there be drawn the Diameter AD which cuts the Chord 
| into two equal parts. It muſt be proved that 
quare of AB is triple that of the Radius; Rs that BC 

is the Chord of the third Part of the Circle, BD is the Chord of 

5 the ſixtk Part, and therefore equal to the Radius, of which the 
| Diameter A is dodble. + hence if BD=b, then AD. l, and 


. Le Abe fince hat ABD iva right Angle then 
= t Therefore aa+bb= 46. Taking r from 


Side, there \ will remain aa=3bb ; QE.D 
e 
1 nee been ſuch like Theorems, which I ſhall not give 
FS Place to in theſe Elements. It is evident that the Tangent of an 
Z Angle of 45 Degrees. is equal to Radius: For it makes with the 
Radius a rectangled Triangle, whoſe Baſe is the Secant, the 
Angles at the Baſe are ar, (viz.) each of 45 Degrees: There- 
Os | fore, the Tangent ard the Radius are equal. 2. The Square of 
V the Secant is equal to the Square of Radius and of the Tangent, + 
. or which is the ſame, to twice the ſquare of Radius. Now the 
8 Chord of ninety is equal to the Secant of forty-five ses : 
5 Conſequently the Chord of ninety is equal to twice the >quare 
, of Radius. as is evident. 
- | Lyamwma i. Ir the Angles at the Baſe of an Taceles Triangle, 
148 are each double that of the Vertex, I. ſay that the Line which di- 
vides one of the Angles at the Baſe into two equal Parts, will di- 
wide the oppoſite Side into mean and extream Ratio. 
Lex the Iſoceles Triangle be BAC, and CD the Line which 
- divides BCA, one of the Angles at the Baſe into two equal Parts; 
it muſt be'proved that it divides: AB into mean and extream Ra- 
tio at the Point D. 1. Seeing that the Angle BCA is ſuppoſed to 
be double of BAC; then the half DCA; is equal to the Angle 
CAD : Wherefore the Triangle ADC having the Angles at the 
Baſe AC equal, it is Iſoceles, & and the Sides AD and DC 
will be equal. 2. The Angle BDC is equal to the two oppokte 
o ones DAC and ACD ; * conſequently it is equal to the Angle 
3 1 Ac which make theſe two Angles, and to DBC which is by the 
—_ _ ___ Hypotheſis equal to ACB; therefore the Triangle DCB having 
—_— ; ies Angles at the Baie DB equal, is alſo Ifoceles ; Hence DC 
—_ 5 BC. 3. The two Iſoceles Triangles BAC and BDC, which have 
3 6 at the Point B an Angle common, Þ are equiangular, and there - 
5 fore ſimilar: Then 4. AB is to BC, or to AD its — De or 
” E . 1 . go. Þ Sup. u. 142. Þ 5 1. 78 + Sep. . es 
5 83. B. 2.2.93. „ 35. { Sap. p. 10- 


* " 4 


o 
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qual 4 AD * 2 DB. ee 4 AB. A. DR, and Pu 
— js divided into mean and extream Ratio; fince that 
Y 755 9 2 2 dan barten the whole AB, and the other 


DB. + = 
EMMA 2. 75 teſeribe an Thceles. Triangle, Joviag 8 
=: at the Baſe 5 the other, Eucl. 4. Prop. 10. 7249 | 


. Havixe the Line AB, divide it into mean and extream Ratio ' © 


at thePointD ; $ from B and D, with the Extent of the mean Part 
AD, deſcribe two which interſect at the Point C. Hence 
BC==DC=A The two Triangles ADC and DCB are there- 
fore Iſoceles. By the ſame Conſtruction = AB. AD. DB. ſub- 

ted in the __ of equal Lines AB. BC :: BC. BD; then 
BAC and DBC are fimilar, or equiangular * = Iſoceles. Now 
* Angle BDC is uy 8 -DAC+ACD the oppoſite interior 

es which are g ADC is e Therefore 
DB n ponies of BAC ; wubich was to be 


1 M Tei 12 1 ps. Vertex is at the 1 
Ceutre THER: ES Baſe the — of a Decagon, each Angle © 


a the ee Fr. 

Tun Hoceles Triangle BAC hath its Vertex at the Centre of 
X, its Baſe BC is the Side of a Decagon, and conſequently the 
Chord of an Arc of 36 Degrees the tenth Part of 360 Degres 
which make the whole Circle. It muſt be proved that each 

angle at the Baſe CBA and ACB, contains 75 degrees, the 

ble of 36; which is evident, for the three An Angie make 180 
_ + if from this Number be taken 36, the Content of 
the vertical Angle, 144 remains for the Angles at the Baſe, which 
2 75 equal, each is 72 the Double of 36. 

HEOREM 3. THE Radius being divided into mean and extream , 

Ratio, the mean Part is the Side of a Detagon, or Chord of thirty * 
fir Degrees. Eucl. 4. Prop. 10. ( Fig. above) 
Lr AC be the Radius of a Curcle divided into mean and ex- 
tream Ratio at the Point D, and that the Chord BC is equal to 
the mean Part AD, then the Angles at the Baſe BC are each 
double of BAC. $ Therefore by | the preceeding Lemma, BC 
is the Chord of the twelfth Part of the Circle, and conſe- 
quently the Side of the Decagon. 


LEeMMa 4. Two Lines being drawn from « one o the Angles of 152 | 


a 272 to the Ends of the oppoſite Side, they make an Ja- 

33 Triangle, and each of the Angles at the Baſe is double the 
le at the Vertex. | 

is a regular Pentagon, having drawn from A two Lines to 

W Extremities of the oppoſite Side BC, they make the Tri. 

angle BAC, which muſt be proved to be Iſoceles, and that ABC 

and BCA are each double of a t. AB and AC the Chords of 


4 „. 88 34. e 13. 18525 
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. le BAC is m 5 Now AEB is double of he: 
o 


nal Ares, are pot: Therefore BAC: is Wees 0 2 The 
f the Arc AEB. w AEB is double of BC: fore 
the Angle ACB is double the Angle BAC. It is in like manner 
proved that ABC, is double of BAC. 
THEOREM Ir in a Pentagon two 5 interſe, at « 
avhich is the Chord of double the Arc ſubtended by each Side of 
 Petitagon, they are divided into mean and extream' Ratio, and . 
mean or lenge Part is one of the Sides of the Pentagon. El 
Surrost Z to be a regular Pentagon inſcribed in a Circle, the 
Lines BD and EF interſect, each being the Chord of double the 
Arc ſubtended by each of the Sides of the Pentagon, it muſt be 
ved that they are cut into mean and extream atio, and that 
the mean or longeſt Part, ſuch as BC, is one of the Sides of the 
Pentagon. 1. The An gle BEF is meaſured by half the two Arcs 
BG and GF, 1 Angle BCE, by half the two Arcs BE 
and FD, 1 Now theſe two eaſures are equal: therefore the two 
Angles are equal; hence EBC is Iocetes,. and therefore BE 
BC: Therefore BC i is one of the Sides of the Pentagon; <vhich 
«was to he proved. 2. By the ſame Reaſon CF=FD : And fince 
BD=FE are Chords of the ſame es, it muſt be that CR CD. 
Therefore ECD isIfoceles. The Triangle BED is alſo Ifoceles, 
ſeeing that B D; for Z is ſuppoſed to be a Penta- 
gon: The two Iſoceles have one Auge common at D, therefore 
they are equiangular :*Wherefore as BD is to BE, or its equal BC; 
ſo ED or its Equal BC is to CD, 5 hat i, BD. BC. CD; and 
conſequently, according to the Definition of mean and extream 
Ratio, BD is divided as was propoſed. | 


9 THeor. 5. The right Line compounded of the Side of an Fw 


and that of a Decagon both inſcribed in one and the ſame Cir- 


. 4 is divided into mean and extreme Ratio. Eucl. 13. Pr 


Ler the Side of the Decagon be AB, and the Side o — 
Hexagon BE, has i a Line equal to the Radius BD; I ſay 


that AE is divided i into mean and extreme Ratio at the Point'B. 


EBD is Iſoceles, —_. that BE is 1 8084 equal to the Ra- 
dius BD; the Triangle ABD is alſo Iloceles, and the Angle 
BA or ABD is the Aeobte of BDA. f Now DBA is alſo the 
double of BDE, as being equal to the two . — Angles BED 
and EDB: therefore BRD, and BDA are equal one to ano- 
ther, and taken W ea they are equal to EAD; hence the 
Triangle AED i wherefore, ſeeing that BD divides 
the 1 (44D EDA into two equal Parts, EA is therefore divided 
into mean and extreme Ratio. . D. BY 


N ; ( -orallary . 
B. 1. 51.6 . 2.7. 57 5B. 2. 7. 39. 12 2. n. 39. 
ö IB. 2. . 52. [B. 2. n. 83. 
g. 1. x. 85. $ Sup. u. 10. „ 42. © 


Sup, u. 148. 


| Sup. a, 150. || B. 2. 1. 73. 


„Center, "Fab W 8 4 "thas 2 2 


be e and extreme Ratio, ene Segment AB js the Side Fe 5 Tg: WE 


of 4 F BE 1 hr the Side of * e inſcribed i in 24 „ 5 
| wales is ME Eee 45, 4s „„ 
2 that os c can bu hut one mean- Pranortional as 


AE el AB, and it has beau proved chat, Bf, ther $ide ol the... 8 


xagon is that mean. 
8 1. | A 3 given, to fad the Chord of 56 r 


grres, or To Num. 150. 
Tus Circle is X. and the us is AB, which divide into 
mean and extreme Ratio at D. * Take the Chord BC equal to 


AD, which is the Side o the Decagon required. +. 


1 2. 10 e a Dae op a Line given for 7 57 

9 [V1DE: «hes given Side BCi into mean hay extreme Ratio, 15 * | Eos. 
and joimthereto the mean Part; which gives a new Line A0, 5 „ On 
vided likewiſe into mean and extreme Ratio, whoſe mean part is: 5 


BC; f deſeribe a Circle having AC for its Radius, then will B 
be the Side of its inſcribed 3 ; 8 whereby the whole 2 C - 
5 . "fe 1 3 » 1 
Pagen. 3. A Circ ing gion; to dt ide of a en on, 
or to Laſcrile a Pentagon in a Circle. Eucl;) 4. Prop. 1 ns ma 
„ Havin found. the Side of the Decagon, that of the . 
Fe. cnn is the Chord of double the Arc, ſubtended by one of = En 
the Sides of the n. 2. The Side of the Pentagon may | 
allo he found thus. Beſcribe an Iſoceles Triangle; having its + 
* Angles at the Baſe each double _ at the Vertex, and either 
_ inſcribe that For one Similar therato) in tharginop;Eirole, ü. * 
23 be the Side of the Pentagon ſought. -- 5 
I 59 


»PROB. 4. To deſcribe à tentagon. upon a. given 8 WY” 
Ler the given Side be ED, ſu uppoe the Pentagon to be already | | BY” 
e then will the Method of finding the Lines BD and EF, : 55 , 

diſcover what muſt be done. Now ſeeing that BD is divided into Tx 
mean and extreme Ratio at the Point C, S. that BC equal to BR, 55 
and conſequently to ED, is the mean part, by dividing the Side | 
ED into mean and extreme Ratio, and adding thereto the mean '- 3 2 
Part, there will ariſe a new. Line equal to BD, | divided like- 2 
wiſe into mean and extreme Ratio, whoſe mean Part i is ED, con- | 
ſequently equal to BC. Then as the chree Sides of the Trian- 


ple DEB are known, it is eaſy to compleat the whole Pentageu,”. WE ee, 3 1 


op circumſcribing a Circle about the Triangle.“ | 
Fon. 5. To e a. Mylar! Pentagon let Coxleabo 5 
Kue. . _ . 3 F*** 15 | 
he PE OY 5 ye 5 15 bh 
7 Sap. n. ** 
1 "Sup. 1. 156. Sup. 
Tt Sup. u. 152. py 
"+ . 15 1. 87. 
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5 1. 'In 8 | 5 | 4 


2 Sig. a 34. e 


B. 2. 1. 100 


Bt 8 . by 72 7 IR wa K. A : 
—_— - 2366 1 of Geometry. F 
—_ „„ 27 Jas Is e inſeribe a Pentagon. 2 n ri gut | 
＋ 5 a 15 the Center of the Cirele-thro' the five Angles . ths . 


3 "wg Pentagon. 3. Draw /Tangentst! ' the Pointe of the 5 
=. 3 ny >» . Ference where theſe Lines-crofs*the Circle. Theſe Tangents, « ay N 


_ e is evident, will form the Pentagon required. 4 


—_ 5 Leo Nr 
=_ 5 1 of the Sides of the { SY Kaile perpendicular, 
—_ | the Point where they interſe& 'is the Center of the Circle requir- 
—_ ; | ed, having for its Radius the Extent between the Center and 
—_ . - the Mid le of one of the” Sides of the e which 15 
—_— 2 evident. | 
+ 152 Pos. yo? To eren. 4 Circle about « a Pentagon. Eucl. 4. 
= Fro . | 3 
—_— AVING. by the preceeding . Want the Center of he 
4 Circle; take the diſtance between the Center and one of the 
ET N | | Angles of the Pentagon; a Circle e with that extent will 
_ . be the Circle required. 
_ | 163 Peg. 8. To fen ribe in Karel 'a Ruindoagn, 0 or Polygon 
=_— 5 eg . Fifteen Sides. Eucl. . Prop. 15. 
1 Tux Circle X being given to inſcribe therein a Quindeca n, 
1 IP I. Divide it info fix equal Arcs; the Chord of each of thole 
_—:. > LY Arcs is the Radius thereof. 2. Take two of theſe Ares, thè 
_} : | double whereof is che third Part; the Chgrd thereof is therefore 
"2 a Side of the Equilateral Triangle ABC. . Make the Pentagon 
1 ADEFG, each Side of which is the Chord of the Arc of the 
=.  Circle's fith Part; che Chord of the third Part of this Arc, n 
3 . the Side of the Quindecagon, -five Sides of which make the | 
—_ - . third Part of the Circle, and conſequentiy anſwer to the Side 
Za a of the Equilateral Triangles This . ſo, BE is the Side 
= of the Quindecagon required ; for hide. parts of the Polygon 
_ 8 : "anſwer to AD,” and as many to PE. Hence fix Sides will an- 
BE. ver to AD and DE: Büt fue Parts anſwer to AB; therefore 
> 1; BA, the fixth Part of AE, Wins he the Side of the Quin- 
= decagon. . 
= 104 | Tarortm 52 Tur . of oue of the Sides of a Pentagon i 15 
* = 8 ta the Squares of one of the Sides of a Decagon, and of « a Hex- 
3 1 1 inſcribed in the ſame Circle. Euel. 13. P r 
be. Lr AC be the Side of a Pentagon. Having divided the Arc 
3 * A AC into two equal parts at the Foint B, and drawn the Chords 5 
1 - AB. BC: they are the. Sides of the Decagon, and AF or FC 
1 Nagl of the Cirele, are the Sides of the Hexagon. It muſt be 
1 2 —2 ̃ç—Xnᷓ—2x 
= Wett chat AC=AF+AB. Let there be drawn the Line FD 
5 NG Tricia AR into two equal Parts, and ſrom the Point E let there 
1 be drawn EB; there will be the two Triangles ACF and ECE 
3% which are Similar; for they have the Angle C common; and 
=. 5 the Angle CFE is equal to FACE, becauſe they both contain a 
"= | th number of wh ce . IN 15 we pa * being of 30 
1 V N 
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4 A 7. ; et 1h 8 
= Degrees and BD of '18, DC will be of 54, the Meaſure of the - 
Angle CFD, to which CAE is equal becauſe the Triangle AFC 


2 5 is Hoceles, and the Angle of the Center is 72 2 7 7 Then 
m_ ws cer DEST Similar . A= AF. EC: * Therefore - 


. acc. + Now the e Triangle AEB is Star 


: 3 to ABC which is alſo Iſoceles; fo J. baye one An 3 
= | IBS Ay, and he all the hor ee + AF. 


5 . But | er — ace equal a the Square of | | 


en, for AB+EC=AC. Therefore ACSAFSAB; . 
Cos AlLaxv. Tus A of the Side of a Pentagon inſcribed 165 
N 3 | 75 a Cirele, and the Square of the Chord which ſubtends the Angle 
* © the Polygon joined together, are equal to 1 times the S of 
ie Radius of the Circle. 
. Ler BF the Side of the Pentago n he: ual to b, and BC the 
= | Diameter of the Circle 24, and BD the Nee of _ Ay. 


= OF of the Pente gone It muſt be proved that EP +BD=5;AB, 
dr ss ga. Let there be drawn DC=:, which will be the 
= Side of the Decagon, and will form the right angled Triangle 
BDC. | Then cc ==; but by the preceeding Theorem 
 bb=aa-þce ;' this quation added to the Firſt, the Sum will be 
 bb+dd4+cc=aa+cc+4aa; ſubtract cc from each Side, S Nd 
8 which was to be proved, 

ProB. A Circle being given, to find the Side of a Pentagon 1 
ad of a 4 by a Ache at Ferent from the Former. 
Is r the Diameter of the given Circle be AB, and its Radiys 
= CD Perpendicular upon AB; if there be taken CR half of BC, 
and that ſrom the Point E be drawn ED, and that afterwards be 
taken EF=ED and there be drawn DF ; I ſay that this T9 , 


00 be * Side of e Pemagon required, For BFXFC+EC= 
Fr ED. + But FI D=DC+F, t hence BEXFC+EC=DC 
2 8 e then taking away EC from each Side, BPXFC=DC= 


"BC; and this Equation reduced to 2 Proportion, F it will be == 
BF. BC, FC: therefore the Line FB is divided into mean and 
extreme Ratio ; and ſeeing BC or DC is the wigs. of Ma: Hex- 


gon, FC will be that of the Decagon Re” ' But F PD=DC4CF ;F 
= -* 5p. 1. 10. ＋ B. 3. 1. 5 5 4 B. 2. „ 
= . iS Be Yo 18. e * OE 
Y 5 55 Cup. u. 78. oP B. „ % *» + Sup. 1. * ob 
7 1 J. 3. u. 58. 7 1. 34. 


4 * $ 
up. 3.1 54. Sup. #. 78. 
* 
"A 
11 * 
2 % 
b 8 
5: \ 
* 
1 - 1 
r 1 * *, 
a 4 % 1 * 
7 0 4 
44 
, % 2 
5 - * 8 
21 : EDN 
. 4 | 8 
wn 8 0 8 S * 
e , 2 1 8 ** 
: E 5 - 5 : 
8 £ TS * 2323 N 6 4 
7234 __ . 5 8 0 8 Es 
Y * "ESE * . * on £ 2% > g POL 2 8 2 * * * $5 * 75 LI 
* os 2 ** 23. 0-25 4.5.4 7 n SEES. 
2 oy p | " Xx ar 2 1 5 7 pi a * ah bag 2 ; "TY 8 * * GS " — WIS 8 3 op, 1 
: , * SE 4 e W . 3 3 
—— 2 — 8 = 3 * 2 
= Mt Eo — 5 * LI * — hi _ 
= =_ _ - W = —A K Eid eo. 


An o 

5 * N FR * > NS * 

- 8 n , 
F N * 7 * | Ny > - , 
* ; * Lt 7 8 2 o F Cs . 
p 9 e 
. l * „ 
Y * LY 555 
> 
£ ; _ W Ss y 4 : * * 48 7 
: ' N 5 "© ” - * x; N 4 \ 5 — 5 s 14 ; PF f 9 1 of 8 , 1 12 
2 5 L $4" 3 F5 ok vw E = . A WES 4: 9 5 * : 
4 p ne $2004. 584 . 7 * & 5 4 Se, ; 8 8 Ft 8 OL Y. 6 $ . N 0 : "he $4 
* * 7 > { oP; bot 18. — 5 . . 1 
2 SN — : Ex 7% 3 
: N ky . 4 y y 1 ; 
r El ents of Te0 
* * ö . 4 8 . 2 k 
9 : * : * 5 3 OF 
x; 3 « " H 8 2 _— 7 2 
e S is ide Or the 
. - * Ev! p . : 
„ „ Is V a : . . 
4 eg . =, Fs EN Lf y . Ss 
| Feu e N 


| „ EGS Bah" F 
IE Take 50 = the Radiug of the Cirels,- 50 f nal th "Ry 
RED 8 of Ninety, * to the Side of a Square inſcribed in the | 
Ra  _ Circle; and CE equal to BD. The Line DE will be the Side 5 
„ Pentagon, and AD being the Radius of the Circle, AE 
will be che Side of the Decagon. To demonſtrate the Truth 
fo | thereof, let fall from Ca Perpendicular upon the Radius AB, 
And from D. upon the Center A, the Perpendicular D3 = 
v9 is the Chord of Ninety, to which CE is equal. Suppoſe 
- AB, AD- or fn hence BG=4a. Now += BG. BC,” BF, 
| ©" o that is, == $8: 24; 43 then BE. is half the Radius. But it 
8 appears by the preſent Theorem, chat to find ED the Side of the 
. ntagon, there is made FE=FD, if chen it be proved that. 
** is this Equality i in the preſent Conſtruction, Py is a ſuffici- 
* et Demonſtration. Since N FG will be=3a, the Reet- 7 


7 Sek. that 15 Sec. 3 Now AB: and AD [being 


* 


"FG. * 


each 28, their Squares rogether are De 
baten. 3 equal to. CEE. . 17 chen from CE= 84 be cakes | 
Nga, there will temain aa for e which 75 is allo 


. {ut ſeeing it 7s equal to DA+AF, l. 4. 0 bee, 
Wherefore e N 71 8 7 
, TazoR. 7. Ir three Angles 0 an Equilater, ayes | 
L 0 [of any. how art . 2. i eee Eucl. on, 
„ 
. . the Equilateral Pentagon be Abcpk, which. 1 | 
Ny three of its Angles equal, take them how you will, Dix. A. O. 1 
5 D;; it muſt be proved that they are all equal, that C=B=E. - 
. "Phe Triangles BAE, BCD ODE being Ace wWhoſe equal „ 
5 4 0 C, D are _comprehended — equal Sides, they are 
__ . © every. Where equal; and therefore the Baſes BE, BD, CE are 
Ly equal, as alſo all the Angles formed by equal Sides upon the 
laid Baſes are equal. So lkewiſe the two Iſoceles Triangles 
BEC, EBD having all their Sides equal, they have alſo the 
Angles EBC, ECB, BED, BDE equal. + If to each of the 
| equal Angles EBC, ECB the equal ones ABE, DCE be. added- 
the Total B will be equal to the Total C. The ſame for the | 
| Ange and D, therefore the five gear all AP which „55 
; 25 wat to be heap „„ | 


e St * . Sp 1. whe: ; = Sup. 1. 78. 4 Sap. 1. 5 &3. 3. *. 7 5 
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— 
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portional between the Radius and the Circumſtrence, is the. Side REL | y | ; 3 | 
- a Square equal to the Circle. But to find this mean Propor- © 7» ' 
- tonal, the Radius being given, a right: Line muſt de fauna 4 


_ B known nearly, but not exactly. The Circle may be taben *®. { 


3 he Circle. [Comparing the ſame Polygon, but "conſidered as | e 
2 Circumſcribing one Lich the Diameter, he found that the . 4 5 


than that of the Circle's Circumference to its Diameter; by. 


A " 8 * 5 5 8 n 
R 
Rr 


S FAX.” bs | TR 7 5 : 5 ; DS 408 2 4 
Tur BOREM *. Warn the 1 + a Cirele 3 *s 1 
2 77 22 Sees inſt in the Circle is incommui Me. vith 8 ER, \ 

72 3 : | 3 , 7 e * | LF „ 1 - 
tus, bot is elf 2 in power. 5 ; 1 0 1 , 


. B the Radius of a Circle be a rational Line, divided! into NA = [ 
mean and extreme Ratio, x Which-I ſuppoſe to be the mean Part. 5 
Will be the Side of the Decagon. “ Now the mean Part & is „ 

commenſurable with in i 1 | : 3 1 

Tusa 9. | 1 | 

of the. ited in the Cincle ar 1 
| Hh the 22 — = "thenſehues or it pong Eucl. 1 3- . FL 


Let the rational Line 6, be the Radius of 2 Circle & the 8 Za * 
_ Side of a Pentagon, and Ahe Side of a Decagon, both inſcribed. 4, 4 - 
in the Circle whoſe Radius is 5. Therefore r : LEE „„ 
- them ſeeing. that the Square xx is Irrational, as we dem- | 5 
firated in the laſt Theorem, the Square zz cannot be rational, 5 e 
eonſequently its root & is Irrationdl, fince that eyery Square which e | 
1s not equal to a' Square Number, cannot have For Wwe _ Vo 
S a hes o an N as we n | ö =} 


C IIS» Pos 6 "+ FE $i. 
8 5 Y 


Or te Wb, bY the Gece. N Re 5 . 1 | 1 4 

W have ſhewn * that "the Surface of the C Circle is Equal to x = ly EE 24 
2 Triangle, having for its height the Radius of the Circle, and 1 ; — 
the Circumference thereof for its Baſe; therefore a mean Pro- „ 


equal to the Circumference, which cannot be done without . . 
knowing the Ratio of the Radius to the Circumference, which l 1 


for a Polygon whoſe Sides are infinite; therefore the moſt exact . ys 
= leaft eficient Method of finding the faid Ratiò, is to take 5 
1 Polygon poſſible; and to ſee what is the Ratio of | ERS, 
ircumference with the Diameter of its circumſcribing Cir- 1 
> Archimeges conſidered a Polygon of 2 „„ 13 
8 of which to the 8 of the Circle is as 223 | „ 1 
irs which Ratio is leſs than that of the Cireumference of tie 
cle to the Diameter, the inſeribed Polygon being leſs than | | 


atio of one to the other was as 22 to 7, which is greater 


reaſon a  circumſcribing Polygon is prexter than the ay 
6 Sub. v. . # Cap. . 140. b + Sap. Lo Lach | RR 
$ Sup. 1. 118. I 1. 114. . % 1 


* 2, ut 154. . 7 B. 3. . 147+ ; | ©. 


88 


a 8 8 * SEN PEEL 5 * 
n 88 C 25 8 1 9 
WS TEST MIS OTROS. Pg ie eg} nt ; ** 
e 8 LIE Ka hi 


MEE 1 
JD : 1 8 « 4 = 
0g 7 \ Wer"; Po of; 8 g 
2 2 os 2 2 N Os n 
= VVV 1 . — 1 . TIES ates B+" 
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VVV 
—_— . Tees is therefore two Ratio's ( £5 ). that of 223 to 71, and 4. 
_—. -.. | - +<©*: of 22 to 7, one Of which is leſſer, and the other greater th aan 
che true one required. Recipe thats ee and the 
OTE”... „ ad ag 
. 3497. Marine thenfote bs the I Diameter of 1 
Parts, the Circles Circumfererice will be greatet than 1561, and 


leſs than 1562. > Dividing unity which is the difference of theſe 
duo numbers by 497, the Quotient es ſhews that the Difference 


| -Which each nümber differs from the true Length of the Circum- 
ference, is leſs than I part of the e ; Wet! is but a 


__ Thoſe w : 5 8 ai more 5 96 
172 8ides, have found an exaRer Ratio. Pell conſidered one of 256 
| Sides, Sasch of which is leſs than 24545, b be the Radius 

* of the Circle to be of t000000 ;. the Ag Semi- circumfe- 
rence of the Polygon is lefs. than 3141760. If the Diameter of 

. _ the Circle was therefore 1000000, the whole, Circumference of 
+ ihe circumſcribed. Polygon would be to the Circle leſs than 
314156. . Now the Calculos contained in a Work printed at Am- 

ſterdam in the Vear 1647, ſuppoſes no extration of the Root: ; 

and i is N N hs following SOD: | 


5 Tagen. 3 | Ns | 
717 UNA ws 7, ts Eno ip +.» * 


"BC bein hs "Tangeiit of an Arc leſ fs PIT are Degrees, 
1 * BD: the” Tangent'of a double Arc; BC is to BD as the Square 
51. the Radius FR OA the Square of BC, is to twice the Spe 


—2 

ef che Radius AB; il mut be demonſtrated that BC. B AB : 
12 AB. Seeing the Angle BAD is ſuppoſed double BAC: 
then a AB. AD: BC. CD; +, and compounded, — AD-+AB 


5  _ —2 —2 


{orDB) + : BC. B. 4 Wherefore AB. BE BC. BD. ; Alur- 


* —2 —2 —2 


"nately, AB. Be BE. BD; then droidedy, and compuundedy, ry 
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8 I * 2 C. 2AB 1 . Hence it remains to o be de- - 
; N = 0 | monſtrared that DE—BD. 2DE: Be. BD, for then AB+BC. 
3 AB::BO. BD. | Seeing that two Ratio's equal to 4 Third aro 
. WE! 2 | 121 | | 5 5 one to another... Now DE=AE+2AEXAD+AD- al 
_ * AD=AB(or W * chen N 


ET | B. 3. n. Dy I. B. 3. 2. 20. 
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Book vi. Seen. 6 „% - . 
ging BD Sobre Side 8-5. be, 
. No- 24k 2AEXAD=2AEXED: 25 2 Then DB-—BD 


=2AEXED. Theſe two 3 beetle, ED have. 


| AB of ABiow ED, Now 4B. Bre. "8D; ther therefore DE 155 


—BD equal to 2AEXED i 18 to 2ED as BC to BD; ; which <vas 
' tt be ſhewn, L 
N iP the Archimedian' Proportion of che Circumfe: 173 
55 of the Circle to its Diameter, viz. That of 22 to 7, % r 
to 14, or 66 to 21, which are each the fame, ap gs | . 
of the Circle is to the Square of its Diameter as 11 to 1 
kk the Circumference of the Circle be called m, and the Ron 4 
ter 2, multiply 1 and u by wn, | then mn. nn. m. u. + and ſceing „ 
that mm. 7::44. 143 then un. nn; 44. 14, therefore the ne : 
Part of un is to vn as 11, the fourth Part of 44, is to 14. | 8 
Now the Quarter of um is the Surface of the Circle, & this Sufr- . 
face by therefore to an, the Square of the Diameter, as 11 « 


$ + Hence the Quadrature of the Circle would have been 1 171 N 
if the true Ratio "of the Circumference o the Diameter bad | | wh 
bf) as 22 to 7; but this Ratio is not. exact, and what is | „ 
the true one is not yet known. Nevertheleſs this ©, nagar Er , 
partly known, that is, a Portion of a* Circle 1 ; | 


= to 2 reclilinear Figure ; for the Triangle ABC ET ght 


cles 3 


ngled, the Semi- circle ADBE i is equal to the two Semi Al 

GB and BFC. 5 then taking away the Parts which are com- EN 4 
mon, wiz. ABD and BCE, there will remain AGBOA Ad 
CEBF, which: are equal to the Remainder of the Semi- circle „„ Goto 
ADBEC, -which remainder is the Triangle ABS. It alſo ap- 5 


| to the Eye that the Figure AEBFCDGH, is equal to the 
Square ABCD; for by copſtrattion the Parts AH =AEB= 
| B I 
| The Figures th emſelves ſhew_ that a Triangle circumſcribed 
about a Cifcle is Quadruple of the inſeribed one, that 4 circum- 
ſcribed Square 1 is double the inſcribed ; one, that the circumſcrib- 
irg & Hexvgod is to the inſcribed one as 4 to 3. Obſerve here by. 
SH the Way, that to divide a Line as BE Geometrically into three 


173: 


equal Parts, make the Side of an MILLE Triangle inſcribed _ fn. | i 
135 in a Circle, then having” made the Hexagon and divided the | e bo. = 
: Sides thereof by Pe ndiculars, you will ind that the Perpen- . - | .,— 


Sicufars will Wvide E into three 8 parts BC, CD, DE. 
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42 The nllouing 5 3s a CE 3 qt 2 r 
ente Ades of what may be known in this mam. 


90 (Wu of rawviinforibed.P ohge « ove bat. taviee'@s many Sides. as.- - 
the ather, the Greater. is to the 245 ers, a he. Kaan, WL the Circle 
I tb the Aolome of the lefſer Polygon 
Z is a Polygon whoſe * is AB, and X ren 8 
having twice the Number of Sides. The Surface of Z is equal 
0 as many times the 4 DAE, as Z hath Sides; and it is 
e DOE bang e e theſe 
riangles, will give the Surface of X, which is to that of Z 
a 22 the Rhombus AE CD is to the Triangle DAE, Now theſe 
— 3 two Figures * one to another as the Radius AC is to AB, 
RS. Which is the A tome of Z; for the Surfaces of the two Tri · 
N 9 angles DAE and DCE, which have the ſame Baſe, are- one to 
1 An sther as their Heights AB and BC; ſo of all other Polygons, 
WE 7 . * of which one has twice as many Sides as the other. . If the 
. Polygon X is divided ſo that it may have a double Number of 
5 Sides, which I call Y; it will be che ſame: And it is roper to 
bHhbſerve, that the firſt Polygon Z, is to the Third as the 
: 20 Rectangle of the Apotomes of the Firſt and Second is 4.7.58 
280 Square of the Rauer which I demonſtrate thus. Let hy, 
eel Fe Apotome of the Firſt be called ; that of the Second 1; and ane 


5 e nn eee 


„ be e 355 ing Silbe FA wy Antecodents wy 
3 Pp Confequents by the Conſequents, ZX. XY::mm "Now 
880 ZX. XVI. Z. V; chen Z. V:: 3 The belt Pöhygen 2 48 
to the Third Y, as mw, the Rectangle of che Apotomes 9 
Firſt and Second is to * the Square 0 of Radius. 
277 The ſame Way it is N Po the firſt Polygon: is 1 
the Fourth, as the Solid produced by the Apotomes of the FUR. 
Second and Third is to * „ of the Radius of the irele, 
and ſo of the Reſt; ad. inf. The Apotome of an inſcribed 
| * Square is the half of one of its Sides; hence a Squ are is to an 
2 g Sa as the half of one of its Sides i is to the Radius of its 
„ * Circle; or which is the ſame, _ 45 one of the 
| © * Sides is to the Diameter of the Circle. Where fore it is jultly 
. concluded, that an inſcribed Square is to. a Polygon of infinite 
Sides, doubling always the Sides, hat 75, of à Square is 34 
„ Octagon, oO Octagon, a Polygon of ſixteen Sides, , and ſo 
. on which Polygon may be conſidered as a Circle; it ma may, 
5 9 be FER that the ny is to the Circle As, A 952 
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| any thing; for beſides the ſurd 's 1 
Which we frequently meet with, the Radius and Diameter are -— 

oY = diviſible ad. inf. Therefore the Number of all the Apotomes 2M 
cannot be comprehended. In fine it is therefore impoſfible by - | Pr 

| this way to reach from a Polygon to a Circle ; this Figure is | 3 

therefore incomprehentible, altho it be the Si of all Geo- TS 1 
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5 1 Or 3 of Planes, 
= 58+ ADFERTISEMENT. | - | 


<Vizy Solid of what Sort ſpever i it be, may be conceived as 
compoſed of different Planes placed one upon another ; or as 
„„ cribed by the Motion of one only, moving in a certain man- 

| ner. Alſo according as two or more Planes interſect or 


Et they form Solids ; w h obliges us in treating hereof, to | 
Eo with the meeting a ad Section of Planes. | 
| N. B. "The References to the paſte board Plates o u thi 


Ls of | ark are denoted Y the Letters F. . f 
2 1 Ev IDENT Propolitions concerning Planes. | 5 


5 e 1. A right Line in moving x ding L i right 
. Line, which is at reft, and keeping with it one be Jame Poe 
Os = tion, deſcribes a ſuperficial Plane, or fimply a Plaue. 
: N Tuis Superficies hath all its parts equally placed between its 
-  Extremities ; for they are uniformly ur And that which 
makes the Difference of other Syperfcies, which are not Planes, 
7 is the Way by which they are generated, a right Line may be 
. | every way applied to it, as is E to be declared. 
| Proy. 2. A right Line may be every my applied to a | plane 
* Surface, * will agree with it. 
3 Wee ur face of a Plane is the Shortef that can be 
go on Los - en the Ends or Bounds thereof. 
: 785 : Plane i is compoſed of right Lines, which are the Stiort= ' 
eſt that can be conceived between their Extremities. 2 
5 - Prop. 4. A Plane raiſed upon a Plane is Perpendicular * 
| 4 won, when, it inclines a0 more ig one Side thereof than to the \ 
other. _ 
5 nor. 5. A | 
5 at an equal Diſtance one rom the ether, * awhich being produced : 
ER | - evill never meer. | | | | 
| : b | 5 ; . | E. op. = 


a "LP a ; Boos: V. . 1 


= oe. 6. 4 Plane -wmp * 1 or conceived a 7 frod, 
1 ot ab irs Sides, as wich a, full be nei 
1 Tr. A right Line cannot be K | 


2 
4 


4 ale.” Ell. T1. F "I 
| © Fox. if it were, then this Line cannot — > ied + to the Plane 5 

y ; - and agree with it, therefore according to the ond Propoſition, 

' HF the Plane would not be a Plane. Befides this, it Ray be conceived 


PF - thatthe Part of this Line which is on the Plane being prolonged, | 
8 Will always remain on the Plane, is — 2 


dat which is our of it; notwithſtanding theſe two Lines having 
1 ' two Points common, they cannot be different.“ 


Por. 8. Two right Lines that —.— may be conceived in 2 f 


* Plane. Eucl. 11. Prop. 2. 1 
"Taz Lines DB and EC interſe& ; having drawn Hines | 
between AB and AC, there will be 4 Saen, ich is a 
Plane : for a right Line may be applied to it, and this Super- 
cies is the Shorteſt that yr. be conceived between the Lines AB 
and AC which are upon the Plane; which being produced, if AD 
and AE which are 58 of the Lines BD and EC, be not found 
in the ſame Plane, BD and CE are'part-u n it, and pare above | 
it 7M. which keygen "Tra 3 be impoſli 712 Me” 
| gor. VERY Tri e ev as contain 15 i 
| w - Conſe 1 Wpostion. 5 
; urs is a Conſequenee of the pr ing P N 
'  " ProF. 10. Nr Section or meeting 75 be Planer; is 4 
bt Line. Eucl. 11. Prop. 3. 
1 * and Z, interſect. The Ends of their Sechon are the Point 
55 E and F, between which there may be drawn a Line upon Z * 
and one upon X. If theſe two Lines are not one and the ſame 
J Line, then there may be drawn between the ſame two Points more 
5 than one right Line; which is im le. + therefore the Section 
Y of two Planes can be nd other a that of a right Line. See 
F. B. Plate 9. fig. 36. or 37. 
Tuo. 11. A abt Line fs as AB raiſed upon a Plane * 
© ought to be looked upon as a Perpendicular æuben its End is equally 1 
4 ant from the Were mference of a Circle; deſeribed about its End 
. as@ Center, and it 5s not, it e 
EY | Giculay, 
Tuts is ene to the Nature of a Perpendicular Line, 5 
which inclines not more to one Side than to the other. 
Pop. 12. A Line ſuch as AC Perpendicular upon the Plone * 
5 being concei ed as carried by a direct and regular Motion accords 
| to a right Line ſuch as AB, it will make the Plane Z, which Wi, 
be Perpendicular in all its parts u the Plant" Xi 
7 ©" BROF. -1 5 Ir the Line ED, icular upon AB; the Section, 
ob > of Z: and A, is . , all the Plane 2 1 Perpendi- 
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4 
Fon the Pas Z map bs ger. deſcribed b 


che d 5 
uniform Mation of DE apon AB; therefore by the preceed- 
9 Propoſition, the Plane * Pe e en the the Plane 


, Tunonan: 1 ” tw 772 either Prall or . 
bart ia one. aud the ſame Plene; or between-a, Line and. a. r can 
Be conceie/d but. one and the ſame Plaus, i in. which is. cuntain d ex 
right Line. that is dranun-butuens any tao: Lines of that Plane. 

Fon if there conck be conceived: two Planes, de l be | 
greater or leſſer ; which cannot be, fince every Superficies that 
is not th leaſt:berween its Bounds, is not a Plane. they are 
then equal; which being ſo, they are not different ; For if it be 
ſaid. that: thay are placed one upon. the other, as they have no 
thickneſs, they | As" make. only one Plane. 

1 Tusos. 2 7 47 75 that. agree 0 three Points which art 
2 nl ons the ſanm Line, 8. entirely. : 
* —— two of the . — * be conceived o 
2 Line. 2, Between this right Line and the third Leit 
y the preceeding Propoſitions two different Planes cannot 
r ; e the Part of theſe two Planes between 
ene Points is one and the ſame, conſequently if this p 
i e a it will be only one and the ſame Plane, therefore 
' theſe two Planes are not 
6 Corollary. THEREFORE. the Poſition of Fay e only 
upon three Points, which are not uper one and the ſame Line | 

Ox which is the ſame, three Points auhich are not upon one and 

the ſame Line being given, the Plane is given. 
HEOR: 3» Ir B, the Top of ebe Line AB raiſed upon the Plane X, 
17 ;s equally diftant from C, D, E, three Peints equally diftant from 
its Foot A, it is Rextwadiculay' upon X. RE 
11 In the Plane X ſu e a Circle at an equal Diſtance from 
B, paſſing thro' C, D, E, which are +, e at equal diſtances 
from B. —. Let us noma 2 8 8 an frag Center is A, 
as paſſin three Points w the H e- 
ſis, are fo. hw diftant from A. Theſe L reprn 
Same. + Therefore AB is Perpendicular upon-X ; f wvhich avas 
to be proved. 
ig | PROBLEM 1+ From a. Point given above as B, to let -_— . 
f rer Point K k 11. Prop. 11. 


(ne Fig. ) | 
Daaw the. two. 1 Lines CE and DF at pleaſure, and ſet . 


one foot of the Compaſſes upon B, with the other take the Points 
r equally diſtant, thro which draw a Circle, { to the 
Center of which draw a Line from B, which will by the 1 70 
ceeding Theorem, be the Perpendicular required. 


oY 


| Theorem : 
2 Cup. 1 . n B. rn. 88. t Sup. n. 1, 
1 . 1. 187. 0 8 = ? 2 | 


ee eee mp 
n 4. Is Ehe h Perpendicular apott the Pole of len- 


on of two Lines hich are. uyon a Plane, it ic js lileeviſs upon the 


lab; Plane. Eutl. 11. Prop. 

Fon having taken Points in the two Lines on each Side the 
_ Interfefting Point, equally diſtant therefrom, the Top of che 
. ard be eh od onde 
Wa: are. upon 8 be 

dicular upon the whole Plane N 

Tarox. c. Tur ür Line AD, and alt other FR b the Plans 2 


_— thro' 4, the Foot of the Perpendicular AG, upon the Plane," 


ir Pirpendicular upon AC, or AC is Perpendicdar upon all the right © 


Loads of the Plane: 2 Z which paſs thro” 4 
-FzoM A the Foot of the P calar AC, defcribe 4 Cirela 

X, and produce. the Line BA ſo that it may cut X in D and B. 

If C, the Top of the Perpendicular AC, is not equally diſtant 

from D and B, then AC wall not be Perpendicular upon AB ;$ 

But alſo AC will not be Pe ar upon the Plane Z; $ 

is contrary to the Hypott A therefore meets AC Perpendt- 


_ cularly ; as doth likewiſe every other Line of the Plane Z, — 


thro* A. 

Tuzon. 6. Ir a right Line AC meets three other right Lines 
. AF, 40 Perpendicalarly. at one and the ſame Point, tht three 
Lines are in one and the ſame Plane. Eucl. 11. Prop. 5. r 
Figure.) 

7 AB and AP be in the fame Plane Z, ant that AG is not, 
_ In another Plane. Let a third Plane Y be conceived to 

AC and AG, and which being prolonged will cut Z; 
A Lin AC will be Perpendicular upon the Plane £5 and 
therefore alſo upon the Section Line of Z and V, it is 
upon AG by Le Suppoſition, therefore upon AC and at the ſame: 
Point A, there will two Perpendiculars, which cannot be. + 

Pros. 2. To raiſe a Perpendicular, upon the Point A in * 
Plase Z. Eucl. 11. Prop. 12. (ſame fg. 

From the Center A deſcribe a Circle; every Line that is let 

fall from a Point at an. equal Diſtance from the Circle, is the 
Perpendicular required. 4 » bs be 
HEOR. 7. THERE can be but one nal from t ſane ,, 
Point upon the ſame Plane. Eucl. * * 132 

- Ir there can, let us conceive that the two Lines AE and ry 
e to be Perpendiculars and raiſed upon the ſame Point A, 
and that X be deſcribed from A as a Center: The Points E and 
C the Tops of the two equal Lines AE. and AC being different 
cannot be equally diſtant» from the Circumference'of the Cirele 
. therefore chey are nat both e upon the Plane 

Hu Theorem 


8 5 Sup. n. 11. * Sup. n. 19. | 
70 Sup. u. 20. + B. 1. . 49. 1 ga 10. 


* 4 
s 
2 


BR 
. Tauzor. $. «From. 42 cams" Gy — 5 
Ih one Perpendicular 2 the Plane. F hon — 
Lzr A be the Point given above 4 Plane from whence there 
is ſup + wry to he 2 do Perpendiculars, zz. AB and „ - 
join lower Ends B and C. by the Line BC. The thres 
Points A, B, C, form the Triangle ABC which may be conceiv- 5 
ed_to be in one and the ſame Plane The Angles ABC and 
Ach formed by the PPT 6 baggy AB 21 AC, are right ones; 
3 hath more than, two right Angles 3 wit kich cannot 
Co ROLLARY-. Is _ 1 — ms 1 is Perpendicular upon. 7 Plane © 
25Z, and that from the Point A in the Plane X, be lit fall a Perpen- = 
digular , upon Z, it aol jolly Mts, Seftion 2 e N. 
Eucl. 11. Prop. (ame fig.) 
Ix it be not ſo, a that a erpendicoler fl fall from A upon 2 
out of che Line MIN; let fall ularly upon MN; 
cherefore as B.is in the Section of X Z. there is upon Y two 
Perpendiculars AB and AC drawn from one and the ſame Point 
A; which has been ſhewn to be impoſlible. 
26 THzos. 9. Tu Perpendicular Line is the Shore, that can te 
Saws upon a Plane from. a Punt without che ſame. 
Tus given Point is A, the Line AB is Per ndicular, AC j is 
a It muſt be roved that AB, is ſhorter than AC, To do 
which join C and 8 by a right Line. The Triangle ABC may 
be conceived to be in one and the ſame Plane. T Now AB Fer- 
pendicular upon BC, is ſhorter than the Oblique Line AC; þ OF 
which avas to be proved.. | 
CoroLLaky. THEREFORE..the Zane OP a Plane, £7 


27, Paint which is out of the Plane, ought to be meaſured by. a Fer- 
cular. 


Br reaſon the perpendicular i is che ſhorteſt Line, and that 
| there can. be drawn no more Hoa, one. 
THEOR. 10. 5 0 Lines being Perpenditular upon one and the. | 


lane. e they may. be conceived a being in one and the ſame. 


1 us conceive a third Line BD to be drawn by the bottoms 
of the two Lines AB and-CD which arg 2 endicular upon X, 


D. as moving uni- 


upon which third Line let 'us conceive "ch 10 F 5 - ſt 
ch will thereby c 


formly and always Perpendicalarly, 
tute à Plane, || 2. E. D. | 
Tukok. 11 AB and C ſame f 3 upon X, are 
29 parallel ; and if one of: the two 5 is Perpendicular 1 the 
Plane X, the ather is ſe likewiſe. 11, Prop. 6 and 8. 
1. Lr the Line BD be drawn 8 the. bottom of AB and | 
CD, which Lines are Perpendiculay upon BD; therefore 
dhe three Lines AB, CD, BD may be in one and N | 
| ne. 
Sap. u. 9. + 0 275 70% Ser. 1 9. „ 
3 3 
® Sup. u. 20. 


A v. l 1. . 

„ Therefore AB and CD being Perpendicular BD, 
ene 2. If AB and CD are Face tad that. 
- AB be Perpendicular, I ſay that 9 is ſo likewiſe; for ha- 


143 


ving drawn BD, the Line AB i- 


therefore CD 


parallel to Oy 


ED; 
"alſo Terpendicalar —_ 


BD; $ which was tobe prov 


— — 
—— — 


Tuo. 12. Tux 2 255. the ws iber 2 and X, which , —_— 
— upon T7 ts a free, upon he ſame Plane > 


. Focl. 11. Prop. N a | _ 
e Tur Section is 2 right Line, and ſeeing the Planes Z = 
and X are P ar upon V, the Line AP inſomuch as it is | 
. conſidered in 2 cannot be conceived as leaning more on one 
_ fide thereof than the other: And by the ſame Reaſon, inſomuch 
as it is conſidered in X, it cannot be conceived to incline more to 
to one fide of the Plane than to the other 3 wherefore it may be \ 
conceived by the Means of three Points in the Plane Z equally 
diſtant from P, which are alſd equally diſtant from A; therefore 
Ab is Perpendicular upon the Plane V. 
 'Tnxor. 13. Tux Seien of | X and Z being Perpendicular uþ- ,; 
| on 17, theſe two Planes and all others aobeſe Section in AP, are Per-3* 
pendicular upo pen T. Eucl. 11. Prop. 18. (me fig.) - 
Fo all theſe Planes my. 8 e as generated by the 
Motion of AP. + f 
Turok. 14. It three Phints in one and the ſame Plane, and X 
/ not upon ene and the ſame Line, are at eee a K. 
* Plane, theſe bros Planes ane parallel. 
Tur Poſition of a; Plane depends only upon three Points; 1 . 5 
1uently if three Points o Ps nod are equally diſtant from ” 
= — Plane, all other Points. of theſe two Planes are at an | | 
equal diſtance; therefore they are Parallel. 
. ©" Tuzor. 14. Tux Planes X and Z being Parallel, if the Line 
| AB is Perpendicular upon A, it is ſo alſo upon Z. And if AB 1733 
i? 1b NX and upon. Z, the two Planes are. Parallel. 
ucl. 11. rop. 14. r 
Ir it is ts AB is Perpendicular upon X and not ſo SE. 
n Z, let us ſuppoſe a Perpendicular at the Point A to be raif”. = 
Wn Z ſuch as AC, which is ſhorter than AB. 5 From | _ 
- © conceive a Pe ndicular upon X, which is alſo ſhorter than 47 = 
AC, therefore yet more ſhorter than AB; hence the Point D ap- i 
proaches nearer Z than to A; therefore 2 and X not being at an 1 1 
= array they are not Parallel; which is contrary to the 5 h _  _- 
theſis, Therefore a Line which is Perpendicular upon one 1 'Y 
of 5% Planes, is ſo upon the other. The reſt is eafp. 1 
Tuo. 16. Tur Sectian, AB and CD ef two Parallel Planes 4 
e by 4 third. Plaue, are Parallel Lines. Eucl. 11. Prop. _ | 


| | * Cop. n. 38. + 3. 1... 68. r Sup. u. 20. 
. $ B. 1. 6h | Sap. n. 10. . 
= * , 17. * Sup. u. 16. 


+ 8 . 12. 
FT 1. 1. 53. = 


n 


1 Falter 


„„ which chey arc contain'd being prolonged, would alſo mort, thare- 
dee d nö contrary td the 8 on; thereſt it 
5 cannοt be ſaid, that AB and CD are not alle. e 

75 Turnen 17. Rien Lines which are Parallel to 1 
£2 — Line, ali en diforunt E lunes, are Parallel e be 4. 


7 uber. Eucl. 11. Prop. 9. 
„ Aol » e another; ee 
dae Parallel; 1 ſay that CE and DF are parallel to each other. 
 _ _ From the Point B upon AB raiſe BC and BD Perpendicular, 
_ _ -  eroiing CE, and DE, at the Points C and D. By means of the 
1 er ery Fr rongning] @ Flaus 5 + AY I er | 


—.— enn 
1 colar upon the fad e | Parallel. e en dens * 
e Aw W es gon 
Bonk. 3 
- tis Lines inthe 


1 19 8 i: ah aps C 1e Plate N | 
V BC, and MN upon the Plane Z: It EIS proved that the An- 


5 
1 
hte 


r 


Sie CBD is equal to MNO. To do which, "draw DF and.CE 
__ , "Parallel o AB. Since that Parallels between Parallcls are equal, | 
. for they conſtitute the ſame Angles, | conſequently 2 n? 
LEE ſince CE is Parallel to DF by the 
1 therefore BD=NOQO, and BC NM, and 


TED | the Triengles CFD and MNO are equal and fila, ee 

the Angle CBD is equal to MNO; 2. Z. . 

TTTVTCTTTTCVCCCCCCVV cet eat the 
„ BT Point 4, and are Parallel to tw other Lines ED and DF aubich _ ' 
— - cet. at D. if they are not 4 = ore and the ſame Plane, the Planes 

EE BC and AE, are Parallel. Eucl. 11. Prop. 15. „ 
„ 85 From A let there be drawn a Perpendicular upon the Pane 
BF which it meets at the Point G, from which draw GH paral- 
Tel to DE, and GI parallel to DF: Then by Theorem 47, + 0 
8 c F eee r 5 
8 ing ian, Perpendicular u and upon 18 

| of dan: pany wr . 

1 5 hence the two Planes muſt needs be 
| for.if thay were not, they ( bei produced) od mon nie 
. Point or other, from whence might be drawn right Lines to the | 
. Points A and G, which therefore are not Parallel, contrary to 
88 1 3 N 
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5 BOOK V. Ser. 2. _ 145 
e Planes ie ought to be {o.upon all the' Lines drawn upon p 
chem thro' eiae A nnd 2 bib ene if copy nes 


cou d meet: 4 
13 ig 20. Two ri Lines * cut 2 parallel Planes, os, 
„ Proportionally. 2 11. Prop- 5 | * 


Lar the two right Lines be AB, ED, by three 
Planes X, V, Z, at the Points A, L, B, D, M, C; I A 
they are divided Proportionally, that ia, AL.-LBuCM: MD.- 
For upon each of the 3 ; Planes X. and Z, the Points of 
Section are joined by the righ AC and BD, and the Dia- 
 gonal AD being drawn in e Plane Fat the Paint N. from 
which: are drawn the Lines LN Mans the Points of Sefti- 
on Land M. The Triangle ABD may be. conceived in ene 
Plane, +-as may alſo that of ADC in another, if it 5 * * "I 
Same; each of the Planes of theſe Triangles bein 
lel Planes, the Section Lines are Parallel, * 4 
. to their Baſes, Ad e LB::AN. 
N.; CM. MD, 5 and conſequently AL. LB::CM.” MD; 
Gn ns a If here. had. berg wo Planes | | 
more Lines, it wouls have moon: the lame bing . 
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FEY three or herd 1 ane . l are 1705 di ferent 

Planes, (or which have not one and the ſame ſe ) meet at 39 

- Pertes, the Angie which rhey conſtitute is called a 2 An- 
Two plain Angles only cannot form'a Solid Angle ; it 

Aan dee plane Angles, Which croſs or meet about a Point, 

like a well cut Pane. 

Dr. 2. S0 Ups bounded by Alt Surface or e 
iB. are called Parallelopipedons. P. B. late 7. fig. 20. 40 
wee? Sol 1Ds contained between Planes all fimilar and : 

called rA When the Figures which bound them 41 
2 V, and all their Angles _ they ore called regular 
Pi. "A: popula $413 different nd partir i 
Er. 4. A regular Solid receives a 
None, according to the Number 57 its 885 or Surfaces. 1 8 
| 0 8 
Sup. . 20, + 1 8 + Sap. 1. 134. 3 
„ . E 
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i it is bounded by four equal and Equilateral * 
are 1 eld 4, eee 2 5 7 752 . 
2. HExazDRON, or Cube, cuben it. i equal $, es, 
+ Be" . . Plans . r e b 2 qr 
3. Ocrozpron, auben bounded by tight equal and Equilateral 
eg let. P. B. Plate 1. fig. 4 
8  Booreaupuon; when it's bounded by twelve equal and aqui. 
lateral Pentagon P. B. Plate 1. fig. 6. 
Icos AEDbRox, when n 20 _ and equilateral Tri- 


bes; P. B. Flate 1. bg. 5 
e bf 5. A Line whoſe Top is e and its bottom made 

43 % move round i Figure. ' 1. if the Figure be a Polygon, the Line 
avill deſcribe a Sol.d, which is called a Pyramid; fuch as ABCD. 
2. If the Figure about which the bottom of the Lint moves is @ Cir- 
cle; the" Solid generated thereby E '@ Cone, as X P. B. Fu. 

2 " fg: 28. and Plate 8. fig. 31. 
Is theſe Figures the Line . from the Vertex to the Cen- 
ter of the Baſe, is called its Axis, and the Solid is called either 
Night or Oblique, according as its Axis makes either 2 + and or 
an oblique' Angle with the Baſe. 
3. Ir the Top of the Line, which deſcribes the Solid is not 
unmoveable, but that whilſt its bottom moves round the Baſe, its 
top moves round a Similar, equal 3 and alike poſited, ſuch 
as I it is a Fri . P By! Plate 7. Ag. 19, 21, 
2 Oc. | 
+5 Baſe is a Circle, it will be a Cylinder, loch as 
1 Dar. 6. Ira cura revelues about its Diameter, it deferibes a 
„ Sphere, the Diameter of which is called the Axis thereof; the 
Center of the Circle, whoſe revolution males the Sphere, is the Cen- 
ter of the Sphere; the Lines drawn from the Center to the Circum- 
. ference are the Radiiz thoſe which paſs tb the Center and - 
nate at the Cyan ne Diameters. 
Dkx. regular 0 reveloing about a ri Lone 

45 wobich eh thro) its e 9 is called a 8 5 Lov 

that is, 4 e Sort or Species of a Sphere, ſuch as is X and Z. 
6. Dr. 8. A Solid . A is ſaid to eee about another 

#” Solid B which it contains, if it is the leaft of all ſimilar Solids 
ow of containing B; or rather, if B is the 1 of a all Ani. 

lar Solids which Ab A ts capable of containing. 

475 Dur. 9. A Solid B is aid to te inſcribed in 8 Solid A in 
aubich it is contained, if it 5 the greateſt of all fomilar Solids that 
can be contained in. A; or. which is the Same, if A is the leaf of all 

. ſimilar Solids that can contain it. 
48 Dar. 10. A regular Boay is that which is 13 by 5 
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„ TuronEA * — folid. An * is ! under three Mane | 
| WM 0X. . any two 0 £5 theſe 7745 hes tn OP. are aue 
5 than the Third. 11. Prop. 20. 
- Tus three plane Angles. BAD, BAG, CAD. make a Schd 
- Angle; it * be proved that two of theſe plane Angles taken 
Wt together are greater than the Third; as for Example BAD 1 
BAC TCA, chere is n0 leſſer Plane than BAD, between the - = 
Lines AB and Ab; therefore the reQlinear Plane BAD is ä _ 
7 | lefſer than the Curvilinear one ABCD. In. the ſame manner it == 
15 _ 4s demonſtrable, that the plane Angle BAC is leſſer than BA | 
and CAD together. » 
5 Corollary. Tur Sides of three plane Al, e make a. . 8 
| lid Angle, being taken equal, the Baſes of thej 2 Plane Angles, 3 on 
make a Triangle. Eucl. 11. Prop. 22. (/ 
CE =. Ler the three Lires AB, AC, AD, Sides My lane 
_ KF Avgles, which make” the ſolid Angle A, be taken 15 | 
muſt be demonſtrated that the th Tune BC, CD, B. FF | \ 
of the three, plane Angles BAC, CA , DAB, "make a Triangle. 5 
To do which it is __ that two of theſe Lines taken toge- . ON 
ther, are longer than the Third. T Now this is ſo, for the two 
Angles of which theſe Lines are the Baſes, are greater than the - 
Angle which is upon the Third ; and conſequently this third 


Line is ſhorter. f Ne LS 
Turo. 2. ALL the Plain Angles which comprize a ſolid Angle, „ 1 
are together leſs than four right Angles. Eucl. 11. Prop. 21. 1 _ 
1. Ler us begin with che fol Angle A, compoſed of three ECT, — 


Planes: by the 1 Theorem the Angles BCA+ DCA 
are greater ed! the Ange. BCD, and likewiſe ADC+&DB : 
ater than CDB; as alſo. ABD ABC greater than DBC. 
Hence the ſix Angles at the Baſes of the three Triangles which | $ 
form the ſolid Angle A, are greater than the three 5 of 3. | 
Triangle BCD, bat is, greater than two right Angles. $ Now 
all the Angles of the three Triangles which form the {aid ſolid 
; Angle A, are together equal to fix right ones. || If then from 3 
Z that Sum be taken more than two right ones, the Content of the 755 1 
fix Angles at the Baſe, there will remain leſs than four right ; _ 
_ Angles for the Content of the ſolid Angle A ; aubich aua to be f - = 
proved. 2. By the ſame Method it is ſhewn that the ſolid Angles 9 
formed by four Planes, are leſs than four right ones. 3. It X _ - ,, 
is a ſolid Angle comprehended under five Triangles, whoſe an- . 
_ gular Point ought to be conceived as above the Plane, the pre- 1 
ceeding Theorem will alſo prove that the Angle DBC is leſſer 8 —_ 
khan the two Angles DEA and CBA, and the Angle BCE is leff- - _— 
er than the Angles ACB and ACE taken together, the fame of B 
8. others. But alſo all the Angles of the Polygon BCEFD, 9 — p a 
Sup. 1, 3. 3... - £8. 2. u. 104. | | | 0” 
$ F. 2. 1. 7 Re 0 1 75 | _ . 


© 


* pA 
* 
4 
N 
enn 
* 
5 


= 1; 
* 


9 


. 
To 
WI 


* 


make the ſolid Angle X, are greater than fix right ones, ſeeing 
they are greater than the Mrs nt the * 4 2s as was *ſhewn 
ve Triangles w 


leſs than four right ones. 2. EF. D. 
Tus Theorem may be demonſirated thun. 


8 : . 


1. LeT us conceive A to be a Point in a Plane, and the ver. 


tex of ſeveral Triangles whoſe Baſes are the Sides of X. All the 
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55 


Angles about A make only four right Angles. 2. If the Point A 
be raiſed up, then the vertical Angles of the Triangles will become 
lefs, having the fame Baſes and longer Sides; + this being ſo, 
all the Angles will together be leſs than four right angles. 


52. ProBLEM 1. Havinc three plane Triangles, two of which 


taken together are greater than the Third, but which all together 
are leſs than four right Angles, to make therewith a ſolid Auple. 
Eucl. 11. Prop. 23. eee ee 8 8 


Ter the three plane Triangles be A, R. C, us required only 


to join them in one and the ſame Point, ſo that the containing 
Sides may coincide together, hat is, that AE unite with BE, 


BF with CF, and CG with AD; this will form the ſold Angle 


_—_— according to the Definition thereof. 
ROB. 2. To make a ſolid Angle wpon a given right Line, and 
3 a 7 given in that Line, equal to a ſolid Angle given. Eucl.11 
rop. 20. . . 5 | 
r the given Line be AD, and A a given Point in that Line, 
requized to make at that Point, a ſolid Angle, equal to a ſolid 
— iven. Let the three Planes of the given Angle be DAE, 
EBF, FCG; having made three other Planes equal thereto, and 


. 
* 


_ Joined them together at the Point A in the Manner as was ex- 


1 preceeding Problem, it is evident that they con- 
itute the ſolid Angle required. FS. e hes 


3% Taxon. 3. Ir there are two equal plane Angles, thre the ver- 


* 


* 


— 


* 


tices whereof are drawn tao Lines, raijed upwards, and containing 
; re Angles with the Lines firft given, each to each, and from a 
Point taken in each of thoſe elevated Lines, be drawon lines Perpendi- 
cular to the Planes, which contain the Angles firſt given, and from the 
Points were thoſe Perpendiculars fall, 7, dran right Lines to the 
Fertices of the Angles fir given, the Angles which thoſe Lines make 
ewith thoſe elevated Lines,' are equal one to another. Eucl. 11. 


I x Euclid this Propoſition is uſed for the Demonſtration of o- 


ther following ones, bur as the Method of this 'Treatiſe has no 
need of it, I therefore paſs it without taking any farther Notice 


= 


Theorem 


* B. 2.7. 123. s + B. 2. N. 99. IF + Sup. 2. 39. 
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hence all the Angles at the Baſe of the five Triangles which 


ich make the ſolid 
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2 „ 
Taxon. 4. TuzkxE cannot be more than five different regular 
„ any e e A cs 
Tur 1s five di | | 
Figures all equal and ſimilar, arid whoſe Angles are all equal. 
In a Sphere, the whole is —_— but it is different in a Solid 
comprized under Planes. It has beer c 
75 2 which form a ſolid Angle, are leſs than four right An- 
. Let us now ſee which 
igures 


that can make a ſolid Angle, 1. Three equal and equi - 


times ſixt es, each Angle of an equilateral Triangle be- 
ing ſixty Thor of theſe Teas pp together png vgs wine 
fore make a ſolid Angle, ſuch as are thoſe of the Tetraedron. 
2. Four of theſe Triangles may alſo make a ſolid Angle; for 
the four Angles which they contain are only four times Sixty; 
Which is leſs than four right ones. Four of theſe Triangles 
make the Angle of the Octoedron. 3. Five of theſe Triangles may 
alſo compoſe a ſolid Angle, for the F of the Planes which the 
comprize, make only five times ſixty. Degrees; which is leſ 
than four right Angles. The Angle of the Icoſaedron is made 
by five of theſe Triangles. 4 W ah ; 
Six equilateral Triangles cannot make a ſolid Angle; for the 
ſix plane Angles which they contain, make four right Angles, 


6 times 60==360 the Sam of four right Angles; therefore theſe . 
ſix Triangles make a plane Angle, and not a Solid one. 4. 


Three Angles of a Square may make a ſolid Angle; for their 
Sum' is leis than four right Angles. 'The Angle of the Cube 


is compoſed of three Angles of the Square. No other Solid 


can be conceived as compoſed of Squares for four cannot 
make a ſolid Angle; much leſs, either five or fix. © 5. Three 
Pen:agons form a ſolid Angle; for their Angles make only. 324 
Degrees, which is leſs than four right Angles. Each angle of 
the Dodecaedron is contained under three Fentagons, more than 
three Pentagons cannot make a ſolid Angle; for four make 432 
Degrees, which is above the Sum of fobr right Angles. Three 
+ Hexagons cannot conſtitute a ſolid Angle; for each being 120 
Degrees, the three make 360, which is the Sum gf four right 
Angles: Therefore they cannot make a ſohd Angle./F The more 
Sides a Polygon has the greater is the Angle thereof; therefore 
if three Hexagon's cannom make a ſolid Angle, there is no poſh- 
bility that three Heptagon's ſhould do it; hence there is only 
the Equilateral Triangle, Square and Pentagon that can do it: 
But a »olid Angle may be made of three, four, and five equila- 
teral Triangles, there cannot 

different regular Bodies. 
> os _ Evident 

Ds „„ | 


— 4 * 55 
different Solids comprized under plane regular 
been proved that all the plane 

Plane, Similar, Equal, regular 


lateral Triangles may make a ſolid Angle, for the three Angles 
of the . which contain a ſolid Angle, make only three 


therefore be any more than five. 
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ſts than that in which it is inſcribed. 
lor. a Two Priſm having the ſame Height, that which 


other J ist 


Fox it is evident that it is contained herein. Now that 


which contains, is greater than that which is contained. 
$ 8. Proy. 3. Or two' Priſm: circumſcribed about a > Cylinder, that 
| which + is moſt like the — has the moſt Sides. 
Tux Baſe of the propoſed Cylinder is X; let chat of the Priſm 
Wich bath feweſt _ and which is circumſcribed about the 


| Cylinder m eee 
infiette Number of Sides, - 


60 Pnoy. 5. Or two Priſm ibed in @ Cylinder, that <obich 
. approaches neareft to a Cylinder, hb moſt Sides, 
Tun Baſe of the Cy is X, a 


Polygons'Z and Y are the Baſes of two Priſms inſcribed in the 
Cylinder whoſe Baſe is N. The Polygon Y which hath moſt Sides 
3 proaches nearer to à Circle than the Polygon 
*. The two whoſe Baſes are Z and V, are of the 

8 being ibed in one and the ſame Cylinder ; 
therefor Priſm which is upon V is greater than that which 


_ ; It therefore approaches neareſt 20 a 9 


61 SED. 6. Two Rue baving the ſame. Height, that oY 
the greateſt which hath the longeſt Baſe. 
Fon it is evident that if one be conceived as put apon. the 
"_— as which "hath the greateſt Baſe will contain that wi 
ath à le | 


62. Proy. 7. Or two Pyramids cen ie aloe a Cone, that 


- 


which hath moſt vides moſt reſembles a Cone. 8 
N Ney 
. 2.5. 149. Sup. u. 57. FEELS 8 
f J Sup. ». 56. 5 2 7 , 1 


e aboatiae. celih 247 ctreanſetibd, 


aft Baſe T e in ad 


Phov. 8. Pins amis e ins Con) that au 
IRE, T: wn 2. 
1 fri bid. A Gone ger. ane, * 
— 5 — wn os Polygen bath, the nearer the Ws 

5 for: Pojger 
(<ubich may ibed 2 2 


"Fox the more Sides « Polygon 
frau a Spheriad) hath, the pearer it approaches to N 
= Ipheroid which. it deſcribes by its revolution ap- 
* proaches nearer its inſcribed Sphere. . 
8 | *Proy. 11. Tuasronz @ Sphere may be taken for  Spherdid gs, 
8 firmed by b of an infinite Number of Sides. 4-48 
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i equal to its Circumference; which is evident. The Surfaces 0, 

5 5 Baſes EIS are excluded. Ra 1 EIS . Be 

4 = COROLLARY 1. THEREFORE ſceing that à ri CGlinder b „ 

| Ze taken for a Priſm of infinite Fan ® ts Surface + is equal to 268 8 

' Þ Parallelogram of the ſame Height and its Baſe equal to the Circum: . „ 
1 ele, aubicb is the Baſe of the Cylinder. © _ 

us A s 2. Trgrpront all that has been demonſirated con | 4 

5 8 * which Parallelograms have one te another, e, /-+, 

ical Surfaces. | | wn 

© "= Tas dae which the \ Surfaces of two one . 

do affother is compounded of their Heights, and of the Circum- Ns 

- ference of their Baſes. 2. In two Cylinders, if it be as Height | 1 

is to Height ſo is Baſe to Baſe, that in if the Ratio of their Sur. + ITN 

faces is £01 nded of two equaÞ Ratio's, the Ratio is duple. + 1 

3. If two Cylinders have either their Heights or their Baſes F 

equal, WWW i 


te unequal. { nd Theorem - 8 
5 b gg. f % 7. 12 E 
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„ . Or the Surfaces of Sede. „ 
1 6 HE Surface of a 5 led 5 is equal to a Parallels. 67 32 A | 
Et gram having the ſamg Height and its Baſe equal to the Gr. Gi * 
erence of the Hie“ 5 . 3 
Tur Superßeies of à right angled Priſm are Parallelograms _ 
having all the ſame , Whoſe Baſcs taken make = 
| the Circumference of the : It is ore equal to a Paral- '  =_ 
lielogram . the ſame Height as the Priſm, and whoſe Baſe i. .,_ 
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| at + Hbunands Gum) + . 
„ Taros⸗ 2. as Priſm" hath a Polygon for its ; Baſe, end the 
70 Apotome thereof for its Height, its 5 is my that 2 the bh | 
een which ig it BH 
Lzr Z be a Priſm, whoſe Baſe i is the Polywon X. "The, Apo- | 
tome of X is A0, .that 11, a Perpendicular drawn from its Cen- 
ter A upon ane of its Sides BC; It muſt be demonſtrated that if 
FG, the Height of Z is equal to AG the Apotome of X, the 
Surface of Z is double that of X. Having drawn Lines from 
each Angle of the Polygon X to the Center A, they make as 
many Triangles as Z hath Sides or Faces, which Faces are Pa- 
Mt * Now theſe Parallelograms as BC ED, and the Tri- 
angles as ABC, have the ſame Height and Baſe. Therefore the 
Parallelograms are double the Triangles, * and conſequently 
. the Surface of Z compounded of the Parallelograms is double 
chat of X, equal to all the Triangles. | 
71 CoroLLaky 1. THEREFORE: if; the, Height of a Cylinder 
(which may be efteemed as a Priſm) 1 the Radl, of the 
| Circle which is its Baſe, its 5e, is ho that of the Circle. 
72 Conor. 2. Tnrrerore if the Height of f a Cylinder be twice 
- the Radius, or once the Diameter of t the 2 aobich is its 050 
its Surface is Quadruple that of the Circle.” 
7 3 Tnzor. 3. Tus Surface of the Circumference 0 „Oli 
" equal to that of a Circle, hoſe Radius is a"mean 2 
tween the Height of the Cylinder eng the Diameter 
auhich is 5 Baſe. Archimedes, 1. Prop. 16. 
Kis a Cylinder, whoſe: Height is AB, the Circuit of i its Bale | 
Wich is the Circle Z, is BD, whoſe. Eircumference is FG r 
BD, and BC, the Double of the Circuit. The Surface of X is 
equal to the Parallelogram ABD or to the Trian le ABC, as is 
that of the Circle Z to the Triangle EFG. +.1 ſuppole KH, 
the Radius of the Circle V, to be a mean Proportional between 
the Height of X, and 2 EF the Diameter of Z. Let KL. be the 
Circuit of V, hence its Surface is equal to the Triangle HEL ; 7 
it is therefore required only to prove that the Triangle HKL. is 
equal to the Triangle ABC : For all Circles have ſame the Bajo 
between the Radius and Circumferences. | 
Sax Hypothefis = AB. HK. 2EF. Now HK. KL: EF. 
"on or BC; an of Min HK. 2EF::KI,, BC; then ſeeing 
that AB. iK HK. 2B6:iKL, BC. Hence AB. HK::KL. 
C, t wherefore ABN BC H KKL. 6 Now: the Triangle 
ABC and HKL are the Halves. of the W e therefore 
they are equal; which was to be 
Tarox. 4. Taz Surface ef a P amid is equal to a > Trian 
_awhoſe Height is equal to the Height of e. F its Sides, aud 145 7 
Baſe it equal to the Greats of the Bah the Pyramid, or to 2 
| Parallels- | 
. 2. 1. 133. 7, 2 7 154. 12.3. 83. 
$ * 5 1. 56. 


. EH 5 v. > OR 3. 5 . 
ace am = the fame Height, and but half the 4g 
© A des 1. Prop. 10 and it. 
" Wai Side of the Pyramid is bs « ge; theſe Sides being 
va, the Triangles are equal one to another, week whale . 
Angled Triangle having che ſame Height, and its Baſ . 5 
PRE. 
N le 18 to A FA vin 1 | and 
thie Baſs, T which was to be pro 9 2 EY 8 
| Conottary i. Tunxeroxs /ering that Cones may be confi- 155 
| are 1 the Surface of a Cue is equal te d right waged? 
8 Triangle having the ſame Heide the Side of the Cont, and its 
Baſe equal to the Gireuit of the Baſe of the Cone, or to a right. dn- 
_ gled Parallelogram having the James Height, and whoſe Baſe . 
ual to half the Baſt of the Cone. 
: > T'RS ſuperficial Height of a Cone: d e x nin the; - 
Dorteſt right Line chat can be imagined-poſſible to be drawn: * 
bon the Surface, from the Vertex down to its Baſe. | 
Conor. 2. Turxerort all that has been demonflrated of 776 
the Ratiy's an proportions between r Joveral fimilar Nect angles, agrees * 
to the Superficies of Cones. \ 
; 1. Tus Surfaces of Cones are one to another in a Ratio cm- 
ed of their Height and Baſe. 2. If Height is to Height 
as Baſe to Baſe, the Surfaces are in duple Ratio. 3. If two 
| Cones have equal OO ET es, their Surfaces are 
One to another as their are unequal. 4: Thereſobe 
ſeeing that che — — of Circles are one tb another as 
their Diameters, the Surfaces of two Cones having the ſame 
Height, are one to another as the Diameters of their Baſes. 5. 
 AReQangle being given, there may be found one or more ſimilar 
3 having therewith, any Ratio you pleaſe ; alſo a Cone be- 
ing given there may be found one or more other ſimilar Cones 
belag to the given one any Ratio required. 
8 of Tre Surface of a Gon X is to that» tk Greg 
BCD, which is its Baſe, ts tht Height of it. & is to the 
Rack of the Circle. Archimedes 1. Prop. «— == | 
Tur Surface of the Circle is equal to the right ke Da. | 
- pl&'Z whoſe ſide D is equal to the Radius BC, and the fide B = 
do the Cireumference of the Circle. 1 The Surface of the Cons Al 
X is equal to the rectangled Triangle V, whoſe fide F is . 5 
AB, and the fide G to the Circuit of its Baſe. 5 G and r 
þ each equal to the Circumference of the Circle, which js the Pe DT | 
R of the Cone, they are equal one to another; 'wherefore the 1 r 
' Surfaces of theſe two right angled Triangles: Y and Z, which FE T 
have equal Baſes, wiz. and E, are one to another as F to ES lt , RE 
D; | but AB=F, and BC=D: therefore X the Surface of the 7. e 
. that 388 1 Con which i it Baſs, as AB the „ BE ng, 
'*2. 2. 5. 143. Won: 1. 112. 1 * . #. 1 
e e 14 2 75˙ e * 
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= Þ 5 > 4 $25 e of ts s Surface is to whe the 3 of the + Cirdl which is 
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"het Velde of its Bale BD; 210 its Surface is — to che | 
d Triangle ABD. The Ui e BC is the Radius of its" 
to. De. a mean Proportional between * and 


ey] 


—_— 8 half, N Hh "Ia "EFG is the half f EP \ 
—_— ͤ FG. F In "are. therefore equal; Which was 16 Wl 
A . | . od 
3 : = „ OR. 7. W the Height and. 22 Pot are equal to 
—_ mw . he 15 ae — che Hyramid. 
—_— ... . | Kaen Hide: of. the Priſm i 8 each ſide of 
—_— 1 che Pyramid i is 4 Triangle. In the Caſe opoſed theſe Paralle- 
S wc: - lograms and Triangles: are of the ſame Height, and the ſame 
Bae; the Parallelograms are cheref ore double the Triangles; f 
=” i -  _ - . therefore. the Surface, of the. Priſm is double that of the the Pyra- 
We - mid ; auhich <vas-to be proved... I 
Corman. THEREFORE ſeeing Cones may be 3 "LN 
= ; | 1E Cylinders as Priſms, the Surface of the Cylinder may be fad 
1 1 | 4 be double at of. the Cone having the fame Height and 
. : F For. 5 
1323 1 that the 2 ische of a Pyramid, muſt not be 
8 with that F the plane Surfaces which form it; the 
Firſt is a Line drawn from the top of the Pyramid pe e 
larly upon the Plane which is its Baſe; and the Second a diffe- 
. rent Line drawn allo perpendicularly from the Vertex of the Py- 
amid, but upon one of the Sides of the Polygon which is its 
"$4 "Baſe, which ſecond Line is longer than the Firſt. It is the ſame 
55 „ Cones, whoſe real Heights or Axes are different from thoſe 
_ of their ſides. 
w_ | Lew 4. Tur Surface of BCDE, the Fruflum of the Cont | 
__ | 1E, #+-equal. to that of thi Trapezia GLK. : 
_— | | 5 Tus Surface of the Cone AED is equal to the right angled 
Friang le : FGH. of which FG AD, and GH equal to the Cir- 
. of the Circle DE, 5 and that of the Cone ABC 
to ba 5 angled Triangle FEL of which FR=AB, and KL 
to 
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= Boer v. "Shaw: Fu ßZ2:ñM | 
to the Circumference of the *Circle CB: Then takin Brat 3 
FEEL from FGH, the Remiinder GHLK is ou to 

tum BCDE, which. is evident. 


Lemma 2. HC a KL are the Radii of the tao Gele 

tte two Baſes of the ' Fruftum of a Cone.” KC is divided into tab 2 
| equal parts at M, and MN is parallel to KL. and HC: I jay that - 
2 Surface of 0 tbe Fruſtum is equal to the Rect made Fc, 
tb Height © 2. W 2 be eee ny 4 4 . 
cu, whoſe Radius is [= | 

Ton the Figure CKLH=OCKP, rents of the e of: 
the two Triangles HON and NPL, added or ſubtracted, but 
the Figure CKLH is to that which has been proved equal to 
the Fruſtum of the Cone, in a Ratio of the Radius of the Cir- 
- cle to its Cireumference *. And OC RP is alſo in the ſame Ra- 
tio to the Nectangle made of KC by the Circumference of the 
Circle whoſe Radius is MN; therefore'the Regis is equal to 
the Fruſtum; F ©, E. D. 

LANA 3. Ir the Angles of 4 ee N are / joined 9s; 
Plane: perpendicular te its Axis, which divide" it into ſeveral 
2 5 the Parts are either Cones as C, or ee of 4 Con as. 
|. B, or Cylinders as A. Which is evident. 

Txzos. 8, Each Surface of the- Portions of a' -Spbervid is equalgy 
to the Refangle made "of its correſponding part of the Axis, _ 923 
= Circumference the Circle or Sphere infers ed in the Spheroid. 

1 As to the Part A, it is very eaſy, ſeeing that tis a Cy 3 
whoſe Surface is equal to the eftangle of EF by the Gireatia- 
ference of a Circle whoſe Diameter is EH, f-which is equal 
co the rome of the Circle "Sphere e meren 
X; ww ; which was to be proved.” © | 
; "Godcornth the Part B, Sate demonſtrated that” the'Sur«. 
face of the Part B (aubich is the Fruftum of a Con-) is equal to a 
Rectangle made of KL the correſponding Part. of the Sphoroid's 
Axis, and of the Circumference of the Circle inſcribed in 
the ſaid Spheroid, whoſe Diameter is CN. Divide the 
Height KL into two equal Parts, by drawing CM 
lel to FK and. to EL: an draw GE parallel to KL which 
is equal thereto. The Triangles EFG and ACD are right An- 
Ser therefore GFE and GEF make a night Angle, the 

FE being therefore equal to FCD, 5 the Angle FCD ſub 
E trated from the right Angle FCA, the Remainder DCA is e- 
qual to GEF, hene the two: Triangles ACD and EFG are e- 
 quiangular: Then GE or KL. EP:: CD. CA, {| wherefore KL 
ito EF as the double of CD, which is GM, is to the dou- 
ble of AC, which is CN. Let CM be the Diameter of a 
LCirele whoſe Circumference is Y; and CN that of a Circle 
Y whole Cifcumference is 7 Then CM. CN: V. Z. Then 
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Br _ part C. From 0 = alt 4 BD a Sade of be 

| Cone C, draw to A, e Center of the Circle inſcribed in the 
Spheroid, the Line AO; and thro' D a parallel, to AO; hence 

as BG is the half of BD, the half of DF is AQ; therefore DF 


zs the Diameter of the Circle whoſe Radius is A0, The Surface 


of the Cone C is equal to a right angled Triangle whoſe height 
is BD, and the Baſe a Circle 4g Diameter is DG, t or to 
à right aogled Parallelogram, having the ſame height BD, and 


Whole Baſe is half that of a Circle whoſe Diameter is DG, Lor 
which is the ſame, whoſe Baſe is equal to a Circle having for 3 Is 


Diameter DE. Let the Circumference of the Circle be called Y, 

F and Z that of the Circle whoſe Diameter is DF: It muſt be 

| 3 that BD VS BENZ. The two Triangles DEF and 
B are Similar: || therefore. BD. BE, DF. DE. Now DF. 

DEZ. V: Then BD. — N therefore BDXY= 
BZ; evhich was to be proved. 

35 . Tutor, 9. THe Surface of a Subereid i is equal to 5 Regan- 
ele made of its Axis, 9 the Circumference of the Circle of 'the in- 
ſcribed Spbere. 

By che preceedin Theorem, ſeeing that the Surface of each 
part. of the Spheroid 15 equal to. the Rectangle, made of each 
correſponding part of its Axis, and the Circumference of the Cir- 
cle of the inſcribed Sphere, all the whole Surface is equal to the 


15 Rectangle of the whole Axis by the Circumference of the Cir- 


ele of the Sphere inſcribed, fince that the whole and its parts 
e e by one and the ſame Quantity give equal 
produ 


36 Tuxox. 10, Tux Surface of a Sphere is equal to the Rec. 


angle of its Axis, and the Circumference of a Circle having the 
ſame Diameter as that Sphere. 
Tux Sphere may be eſteemed as a Spheroid formed by a re- 
gular Polygon having infinite Sides, 3 whoſe Diameter may 
_ conſequently be- taken for the Axis of the Sphere. Hence its 
Surface is, (by the preceeding Theorem, ) equal to the Rectangle 
made of its Axis by the Circumference of the "Circle or Poly- 
gon, by the Revolution of which it was formed, the Diame- 
ter W 1s ee the ſame as ut of the Sphere ; * 
2 * | 


| 5 Theorem 
POT: B. 3. 2. 56. + 7 82. 1 1 8 
. 9 B. 2. 1. +#. B. 4. *. 27. 
. 4 mn 42. SES: LE 15 
$ Sep. 1. 66. 


” 1 248) F 
IP A 4p 8 * ol” 
ws * 8 * * 
* 8 5 * * 
1 , . * 
Wh mM I 
Au 3 1 ? 
* 
* 
4 , 3, Ld 


„ on $f oy 
Futon 11. Tu Surface of a Sphere is equal to the Super- 87 
 fecies of its cireumſeribing , which hath conſequently the | 
Z ( IE CIR 2 5 5 
Tus Surface of the Sphere AMNC is equal to a Rect- : 
angle contained under its Axis, and the Circumference of a | 
Circle having the ſame diameter MN. * Now the Surface of the © Þ 
circumſcribing Cylinder,” (awhoſe Sides DP and £9 are equal to V 
AC the Axis of the Sphere) is equal to the fame rectangle ; for it 0 
is equal to the 1 PD by the circumference of the 5 
Circle of its Baſe haying for its diameter PQ equal to MN; ſee- ; | 


ing that the Diameter pf a Sphere inſcribed in a Cylinder ought 
| t be equal to that of che Cylinder's baſe, according to the Idea 


Which has been given of inſcribed Figures. T 5 | 

Tuxox. 12. Ir a Sphere inſcribed in a Cylinder be divided by 88 ET 

| Planes perpendicular to its Axis, rhe Surface of each Part of the "1 
| Sphere is equal to that of its corr ing Part of the linder. ng 

A4 the Axis of the Sphere is the H wht of the circumſcrib- ; FI 


| ing Cylinder, therefore the Cylinder touches the Sphere by its 
| two'Baſes. Divide the Axis AC by perpendicular Planes, which 
will alſo divide the Cylinder. I ſay that the Surface of the part 
MHIN is equal to that of the Part MGFN of the Cylinder, as | 

is alſo the ſurface of HAT to that of EFGD. For this Sphere | 
may be conſidered as a Spheroid, f and the Parts MHIN and „„ 
HAI as portions of 8 ole Therefore the Surface of MHIN is 85 
equal to the Rectangle of BO by the Circumference of a Circle 
whoſe Diameter is MN $ which Rectangle is equal to the Sur- 
face FGMN ; || ſo hikewiſe the Surface of HAI is equal to the 
Rectangle contained under AB and the Circumference of a Circle 


Whoſe Diameter is GF, ® which the Surface of the Part DEFG is N 
Ga TD * i 
© "PROBLEM ft. To divide a Sphere by a Plane, fo that the Sur- 89 | 
faces of the Portions of that Section may be in a given Ratio. Ar- 
chimedes 2. Prop. 4 and 5. | os £ | 
Tux Sphere muſt be inſcribed in a Cylinder, then the Sides of ; 
the Cylinder being divided according to the given Ratio, and Lines ; <1 
or Parallel Planes drawn thro? the Points of that Section they will | Ag 
vide the Sphere according to the given. Ratio ; for the Surfaces | | 
of the Portions of the Sphere contain'd between the Parallels, are TE 
equal to thoſe of their correſponding Cylindrical ones, as bas . 
M tg 1 66 e HED 8 8 4 | | | 
Tuxok. 13. Tu Surface of a Sphere is equal to that of four o E 
times iti SIRE Circle. Ne . 12 9 299 AT 
LI us conceive a Sphere as inſcribed in a Cylinder, whoſe _ ö 
Baſe is conſequently equal to the greateſt Circle of the Sphere, EE. 
and its Height is the Diameter thereof; conſequently the Cylin- _ 2 
drical Superfcies is equal to four times the Surface of the N. 7 
1 Sup. un. 86. ＋ Sup. 71. 46. ; 4 Sup. . 66. e " 5 \ 
Sup. n. 84. || Sup. 1. 68. Sup. u. 84 - N 
: 82 Sup. n. 68. ; | | it 
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| bs we th £5 3, 
the, Surfaces o ircles e the to 7 
their Diameters, || ſeeing that the ſquare of 1 is 1, and that mat 
| of 2 is 4, according a. the Hypo . na- 
that of the Circle of the Sphere X. Now the Surf ce 
6 that Sphere is quadruple that of its greateſt Circl by the, pres 
ceeding . iis therefore equal to that 0 2; which Was 
to le proved. | OE 
92; Taxon. 1 8. Tas Lubolk Surface of a Gtr, that i is, 42 
its circumference. from its. txvo Baſes, is to ar, Lo its znſeri, 
Sphere, in @ Seſquialter Ratio. changes 1--Prop 22 
1. Taz Circumference , of the Cy lin G. ua 2 5. 
Burſace ofthe Sphere, Each of FO er's 5 is the 
teſt Circle the Sphere, which is 2 fourth Part of its 
urface ; f hence the treo. Baſes of the C Ki, are the half of 
the Sphere's Surface. Wherefore the — 45 Surface of the Cy- 
Under is equal, 1. to once the whole Surface of the Sphere. 2, 
1 half that Surface; therelor the Ratio is Sequialrer, 5 


Lg FARE 
or. 16. A Sphere divided by a Plane, into ans Barts 
9 he K ur faces thereof are one to pom Fig as the Surfaces of - thoſe Circles © 
« whoſe Radii are: the” Cb 5 haif thoſe. Portions, _auhich. aid” 
- Portions are equal to thoſe Circles. 
Lr X be a Sphere divided by the plane BC ;it muſt be proved 
that the Surfaces of .thoſe-two Portions are one to another as the 
. Suriaces of thoſe Circles, whaſe Radii are ABandBD the Chords of 
Half thoſe two. Portions, and that they are equal thereto. 1. Hav- 
12 3 the dy — X ina Cylinder having the ſame Height, ' 
the Surface of the Portion ABC \ is equal to the circumference of 
its 593 9 Part of the Cylinder, as is that of BCD to the 
other Part of the 12 t the Circumferences of theſe two 
Parts are one to another as 125 10 ED. 5 No the Squares 7 
AB and BD are alfo.as AE to ED: 4. Therefore the Surfaces of 
the Portions: of this Sphere are one to another asthoſe two Squares, 
Or a5 the Crreles e they are. x The auer of AD a 
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# dual ge 1 of AB and 1 
tte Circle whole Radius is AD: is 7 — to che Surfages of the 
dio Circles, iwhoſe Radii are AB and BD. + Nay the Surface of - 25 
FNR is equal Jo cher of the Sphere 1 0 
. Xt berefore this Surface is equal to that of the two Circles Ep 
i are AB and BD. But it was Haid that thief — 


done do another as. theſe Portions ; they-are each ” em 
| d der care fond "Rang the ame whole is divided 
the fame Proportion. 

Tron. 17. Tus Sur ae, of @ " Sphere „ 

: | Ciranſerent of the 1 Olinder, ; having its Height. equal to 94 
«FE Diameter of its Bae. 

Tun Surface of the Sphe e Zis Quadruple that. of the Cir- 
cle, whoſe Diameter is e Surface of 5 OE: Circle whoſe 
Diameter is A, is equal to the Surface of the I, 1 
Diameters are C nd B, ſeeing tl | 
Squares of their Diameters, and 
_ C=B:: Therefore the Surface of che Circle wh 
fb val to twice chat of the Citle wha . 24165 5 is C ; 

equently bes, that the Surface. of A 1s The fourth Part 

bp — 0 Tt the Sphere Z, that of the. Cir e . Dia- 
meter is C is the ei Fart of chat 555 Sphere Z. Now 
+ the. Surface of the pe Circle, whoſe, Bange i G, i is . 
© fourth, Fan ef we inſcribed Cie 15 Surface : + Therefore 
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/Expany kreta concerning thelr Sante 


5 3 25 Proros ir 1, e, ge 5 e. = | 
' VE RY Patalltipipedon may be conceived as 4: ere, 5 1195 „ 
Plaue or Baſe, moving aways parallel: to Wt | | 
Phoy. 2. Ir the Direction of the Plane whoſe motion Aeferibes, 96 1 
N Parallehipipedon, Be according to its. perpendicular Height, it. Fo Eq | 


= - . Highs, and its Angles are = If it is according to an Oi. EE 
| Fur Line, it is e On ; then its Angle. are 5 . | | } 
| Bo * 5. 4 1. 78. N N B. 4. n. 93. enge e | : | 
| © * Sep. n. 70, + B. 4. #. 78. T #7265 : 
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160 - -» Elements of Geometry: 
9 Pror. 3. A Parallilopipedon may alſo be 
. fed of — Planes all equal, and parallel to that 


is its Baſe, * 


LY 
* 
1 © % 
Io gg ttc teria, 
ey * 


98 Conrottany. Ir ir the ſamb of Gili, and Prijms. 
99 ProOP. 4. A Pyramid may be colciived ai matte by its Baſe, nav 


. 


If the perpendichlat Height, the Pyramid 
2 4 right Angled one; if it move Obliglely, it it an Oblique 
oo Proy. 5. Ir may be conceived that a Pyramid is tompoſed of 


my Wm * 8 = 


5 erg, parallel Planer, aobich dininifh in Proportion ts their 
hes 101 _PFroe. 6. Two Solids having the ſame Height tontain un 
* equal number of Planes, that is, there may be conceived af many 
oe in one as in the other. + FFF 
-" 202 Proy. 7. IF an Oblique Parallelopipedon, or Oblique Priſm, 


a 
LS D - oY : n | \ 4 
PPP n a 
., * 4444 bor, Os 
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1 0 5 
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_— - EE” — every Pyramid, every Cone, are conceived as compoſed of innumeta- 
WWW bie Planes, their Srfaces are un. "op a _ 
WS Coxs1Dtr the Pyramid BAC. If the Planes O, O, O, O, 
| . 1 O, O, which compoſe it are thick, it is evident that its Sur- 
| face is not even, but by Degrees ſo much greater, as the Planes 
O are thicker; and they are fo much leſſer, as there are more 
of them. If it is then ig! ee that they are infinite in Num- 
— ber, they would have no thickneſs ; and then the Surface of 
Bae bs without Degrees. Which is to be conceived of every 

* | | Parallelopipedon, Priſm, Pyramid and Cone. * - 
7 LEES roz Proy. 8. A Parallelopipedon may be conceived as deſcribed up- 
8 | av on à given Line, Similar, aud in the ſame manner fofited as another 


| given Parallelopipedon. Eucl. 11, Prop. 27. | 
. Euer 10 propoſes the doing this Thing, ( wo/ich is caßy,) but 

by -/ | ie is ſufficient to conceive it ds being dene. 
104 ProOB. 9. Two Solid are equal, which are compoſed of an 

equal Number of Planes equally thick, fimilar dul equal. 

Ir for Example the two Solids X and Z were each compoſed 
of a Million of Planes equal and of an equal thickneſs, they 
are evidently equal. I add the Word Similar, to ſhew that in 

5 aeeeuaſe the Planes which compoſe X aſcend and diminiſh as thoſe 

15 of Z ariſing in like manner diminiſh, each being Similar to its 

5, | correſponding one, that is, the hundredth Patt of X being equal 

5 | | andi fimilar to the hundredth Part of Z, it muſt neceſſarily be 
=... that X and Z are equal. : | ne he io Sa 

ALE 106 Prop. 10. Ir the Parallelopipedon & be divided according 

OF | to its Diagonal AC or EG, it is divided into t200 equal Triangular 


| FTP. Eud. 11. Prop. 28. See P. B. Plate 9. Fig. 36. 


and 37. . 19 55 25 
| | Tux two Parts of X have equal Baſes, and the ſame Height : 
| | Therefore by the preceeding Propoſition, they are equal. Ac- 


me of be pee aj compo: | 
0/770 


ing 2 Parallel to itſelf, and dict ſing in proportion as it riſes. 
tion be according to its 


cording - 


be 


Mie 6: * * 2 TOY 
. A 


a 


g | Box Vo SECT, 4. 7 4 168 
dee to the Definition of rad, they aro. vi 8 


trap 11. Is the Sides 'of the oppoſitt Planes reali- - 556 

gedon are divided into tau 4 Parts, ard that. 2 5 ; be 2 

ee the Section; the Line of common Seftion of the Ä and 

the Di. N af. be e are divided all ly in Fug: 

Eudl. 11. Pi | $a Ws 8 
Fus is- 79 Tea Diameter 1s the Bal of 4 langle 

cut Parallel to one o its Sides thro” che Anal of the other 3 5 

| Which divides the Side and the Baſe e qually. 3 

Proy. 12. Ir 4 N. is bojnged hb N Plate, 3s: ofpo- , 

775 Planes 75 So. and” equal Parallelogr ti, _Eacl, 11.07 

rop. 24. Feud 

2 . i 4 55 1 Coor 275 and BC are Purullel S as AB and © 

DC. It is the ſame of the Lines EF and HG, add of FG and 

' EH. Therefore the Planes ABCD. and EFGH are 0 i 
rams. 2. Theſe Des Ls are Similar; fot the Apgl 

FG is equal to ADC: . The Paraflels AB and 
between the Parallels AE wt 5 are e nal, 2 they be 
Oblique or Perpendicular. $ KC) Therefore demonſtrabl le that 
the oppoſite Planes are a ; 

"Taror. 1. Evexy Section of a | Parallljig ik, Prijes; Clin 108 f 
ter, P ramid, Cone, auhich 22 "made N 25 its Baſes 15 Similar | 
0 iti aſt. *Eucl. 11. Prop. «i es nf, 

I. In the Parallelopipedon, ſin, and Cylinder bl are 
made by their Baſes moving always Paraftel, this is evident. 2. 
Alfo in the Pyramid, and Cone, which are Solids. made by che 
Motion of their Baſe, Which dimiſhes Pfoportionably, therefore 
the parallel Planes of which either of them may be cbnceived 
to be made, ate all Similar. Now the Sections are ſome one 
of theſe Planes; conſequently they ar ard Similar to the Baſe ; 
ewhich wrt 4 be proved. For a farther Proof hereof, ſee P. B. 
Plate o, 37. Which ſhews a real Parallelopipedon, as 
Piral! el to 5 Ba 

Tukox. 2. ALL. Solids of 1 the fame. Name, ( having the 
Height, and 12 Baſes,) are equal, whether they be right, or 109 
Oblique. | 'Eucl. 11. Prop. 29. 30. & 31. 

THAT. it, that Solid Paralletopipedons being upon equal Ba- : 
ſes, and of the fame Height, are equal one to ge th 
have an equal Number of Planes all ſimilar and equal to their 
Baſes; therefore they ought to be equal. It is the ſame of 
Priſms, on linders, Py yramids, and Cones; for each Plane 'of 
one is equal_ and zer to e each of the other taken at the 
ſame Height. 

'CormLLary. Tarnzronr' in e Solids rh is had on: 
Ed to their Height, and | Baſe. 


110 

33 ð 

g e t et . 3h. 
o. Sap. 4. 191, : 
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1 1 % 


r 


5 9 4 Element . Cabana, = 7 WY . 5 


On. at an Obi ue Paralletopipedon hath a” I ir 
Nowwithſtanding if it be u —— 


AT. 15 


* it is not preater in its ſolid 0 


* a . and Prifſms | Fr FP 
1 h H\, br; gs Ni Bo 4k =” 25 Sgt 


are 
; e e, Bart del. 11, Prop. 32. 
„Lr the . be 2 and V. 1. They dee kn 
number of ] Planes, P. and Similar » their alen. 1 5 
Baſes are equal, then they. are 2qual; if that of 2 is double 
then all the 2 of Z being double thoſe of X, 7 
7 Will be 2 double of X. 2. If the two Solids have equal Ba- 
ſes, they are as the Heighits , Tor all their Planes being equal, if 
= twice as high. as X, it ought to have twice as ma- 
x 


22 ACS, times higher, it wil have Pires times 


4 Lay 


the 3 Bi bt are as | their 


2 


as been de 4 u me Priſm, nt conſequently 
- of the Cylind SE 1 a dep 12 
Tuzen. a is Avi 4 Plaue 1 to-the 
a, Planes oppo to "its Baſes, oe Segments of 1 the . are one 40 
- endther as the Segments of its Axis... Eucl. 12. Prop. 13. 
Tus Planes * che Sections are equal. * therefore all the 
are as fo oor Crhnders Shots Baſes are equal, and 
therefore, by, the | i ee 
as their: ir Hes W ch are the Axis 
Tarox. A Parade Þ 4 zs double.a Triangular Priſm of 


T4, ſame N the Baſe of the Parallelagram i is. double that of 


the triangular Priſm.” - Eucl. 11. Prop. 2 
f Tag is. . B. Plat 9. f. that * a 44 riſms are as their Ba- 


1 16 REOR, 7. Every 1 — riſm 1 my — divided into trian- 


8.04 


Wes, Priſms.. 

r K be 2 Pol ygonal Priſm whoſe Baſes are ABCDE and 
HILFE: Reduce the Polygonal Baſes into Triangles. By the 
Definition of triangular Priſms, the Solids ABCGHI, ACDGIL, 
ADEGLE are trian angular Priſms : "TN" the Prim K may be 


divided into triangular 7 ia 
116 Tuxon. 8. A Priſm is, era! Fd, having the 
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4 Baſe, 115 are as their 


fame Ty, if Lo 8 1 . Pg ble of all the Prijms. 1. 15 | 


the 9 | 

Len 14. de- there . conceived in theſe Solids Planes parallel to 
the Baſe, { erg all be an equal number of Planes in each; 
$ the Pl Bu greateſt Priſm LEG oi equal 55 WD che Planes 
. Priſms; for it is — Bale i is to 


* Sup. 06. + Sup. 7111. 4 1 97. 
| $ Sup, n. 11]. 
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4 
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} 52 8 
© | 
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e 
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7 1 4 X 5 
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Aan. — _ Þ a8 ® Go — 


LY 7 
> { 


2 828 K 


h. Caes n gg e ger e. 
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be A into j Priſms. * theſe P 


3 


thoſe P | | 
aer e op 


the 72 Height, avhoſe is equal to hot of the Cylinder... 
linder is a Po . Ev al Priſas may 
SL nal 
only. triangular Priſm of the ſame Height, whoſe = Baſs is -4 


one 
qual to all thoſe. of the Priſms. +. Therefors-the Cylinder equal 
to the polygonal-Prifm, is ſo likewiſe to the triangular Priſm 


which hath the ſame Height, and whoſe Baſe is equal thereto. 
CoroLl. 2. Trererore @ Cylinder X is equal to ſeveral G- 18 


Linden, d. B, C, Cc. of the ſame Height, e Age 60 cot; to: "7 


r Sen to fo may beten 

or all.t 7 2 to riſems, 

ee fre Rog a te ee 
1 or 4 7 , 

Pg, to all 1 5 ef e fone Bo $, 2 therefore 2 

Cylinders A, B, C, &c. Gs Baſes all 1 are hee o 


that of X; wherefore X is equal to A, B, C, &c. 


draw Dia e 


„ Tuzon. 9. A triangular Pri 1 EP * into three, 


. . COROLLARY.L... A Cylinder is equal to 4 1 ba m 


177 


cena] triangular Pyramids. *: Eucl. 12... 119 


Lox Lobos wlengadat Priſm; upon „ 
BAD, BC % + aake fie Tra Fand BDCF wk 
are equ 1 the W 

dave the ſame Vertex, and therefore the ſame Height are e- 

$ theſe two Pyramids, being conceived as deducted from 
OO CEE vis. FCED, which hath in 
the firſt Place the ſame Vertex D, and therefore the ame Heghe 
as the Pyramid FBCD;. they have equal Baſes, wiz. 2 
EBC and FCE: || Therefore they are equal. 


che Pyramid FB OD is the ſame as BDCE, being ry. by the ſame 


Triangles: therefore the Pyramids FOED and BADF are e qual, 


being ſo to a Third; therefore the Priſm & may be divided into 


three equal Pyramids, which are BADF, BDCF, and CEDF. 


5 See alfo P. B. Plate 10. Fig. 41. 


ly it may be reduce 
re. to as raj along Ye oder of 0 even *. 
9 5 * its 
8 * 3 1. my | + 957 1. 5 x yt B, 2. n. 328, 


Conor. 1. THEREFORE every "Pyramid. it a third Part of the _ 


whole Pri of the - fame, B Which i 15 hen the ſame, or an e- 


e 


Conor. 2. Tusgkroxk to meaſuee a Pyramid, the Baſe maſt 


5 te multiplied by one Third of its height, 


Lemma. A Priggonal* APE. may be divided i into . 


| Pyramids. 


120 


Tas Baſe of a po polygo gonal Pyramid i is a Palygon, conf owe 
in 


to Triangles, upon, which Planes 


3 3 09 15427 ft 
n 109. „ 5 Ea : „ „ 


E 


„ : 11. Aula imd bbb equal yramids, 


„ Ws thereof 3 2 Flane F. therefore refer the Reader to P. B. 


£7 iy 
» r 
1 


2 ac a re. 

\ the of the kolygo y ys So oftiosd | 

123 Tun 055 OR. 18. ebe Be wing triangular” Baſe e a 
dare © the Kane E bt, are ont td another as fg Baſe It is 


* * of © 0; ue have” Wa ct youll Bau. mo vel. 1. 
Er Are thi e che yra. 185 of the ame Hegg us 'Baſe: 


* Bir Prilms bf the fame Height are one to another as their Ba- 
ſes, dr thoſe of© the ſame Bale are as their Hei ghts : 5 There- | 
. fore Pyramids which arg only the one Third Ge ere ſo like. 
5 5 y the 8 g Lemma, ſeeing chat polygonal Pyramids 
may be reduced into Triangular" on &, they ma) be 1 for 
each qther r promiſcuoully, * | 
Turok. 5 'Evzxy P amid hevie a Triangular" Baſe may a b 
mlar one to another, and to 
be whole Pyramit, ani into two the wht or Ber fo ; Prifms are 
FA Heber] preates 2 225 balf 2 Pyramid. | Ebel 12. 
HEOR: 12. 8 the ſeine Height Saving: rl. 
125 A Ba, any N ed, me 2 other Pyramids equa one fo 
ne 22 705 8 ale to the ab, Pyramid, * int "two | | 
rims; . an anti proceeding from t ififrott, ave con- | 
| 2 A in oe fame Rae "the Baſe of "one of the 1 
Pyramid; {320 N Baſe of the other ; jo all the Priſms whith are in 
one of 'the Pyramids, are to all "the Prifns of the other being ond | 
in Number, © Ebel. 12, Prop. 4. 
Tur, Demonſtrations of theſe two Propoliceny are here omitt- 
22. as being difficult” to conceive by the bare Repreſentation 


* ; . 5 : 


5 Plate 10. 3 Which contains a Pyramid exac᷑tly divid- 
ed, ere 0 he preceedin Theorem, from Wbence the o- 
* ther may. be eaſily comprehended. 

126 Taras. 13. Fyxxr polygon 22 Pyramid * the third Part of 
be a __ Priſhr of the fame Be, and which” Ts _ the Jane or 
an equal Baſe. 
| 15 dere ede the Baſe of each of theſe do Solids n. 
angles, the polygonalPyramid will be divided. into lar Pyra- 

| . mids. Now eack of theſe triangular Pyramids, is the the Bid Part of 
| +, each of the erlanipitar Priſms; -f the whole polygonal Pyramid i is 
185 therefore the third Part of the whole + polygonal Priſm, 
PROBLEX!. To Au the Solidity of Z the Fruftum of # unis 
; | ** avhoſe Baſes are Parqlel; let 3 of the Bottom be for Example 
' "364 thz"tap' Die q, the Number, 1 8 if om ag Proportional between 
| 41 Numbers. ger” "1 
” Rutz. © Theſe two Numbers added into one Sum, and'that 
Sum multiplied by 2, which 1 ſu ppoſe to be the one 3 
the Fruſtùmꝰs Height, WE Produft 1261 is the Fruſtum d 70 
Sd. . 120. 


+ Sap. 1. 111. I Sup. 1. 120. 
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2 Bald v. Ewan. «+ 165 
d prove the Truth hereof ; let the beriet Baſe b the top. 
One z, and c the Height of che Fruſtum Z, let che Part of the 
8 By which is wanting to compleat the Pyramid be 2; the Soli- _ 
of a Priſm which is triple the whole Pyramid, is cif TS 
Fa which I take d the Solidity of a Priſm, whoſe t Part 
is the Pyramid X: Hence aac-þaad—bbd=3 Z. Seeing that == 
: ab. bb ; then, according to the Rule, theſe three Terms 
which are are the ſame as 36, 18, 9, being mukipled by the Thirs 
of c, w ve / the Solidity of Z; fo multiplying them by the 
Whole c, „ fl have aace{abebbe=3 Z: it remains to be de- 
monſtrated that eee Take a | 
aac from each part, there remains aad—bb4=abc+bbc. it muſt 
by ſhewn that this is ſo. a—8. Bit. 4 myltplying a-, and 4 
' by A=, a-. ab+bb::a—b. b. therefore aa. ab++bb:* 
| 7 7 ten multiplying the Extremes and the Means, there is f 
anad—bbd=abc4-bbc; f which remained to be proved- The „ 
ke is therefore true. The true Form of the 'Fruſtum of 2 
Pyramid, is exhibited in P. B. Plate 7. Fig. 26. | 
„ Tnzor. 14. A Cone is the Third of a Cylinder of the fame g 
Heigh bt their Baſes being equal. Euel. 12. Prop. 10, 
10 Cone is a Pyramid of infinite Sides: Now à Pyramid is the 
third Part of a Priſm of the ſame Height, having an equal Baſe | . 1 
therefore the Cone is alſo the third Part of a Cylinder of the 
e Height, and upon the ſame or an equal Baſe, ſeeing that 5 
2 Cylinder is a Priſm having an infinite number of Sides. 
"CorotLary 1. A Cone ii equal to all thoſe Cones obich bave 129 
the ſame Height, aud  auhoſe Baſes all taken together are equal to ; 
| the Baſe thereof, 
'Conts are Pyramids of an infinite wambes of Sides, which | 
cba ute the third Part of the Cylinder or Priſm; therefore this 
Propofition is the ſame as that which has been propoſed, | 
"Conor. 2. Two Cones of the ſame Height are as their Baſes ; 
and if they have the Lame — they are as their WY aobich 130 
7s evident. Euclid 12. 11 and 14. 8. 
| Tazor. 15. Strrt.an” Priſms and Paralltlepipedens are in a 
Ratio compounded of the Ratio's of On three Dimenſions, and mr 
"Ratio i Is Triple, Eucl. 11. Prop 
Tux ix Solidity depends 32 155 *Maltiplication of hair Di- 
ens *The Ratio which they have one to another is com- 
pounded of that of their three N 7 Which being 
-fimilar, the Ratio is triple. 


* 


TuxOR. 16, Similar Cylinders are ont to another in Ratio 0 
- compounded of t their e and * Ratio i ts * Euel. 12. 132 
Prop. a OW hp 
1 <0 a "hes . N g , Por 


© B:k. n. 54. „ 1 6 
5 Sup 1. 129. I Sup. n 116. 
OY 1. 110. 1 3. 4. 78. 1 1.74. 
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being as Priſens . Baſes of an] * 
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133  Tazorr 79. Sen PR to art in Ratio. compounded 


" the Ratio's 5 their three Dis mad. chat Ratio. ts #rip e. 
Tucl. 12. 8. tes. : 
Tuts i 18 ſor Ho are the, this Part of. the 3 
which are upon wg Baſes, and which, have the ſame e 
and therefore in the ſame Ratio. . 
'Taxor. 18. Siu Cones 2 Em, i e it TOs com- 


WER 
Tuis i a 3 — which naturally follows, from the. Si- 


which is between the alf. whoſe Baſe 
bas. an infinite Number of Sides. 


8 N N Ratio's of their Dimenſions, and that Ratio bs eriple. 


135 I HEOR., 19. Sinitan Cylinders are an . another. a ele 


Cubes of the Diameters of their Bases. 
Tur are in Ratio triple that of each of ien e and 
gently of che Ratio of che Diameter of their... Baſes. 
Now the Cubes of their Diameters are in Ratio triple that of 
the ſame Diameters. + therefore ſeeing that Ratio's compound - 


ed of equal Ratio's are equal, ſimilar Cylinders are =. th ano- 


ther as ihe Cubes of the Diameters — Poles. 
dee ef iht Conne which iu rabl 


, 

ee 20. Eav Pargllclapitudns ks 4 2 = 

54 9 n are. reciprocal, the raue "Solids are 
. Eucl. 11. Pro / 

LET X and Z. _ — equal Parallelopipedons, A the 
Heinhe of X, and B that of Z, let the Content of the Baſe of 
RX be M. and N that of the Baſe of. Z. According to What is 

d, AXM=BXN: then A, BN. M; T wherefore 

fe four Quantities. A, B, N, M are reciprocal. 9 Now. 1 

pe four Quanticies are reciprocal; chat id, If A, M. B. 


be ſo eg ac 4. : N. M. then will e = 


2 — 21. Two Cylinders 1 un; ( It is the lame or 


137 Pyramids and -Canes, #8 their Heights and Baſes are reciprocal; and 
it 3 are. recigrecah, the tao Den, 1 n. R 12. 
# £3 : * 


9 and 1s 3 
Tus a of the preceding 'Thearam, will erye 
ſdertkis; by. only ſuppoſing X and Z to he two Cylinders. _ 
Tages. 22. Ir three. right Lines 4, B. C, are proportional, 
£2 Solid Parallelopipedon 458 compoſed of theſe three _ nes 


*. the/tSulids are Rainer. . 11. Props 1 5 B. 
„ b-Þ 
e 7. 1 20. . 7. 87. | 1 B. 3. u. 55 ” 6 
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to the Parallelopi pedn BBB made of the mean Term E. pro 
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3 Boos . erer. 4 157 
2A. B. C. then AC=BB.Ff then AC and/BB cachipied by K 


the Product A CB is allo equal to che Product ABB. 5 Now ACB 
& the Parallelopipedon made of the three Lines me equal. 
therefore to. BBB which is made of the mean Line B. 


Tuto. 23. 4; B, C D, are four proportional Lines. 1 flew 239 - 
lar Solids eee, theſe e art proportional; and if they 
whe in . ihe | four Lines 5 are. * N 11. 


Lhe oe has been proved. * 
Tuxo. 24. A Sphere it equal to a Coney diene} Prams, 140 
N Axis is the Radins of that Sphere," am ib Baſe a Cirele, 
 abboſe Radius is the Diameter of that” ſams Sphere.” 
I. 87 conceiving infinite Cones or polygonal Pyramids, -whels 
Vertices are in the Center of the Sphere; — the Baſes in the 
Surface of the ſame Sphere; it is evident chat it may be ſaid, 
that the Solidity of that Sphere is equal to all thoſe Cones or 
polygonal Pyramids, ſeeing tis allowed, that he whole is d 
to all its Parts taken together. 2. All theſe Cones are eq 
a Cone having the ſame Height, (wiz.:the'radius of that Sphere,) 
and for its Baſe the Surface of that Sphere, (æuhich is equal to 


the Baſes of theſe Concs.)* Now the Surface of that Sphere is ; 
equal to that of a Circle, whoſe radius is the diameter of that 
Sphere: + the is therefore equal to that of a Cone whoſe 


Baſe, c. Suppoſe the ratio of the diameter of a Circle to its 141 
Circumference be as 7 to 22, it may be ſaid that the Solidity of 
the Sphere is to the Cube of its diameter as 11 to 21: for let a: 
be the Circumference of the Circle, and à the diameter. 1. n 

unn. m. 1. f Now mis to * as 22 to 7, or 66 to 21. therefore 
the ſixth Part of mn, which is the Solidity of the Sphere, (as is 5 
eaſily perceived from what has been heretofore demionſtrated,) © 

is to ann the Cube of its Diameter, as the ſixth Part of 66, chat 

is, 23 11 is to 21 ; which avas to be proved. 

_  TrzoreM 25. Tu ratio of the Cylinder X to its incribed Sphere {2 
$ 7 fe fe Rae, | 

21. and C be two Cones whoſe Axis js the radius of the 

dere Z, and that the radius of the Baſe of B be that of the 
Sphere Z, and the radius of the Baſe of C be the Axis or dia- 
meter of the Sphere X, then theſe two Cones B and C are one + 
to another as cheir Baſes. $ Now that of C is quadruple that 
of B. therefore the Cone C is quadruple the Cone B; hence 
B. C:: 1. 4. the lefler Cone B is the ſixth Part of the Cylinder 

X, whoſe N N is the greateſt Circle of the Sphere Z, and its 
Axis the diameter thereof; for the Cone B is the third Part of 8 
Cylinder, having the ſame Baſe and Axis ; J. conſequently it is 
the fxth Part of a Cylinder having. twice that Axis, and the 
fame. Baſe ; hence X. B.: 6. 1. The Cone C is equal to the 


Sphere 
1 B. 3. 6: 37. 12 B. x. 65; - 
. Sup. n. 129. ＋ Sup. n. 91. ＋ B. 3. u. 54. 
Seb. n. 130. 1 1. 128, 0 
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ow 3 * ile . 
Sphens 2. nge ved that B. C 1. 43 hence B. 255 - 


1 4: therefore ſe the Cylinder N contains fix ſuch 4 

Farts, as the Sphere e four, X. Zr: 33.6. 43. e 4 7 

ſeſ nialter Ratio I 

443 'Tazoxen 26. Syurres e Fo e as hs f their 1 
En or in e that of their Diameters. Eucl. 12. 8 

TOR E090. 55 5 

"ing are in = Ratio compounded of the Ratlo's of their 7 

three Dimenſions ; all the Parts of Spheres are ſimilar ; therefore | 
_ © there three Dimenſions have the ſame Ratio; therefore the Ratio q 

: Which they compoſe is triple that of each of the Ratio's of 4 
their Dimenſions 3 for example, of that of their Diameter. 

Now the Cubes of the Diameters are in triple Ratio of that of 24 

theſe Diameters: e are then one to * as the Cubes 27 

| 1 3 wh F 
5 | 3 — N 5 8 4 

; SECT. v. b, Fa): l 


050 the Method. of infatibing or DEI 2 Sphere 
"with "iro Bee wud eee | 1% 


i AVATEA r. 5 | . 
144 HE true Forms of thoſe Bodies are mewn in P. 2.” 
| Plate I. Fig. 1, 3, 4, 5, 6. ; : 
us 5 I. v2 RY Section of a Sphere by a Plan, i 4 | 
Circ . : 
& is the Section of a Sphere whoſe Center is A; it Jak | 
be proved that this Section is a Circle: to do, which let us 
cCeonceive, 1. That a Perpendicular AB is let fall from A the | 
Center of the Sphere upon the Plane of this Section, which T 
call X. 2. That Lines, ſuch as AC, be drawn from the ſame 
Center A to all the extreme Parts of X: theſe Lines {<vbich _ 
are all Radii of the Sphere,) are equal, they are Oblique, =. 
reaſon there can be drawn but one Perpendicular from A to 
Now oblique Lines which are equal have their Bottoms equally 
diſtant from the Perpendicular,* therefore all the Lines drawn 
from the Extremities of X to the Poinr B are equal, and the 
Extremities are conſequently in the Circamference of a Circle ; 
therefore X is a Circle, according to the Definition thereof. + | 
146 PROBLEM I. To inferibe a regular Polygon having even an Num- 
ber of Sides, in the greateſt of t=va unequal concentric Circles, 1 
that the Polygor _ not touch Tre teffer Circle, Euel. 
| N 8 „ 
f | „„ "7 OY 2d Atop, 
- q Sup. n. 140. * tn Oh; +5. 1; 1. 20, 
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216% v. Sxer.s. bo —_ 
Pao. 2. To iel in the greateſt of tae 1 — _ an 
having one and the ſame Center, a Polyedron' wvhoje Planes 'touth 

nor the Surface of the leſſer Sphere. Euel. 12. Prop..17. 

1 N two Problems appear co me me 25 R therefore 

. paſs em. | 

"Lemma. r. Iv aa, the Square of AC, is nie of bb, fa r 
1 uare of CD a mean proportional between AD and BD, I / _— — — ca_—_ 

D is the third Part of the diameter „ e. ß | = 

1 AD be called e, 1: aa=3}b+cc,* and becauſe. that by 
6s Suppoſition .34b=aa < then 36b=bbt<e : : taking away 6 
"from oh fide, it will de 233=ce. 2. > AD. CD. BD. or 
c. b. BD by the Hypotheſis: then cr or & 23h: 8. AD. DE ; 
therefore AD is double BD, and conſequently DB is the third of 
AB; aubich was to jd proved. 

"Taxon. 2. Tat Square of one the Sides of 2 Tetraedron, ar 149 
"Fquilateral Pyramid, is equal to 2 Times the Square of the third : 
Fart of the diameter of its circumſeribing Sphere. 

Tre Tetraedron or Eq Equilateral P. — 55 is compoſed of for 
equal and Equilateral 2 es. Let us imagine a Tetraedron to 
be inſcribed: in the Sp. „ one of whoſe Sides is AC, or a, 
and chat CD is the diet of the Circle in which one of the 


| Xia Triangles which compoſe the Solid i is inſcribed ; AC 


=3 C5, or dd 3b 5 conſequently DBB is the third Part of | 
AB the Diameter of the Sphere X, by the preceeding Lemma. ; 

Then let BD=c, and conſequently AB= 36. Since that => 2 36+ - 
4. 2c:& then Gcc aa; QE. D. ; 

| CoroLL. Tus Square the diameter of a Sphere, is in * Ins 150 
alter ratio to the Square 54 ne of the Sides of ts inſcribed Tetrae- 
dron. Eucl. 13. Prop. 13. 

Ir has been proved that aa, the Square of the 7. 8 | 
Side, is equal to fix Times the Square of e, the third Part A 
the diameter of the Sphere. Now the Square of ze, the dia- 
meter of the Sphere is gcc ; therefore the ratio of the fide of 
the 7. etracdron to that of the diameter of the Sphere is is ag bee to 
ger, 6r 6 to 9, which is a ſeſquialteral Ratio. 

\Trror. 3. Tur fide of the Tetraedron is incommenſuralle i in it- 31 

fel If, and commenſu rable in Power, with the diameter Yf. its circum- 
feribing Sphere. © 
LE AC or a, be the fide of the 7. os as above, and AB 
or 3c the diameter of the Sphere, by what has been demon- 
frrated i in the preceeding Theorem, DB is equal to c, and AD= 
203 ; hence == 30. a. 20. therefore ec. a:: 3c. 2c. Now 3 and 

are not ſquare Numbers; therefore 4 is incommenſurable in its- 


ſelf with 305 and commenſurable in Power. In the preceed- 
2 ing g 
eB. hn 78. ; + B. 3. n. 86. E 
. 4. u. 28. B. „ © I B. 4. u. 28. 
B. 3. n, 86. +T B. 4. u. og | SC EI 
* : 8 * | 
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the Sides. of the” Cab, which: are i equal. Ab 55 f lb, 


3304.79 e ee BL HOTF 
er ern Cent io. like nils BD=BC+CD,- or nn Tzu then 
fubſticuting i in the room of un its equal 20 it will be” me 3. 
<Q E: | < +9 : UN 28 nn 821 1 AE $373.21 £34.27 3&8 BBs - 
I 54, "PRrqB. 4. Tax diameter f a Sphere, being given, to find the fide 
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„„ find a: Gree wwhich ay. contain oh K. * Sides of the. Cube. 
Eucl. Og Pro 
ws 5%. TA hes the diameter of Aa Sphere. i in which muff he i; in- 


of AD: upon Q raiſe the Perpendicular CD, and from C draw 
Tg Line. to A, which. is the fide of the Cube required. For let 
—_ BA=3c; and CA. then = 3c. d. c. . then 7 . ge 
1 | re of AB or 3c is gee 3; therefore the Square 0 FAB. is triple 
1 . We of 4, which is only 366. Wherefore AC is the fide of the 
1450 required, by | the. prec eding Theorem. Then if you would 
Hate a Circle ca pable of conta ining one of the Sides of the 
Cube, there mult be a Square deſeribed one of whoſe Sides i 1 AC, 
and its eircumſcribing Circle | will 15 that which Was Fe> 


—_ i =o 15 e . E , fs a Cube ts incommenſurable in "Hel x 
—_— | and He OTIS in "Poaver, ons the diameter of a $ Sphere. (fame 
| ure.) 

: | 5 AC 57. 7, the fide of the Cake, ﬆ a mean proportional between 
the whole diameter. AB. or, . and its third Part c; hence ſince 
that == L JC. 4. c; then 3c. cif 3. l. the two Numbers 3 and « 
= | 8 are not uare Numbers, therefore AC is in ixfelf iacommenſara- 
= | ble with AB; but 2 1 in Power, by reaſon 3 its ſquare 

=_ | © is the third Part of AB. q 


75 ; 4 75 


Jax. N ET. on mo. A | Tron. 
i . 1 73 
B. 3.7%. 57. 5 B. 285 Its 31y | or ; « | 2 


* 


— F. 2 * 5 S £7 . 8 7 
_ 22 A 2 
*. 45 . oy r 6 p . * | 


Py > Ie £ = 3 8 ; F. ; 

v "$3 1 . 7 . 3 0 4 o "9,74. 2 . TOE ES TIE ca Frank 2 _ 7 

. Feen l p _ * 1 5 x een 9 uh +. of 7 * n 
8 A 1 2 5 b u 1 * „ 1 2 1 r 3% C 

- © Br Te IN. Refs: 2a I” UC. bet uns "= 4 8 4 . FS . n .  *- 4 EO = CS £ HE) 
2 * 9 3 NN F <P" Wy * 3 LOS 4 GEE" 2 * Ee 8 KO 3 oy > r e 
= —_— F Nn bo a RN _ kr is aa EEE" + INT * r > IST 
5 K = it: Wer * 


D 
„„ 


„ eee ee a a as dl 
= a . Elements of Gentry 
=—_ 8 in Theorem, we prove that aa is to the Square « of the  Sphere's 
= "ak Net 6tog.... * 
4 8 : 152 PROB 3· To. in 5 N in a 1 8 or - 70 "fad a 
= 5 8 K i bags. 5 ontai none 9 of the Fo {4 5 the Teer on. 
1 Dixie, AB the diameter of the 3 into three equal 
= * +1 Parts, « {o- that DB be, double. AD, and upon D erect the Perpen- 
% | ea 1 2 7 Which 4s the Radius of a Circle, in which an E qui- 
1 5 eral Triangle being made whoſe ſide is . you will Rave one 
= : : oi the e Sides of. eee, as 1s evident.“ 8 
. 1 : 15 Tu bos. 4. Tu & are of of the diameter af > "Sphere i is triple the 
3 | | "Spar re 4. each has of 7 55 in aſcribed Cr Deer r Hexaedron. Eucl. 1 13. 
= - | Pro 
= - Lies 25 dy on Hexacdron N 1 is Er tg in 2 e 1 2 
2 5 1 AB=m,, which is the diameter of the Sphere, let the 
* e of one of the, S "Sides" of the Cube" be BD. I call r all 


of the Cube vr Hexaedron 4vbith may be 12 therein, ' off To 


bilde 3 divide it into three fuch Parts, that BD be double 


* 


Chord of ninety Degrees is half that of the Diameter: for 


Bb Y e oh Ys 1 
adn; 6. Tur /quare of each fide of an Oftoedron 3: 17 0 
of the diameter of Its -tircumſcribing Sphere. 'Eucl, 13. Pro 
A NO F02dfon is comp poſed o eight equal "Equilater ＋ 14 
angles, Whoſe Sides are Chords of a Quadrant, of 4 Circle =_ 5 
ninety Degrees. Now it is evident, that the, Square of, * . 


Chords of ninety Degrees make a right Angle, whole Baſe is the Bar 

diameter of the Circles therefore the Square of theſe two Chords 

is equal to that of t the Diameter, which 1 is conſequently. double. 

that of each of the two CHordſs. ; 
Tükok. 7. Tux 'fame rel. evil i ot 16 $quore 9 11 we 

of” the Sides of a Cube, and" the 7 Triangle aich is one of the Sides of + 

an e . they ting, beth inſcribed j in.the Same, 8 e ee 


: | 
Las the See BCDx be the ſide of a Cube; inſcribed } ina Circ 
the fide of an Octocdron inſcribed in a Ci: cle is the 1 F GH.. 


1 
FAR 


3 Rock 


It muſt be demonſtrated that if theſe two "Solids a are inſcribed.in-one. 
arid the fame Sphere, theſe two Circles are equal, Let a; be the 


. 


diameter of the Ok & the fide. of the Square Which Is one, 


4 OS + 6-4 


Gocke which ot 5 fide « of the . be called 5, an 

that of the Circle which contains the ſide of the Ofcedron be 4 
It muſt be proved that y=x._ 1. If 45 is conceived, to be, the 

Square of the Cube inicribed in the Circle whoſe Radius i is J's. Its, 
is evident that 2 55.“ and ſince that 35 a + then. 4 
. Now 2c=aa : | then E ba. lene 
au xx, then be; ; therefore Ji? 3. which Was, 4% 
be broved. _ 

HEOR, 8. TAE fide of an ORdedron's 7s incommenſurable\ in 52 58 
ſelf, and comms enfurable jn Power with the diameter, * 115 circum- 
ſeribing Sphere. 5 

THz Square of ad, ſide of the Od on is to that of the 
diameter of the 8 here, 2s 1 to 2.1 Now 1 and 2 are not {, quare 
Numbers; therefore the ſide is incommenſurable in itſelf, 1 
the diameter of the Sphere,“ and commenſurable in Power, by 
reaſon its Square is half that of the 99 . e ee 

. find the fide of an ORttedron; . a "Cirele £aþ-159 
able of containing one of the Sides thereof. F 

'F i xD by the fourth Problem a Circle that will com drehend 
one of the Sides of a Cabe, that Circle by the ſeventh egrem, 
is ſufficient to contain one of the Sides uf the Ocfoedron, there is 
then nothing required to be 1 0 to inſeribe an Equllateral 
Triangle in that Circle: ak { de 9 that Trane: is the fide, of 
thi OZcetron 1 re uired. + 

Ty EOR. 9. Yrxcov ALS ar Ch r= drawn 22 = $2.56 150 
Pente gent < Sich compoſe The CO Ie thoſe” Diagonals which 
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192. 7 08; Elements of Geometry. 
vin ragerber form fix Squares -which are the fix Sides of 4 Cube on 
en inſcribed in the ſame Sphere al the Dodecaedron. 


bg $ 


Err there be four pentagonal Sides of a Dogecacdron, K, X. 
Z. J, (in reading this keep in hand a Dodecaedron) upon cach of 
theſe Sides conceive Diagonals, one from A to B, from B to , 
from C to D, and from D to A, ſo upon all the other Sides; it 
muſt be proved. 1. That thele four; Diagonals make a Square, - 
wit. ABCD. 2. That the other Diagonals with theſe, form. ſix 
Squares equal to ABC D, which compoſe a Cafe inſcribed is the 
ſais Sphere as the Dadecacdron; therefore each. fide of the Cube 
is equal to each diagonal of the Pentagons. .. 1. All theſe Diago- 
* nals ſubtending equal Angles, are equal. 2. Let us conceive 
Lies t9 be Jeans From the four Fon AH. ©. D. e 
n the Sphere in <ubich the Dodecaedron it inſcribed to the Center 
of the Sphere, they will make a quadrilateral Pyramid, whoſe 
Baſe is the plane which divides the Sphere and paſſeth thro theſe 
four Points. z. The Section of the Sphere by the Plane ABCD. 
is 4 Circle.* Now there can be no Figure of four equal Sides 
inferibed in a Circle, except the Square; for the four Angles are 
equal to four right ones: . and by reaſon that mo. ſtand upon 
equal Arcs, they are equal: therefore the Figure ABCD, which 
- hath equal Sides, and which is infcribed in a Circle, is a Square. 
4 Every Pentagon may be reduced into three Triangles ;-where- 
ore the Surface of a Dodecaedron, conſiſting of twelve Pentagons, 
iz reducible into thirty-fix Triangles. Now every Square equal to 
ABCD ſubtends fix, as appears in the Figure; therefore the thirty-_ 
ſix Triangles are ſubtended by only fix equal Squares, which com- 
7 7 2 Cube inſcribed in the ſame Sphere ; and therefore it may 
| truly ſaid that the diagonal of à Pentagon, avhich is one of the 
Sies of a Dodecaedron inſcribed in a Sphere, is equal to a fide of 
d dul infcribed in the ſame Sphere 
161 ProB. 6. To fad the fide of a Dodecaedron, and a Circle fu” 
- ficient, ts contain one of the-Sides thereof, Eucl. 13. Prop. 17. 
Ix the firſt Place find the fide of a Cube inſcribed in the pro- 
poſed Sphere: this fide is equal to the diagonal of each pentago- 
nal Face of the Dodecacdron: 9 Are this tie into mean and ex- 
treme Ratio: its greater Part is the fide of the Dadecaedron pro- 
poſed || Io find the Circle ſufficient to contain one of the Sides 
of the Dodecaed-ron, deſcribe a Pentagon as has been taught, | 


N o 


then 3 it with a Circle, and it will be that which was 
162 Tron. 10. Tux fide of a Dodecaedron ir incommenſurable 
with the diameter of the Sphere, both in itſelf and in the ſecond 
F p ] /] ĩͤ 2d tata 
1. Lur che diameter of the Sphere be 5, that of the ſide af 
the Cube ipfſcribed in the Sphere be c, divided into mean and 
extreme Ratio, whole greater Part c is the fide of the Dede. 
2 ns 7 1 . Bs 1 pA a . 2 caedron. 
Sal. = 145, J B. 2. 3. 113. 1 Sup. n. 154. 
$ „ ig * B, 4. 3. 153. J B. 4 . 159. 
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c is incommenſurable, with c. both in itſelf 


- 


and in ; "Bu 1 8 commeniyrable with 6 in the fe-- 


cond Power, is, bin is with 
bb.” 3 Fig ee 2th with bb if it were com- 


menſurable with 335, it would be ſo with the Square of. c $.. 
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LEUuna 2 MN is the Diameter of a 
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each; J Jay that hp is the Sie of a Decagon. a/eribed © in a Gir, 
Wi us Is 

SuyPos ING MF or GNS. and A F rA: if. 
MF or x is the Side of a Decagon whole Radius is AF 
or ZL; then having 1 AF into mean and extreme Ratio, 
x is the mean Part, N and conſequently == Er. x. ; thete- 
fore if we 8 that 22 = . . we ſhall do what is pro- 

oſed. are of AB ; then AB=224-2x, and BC 
The Square o AB, which which i is 4zz+82x+4xx, with that of 9 
which is zz422z4-xx\ are equal to that of AC or MN. 
Now by the Hypotheſis MN=jx+=z; for MF and GN are 
nA equal to x, and FG=z-þx: The Square, 7 /ay of zu. 
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ind one Sum, ee Io LF; taking a- 
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4 Y dividing both by 4, it r il be- A= 
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which is ag no 1s equal to ææ the one of the pap 
Term * 3 
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edi in a Circle, whoſe Radius is AF. ( ſame f 84 N 
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Pentagon, which is one of its Faces, and the Apotome ef that Pen- 
tagon ; and that of the Icaſaedron, is equal to thirty times the 
| Reciangl comprebended under one of the Sides of: the equilateral! 


from that of the equilateral Triangle to their angular Points, X 
will be thereby divided into five Triangles, and Z into three; 
hence the twelve Faces of the Daodecaedron into ſixty Triangles, 
. as likewiſe the twenty Faces of the {co/acdron into ſixty. Now 
each of theſe Triangles, as ABC. is equal to the Rectangle of 
AD. its . and of BD che alf of BC,- as as is pe 
a 0 2 
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* any 5 ee thereto, GR . Hal, TR 


ifth, Sc. Let the Square be aa, to find another e RT 

pr to the Fourth Part thereof. Take a Line at venture, upon Le he 

which mark five e val Parts with the ſame Extent of the Com. — 

paſſes. Let this Lide be BC, whoſe fifth Part is BD; hence 5 
C is equal to Face of theſe Parts... From. A the Middle of BC, - 15 

. Extent of AB or AC, draw a Cirele; and upon 3 

erect the Perpendicular DE, which terminates at the-Circum- FF + 


ference of the Circle. Then == BD, DE. DC. * 11 5 
called 5, e DOenRs, And if DE Ax, then . B. 4b; 8 
therefore xx=4bb. Upon Craiſe a Perpendicular © Fe wn, 10 


2 the Root or Side = the . Square LR the Square * whoſe CERT 


the Point G, where it interſects the Radius 3 ad. inf. let 
fall a Perpendicular upon BC produced infinitely on. each Side. 


fourth Part is required. Draw FG parall D; and thro" 


The Perpendicular GH is equal to CF, and conſequently to a. + 


Draw a Circle with the Extent of AG, whoſe Diameter is I. 


27 Square. that 3 be ſuch a Part of a given. Square. as is re- 


28 compound er to others morę Simple and Elegant: At. 
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It is evident that TH is the ſame Part of IL as BD is of BC; con- 


ſequently a fifth Part. Hence if IH be called u, the Remain- -- 
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det of the Diameter HL is 4. Now <= IH, HG, HE, or 2 ' 
m. a. zm: 4 Then qa=4mm, $ The Linę 1 H is conſe- 1 
quently the Side or Root of 4 Square, equal. to the forth | 1 
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art of the Square a, This ple ſhews how. to find * | 


. quired, Which is of great uſe for reducing an Equation to 4 
ſimple Ex preſſion, There are 2 Ways of reducing 


ter Which there. is nothing more to do But to free che Equ-＋fꝗ 
tion from certain Tſuperflyous Quantities, which may be done by. t 
adding that Equation to another, which contains the ſame Quan- - t 
tities with a contrary Sign, according 25 this pri ciple, that more. '2L 
and leſi the me Duantity, is equal 1 to nothing. | 15 hus, if . 3 
 and'z=4+6; in order to cancel S, add the two Equations nta f 
one of ad, in which & is ex It is eaſy to tranſpoſe a I .b 
uantity from one of the Members f. an Equation to the * | RT 
for in this x=b=4;, adding b to each Side, it will be AU, in W227: 
which þ is moved to the ſecond Member. Altho' che Roots of an 
Equation be unknown, bat is, the Quantities of whoſe = 
dud the Equation n yet it — be encreaſed or leſſen- 
ec 2s is deemed neceſſary, Thus if xx=x4+66 whole: Roots 
* 2, x+4, 6, and that it bs re uired to encreaſe. x by: x Take 
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the Quantity y and Toppſe i qu: Ito +3. Then 53% then n . 
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where x is, put 5-3; ihſtead of- the Stare 61 
pat the Square; or Cube Ke. of z after which 
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which is the ſame. In augmenting or dinuniſhing 
24 Equation, it muſt be ſo managed as to have contrary Signs ; and 
that the Quantities may therefore be cancelled which the Equas 
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„ But BTID 10,” 
> qQuaTIONs are of ont or more Dimenſions or Degrees ; and by 30 
I” Degrees it is that Problems e 2 

_  T'RE unknown Quantities are involved, or raiſed by Degrees, 
according to the Nature of the Problem; When the unknown 

Quantity which all the reſt are reduced to, is nat multiplied, as 
in this Equation x=2-+c, the Equation is ſaid to be ſimple or of 
dne Dimenſion. We have ſhewn that when there are _— | 
unknown Quantities; they are to be all reduced to only one. 1 
for Example there was x and x, and their difference was known 
to be 5; if x be the leffer, then z—b=x ; hence * may be 


put inſtead of x. Conſequently; if by the propoſing of the 


Queſtion, it is known that the Rectangle of x and x, or of x and 
b, is equal to the Square of c, there will be this Equation 
L* cc, which by taking away æh from each Foes is reduced 
to this x c=, in which x is raifed to the ſecond Degree. 
If the Queſtion had contained three unknown Quantities, and 
that they had been multiplied one by the other; x, which all 
© the teſt would be reduced to, would be raiſed to, the third De- 
gree. Hence it appeats that Equations are of one or more Di- 
menſions, or of ſeveral Degrees. I ſhall ſay no more here of 
Equations which are of above two ator becauſe they cannot 
be ſolved: with the Ruler and Compaſs, that is, by making uſe 
of only the Circle and right Line. 5 | 
| / EqvuarTioxs of two Dimeniions are reduced to theſe three 
forms, 1. #:==aa—xd, 2. xx=aauþxd. 3. xx==xd=aa,;" For 31 
if xxzzab— 4d, as ab is a known Quantity, by taking ase, 
© xr. If xx=x4-þc. I can find a Square 36 equal to 
the Quantity c, ſo that xx=55-+x4. Find a mean Proportional 
._ - - between Unit, and c, which being called 5, then is Mic, or 6 


=c. Carefully endeavour to compare the unknown Quantities ,, 


ſio as may moſt tend to the Formation of the ſimpleſt Equations. 
By finding and reducing Equations we obtain the Solutions of 

Problems; now according as theſe Equations are reduced, 

\.. Problems ace diſtinguiſhed. When the > Hoops is ſd reduced, 
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E quation. Obſerve that theſe Letters denote Quantities proporti- | 0 
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quation js of che firſt Degree, 1 the Problem f is 115 10 . 
When the unknown Which che Equation is 12 5 to, 
0 \ Tat two Dimenſions as xx=2a+bb, Which is an Equation of 
8 the con Degree, che Problem is called 'a Plaus, When the 
Equäation contains 'the unkndwn 5 7 raiſed to the chird, or 
" Foarth Degree, as x3=aab, or x4+=4cb, which are Equations of 
the third, and fourth Degree, it is called a Solia Problem. When 
the unknown Quantity is raiſed higher tha! the fourth Power, _ 


the Problem was by the Ancients called Linea; but it is more © 2 
N the Degres which the unknown Quantity = 


9 575 raiſed to. 2 5 * 2 3 15 1 £75 Go SE 5 


\ 7 10 Canin Confirudtion © or E. Peron 7 Sele, 
that is, of the Method of expreſſing by Lines the 
ca erde therein. | 
Tus Method of expreſſing by Lines the Quantities belonging 
to an Equation, is called "the Geometrical Conſtruction or Ei- 75 
beclion of an Equation. The dee e of Equations of one e 
1 is very eaſy, there being nothing required but to make 
a Line equal to a known Quantity. Thus if x=e, and that à be | 
ual to a foot, it is eaſy with the Ruler and compaſs to draw 
| b equal thereto.” When the known Member of an Equa - 5 
1 tion hath ſeveral Quantities as 85 „it is alſo eaſy, for the ' 
_ "Equation may, be reduced to a fim er k reflion, by taking a 
ITE equal to both the Quantities wo different Lines 
may be taken and joined together, Sometimes inſtead of the va- | 
lue of a Quantity we ſeek its Lan When divided by other 


| Quantities) for Example a= —: To expreſs this Geomerrital- {| 
ly, that is, to conſtruct or make a Figure which expreſſes this 
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ba 


144 


onal one to another; for if c. ab. x, the ſecond Term a being 8 
„„ and their 3 divided by the 1 


| Firſt « the Quotient of the Divifon — is x the Tou pro- 


Ec 


; | portional; hence x = —. 'To expreſs this Geometrieally, 


having taken AB equal to 5 e AE equal to B, upon B, raiſe 3 
BC ga, and from A draw a Line thro* ©; then from E, da-! 
a Parallel to BC or to a, which I call x. Theſe four . 
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the a x, | he fame i Real ae. 1 
wn bs; + 9 5 

.._ _ *three lines bang given. a fourth Proportional may be Found, -__ __  F—_— 
Wen is the value of K. ; 5 © 
When the known Quantities of an Equation have 2 IL RE 
Sign, they may be 5 expreſſed geometrically. If for ä 
- "example, = Val, by drawing a line AB equal to a, and pro- FOI 
"ducing it even to C, ſo that BCN and from the. middle of | - OE 
AC, as a center, deere a circle, then is the perpendicular TS. 
BE the Value of x; for +5 AB. BE. BC, a Farkf. hence | * 


9 5 Abra: Therefore Vab Sr. This Equation e 8 way be a 37 335 


o conftrufted and expreſzed thus. AD being hi equal do a, 
And AB to =, hence BD being equal to 5, I raiſe upon B a Per- 
IM 7 equal to BD or 5, draw a right line from A to E and 5 
upon AE at the point E draw a perpendicular, wiz. EC, which . 
eur the produ Part of AD: then is the Angle CEA a Ay 5 
done; having therefore deſcribed 4 circle thro? the three Poi 1 
| K. E, E, it is evident that AB. BE. BC, or that = 2-4. S. &. s _— _.- 
8 1 * for the value of BC, then bb, divided by abi is equal 0 | _ ons 
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3 * J ; x ; > 
4 x 37 hence =x. | of two Degrees are ao ally _ 
1 5 : a—b 3s , 1 : 3 8 
; | conſtrued and are, as we "als n pee to one of- } { vi 


= 1 three Forms xx=ax+66, or x3=ax=bb, or xxbBb=ax. e = 
. For the 8 onſtruction of xx—ax+bb, or xx==bb—ax ; upon r 

12 right line CD, which I ſuppoſe equal to 6, I erect a perpen- ä 
dicular CE which I fuppoſe equal to the half of a, and with the - \ 1 
. extent of that half, as Radius, I deſcribe a Circle, and thro its „ 
Center E, draw the Line DE. Since that CE is the hälf of 2 | 1, 
5 then AB=z. 'Let BD. and AD v. then a =; there. 1 
fore ar E rx. Now ſeeing that CD or & is a Tangent. | _ 
then 1 ==> x. 6,5; therefore T bb. Hence ſubſtiturmg 45 in | OE 
: this Equation xx==ax++xy in the Room of , which is the ſame, ä 
5 + there will ariſe this Equation pin ufo? "ip which is the con- "488 
nruction required. 2. The conſtructlon of this Equation x: = 39 3 
= © bb=ra, is the ſame. CD (ame Figure s A equal to. &. ; 12 
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and CE equal to the Half of a; but tis ſuppoſed that BD is 1 
Bk to x. Then <= — AP lor me e JT: b. BD (or x 9 thin | 
. 5 . 5 8 | 5 | a ; 8 85 
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; thro D draw the Line DG Parallel to AB. If this parallel 


been ſuppoſed equal to a; therefore x+y==a..This Equation mul · 
tiplied by x, produces xx+xy=ax 3 Subſtituting 5b, in the room 
ok its Equal, xy, it is xx+bbþ=ax 5 and ſubtracting 6 from 
each Side, it will be K a-, thus is this Equation con - 
r 41 ftructed. By means of this Conſtruction the Value of the un- 
=—_ ;- © known Quantity is found by a Line; which is found yet more 
—_— | _ readily by reducing the three. preceeding Forms, into a Pro- 
—_— i e 2 of three Terms. re maß 
reduced to this progreſſion == x—a. G. &; for xx—arx=bb ;% + 
adding ax to each Part, it is xz gar rbb. 2. This Equation - . 
xXx=ax—bb, is reducible to this progreſſion ==. x. b. ax. for 
ax=xx=bb, + adding xx: to each fide, it is ax==bb4rx ; tak - 
43 ing away 55 from each Side, it is ax—bb=zz. 3. This Equa- _ 


K. 6. : therefore bb. Now AF (or æ) more FB (or ) ham 


42 


tion xx=6bb—ax, is reducible to this progreſſion = xa. b. x5 
for xx-+ax==bb: 4 taking away ax from each fide, it is 
 ax==bb—ax. The mean Term þ is known in each of theſe 
- three _ Progreflions, and in the firſt and third, the Dif- 
ference of the Extremes is known, which in the firſt is 
2, and in the third-+-a. In the ſecond, the Sum of the Ex- 
tremes is known. . Wich theſe all the other terms of the pro 
. * 3 of FOE ney 055 
| ROBLEM 1. L there be a Progreſion of three Lines => © 
* . >. the — erm is b, and a is —_ to 4. Sum of the Ex- 
tremes x and . required to find the Extremes, © 
|. * Take AB equal to a, the Sum of the Extremes. From C, 
. : the Middle of AB as a Center. and with the Extent of AC or. 
_—_— Ro Cy, deſcribe a Circle. Upon B raiſe perpendicularly BD equal 
1 | to the mean 5; and thro' the Top D draw DG Parallel to: AB, 
3 5 and from E where DG cuts the Circle, let fall a Perpendicular 
1 : FE, upon AB, which is equal to BD, hence EFA; then ſee · 
=! ing that 4+ AF. EF. FB. the Extremes are AF and FB; there- 5 
_—; . 4. #:29. FB. z. 3. 58. f B. 3. 3. 57. 5 
_ : | 3 B. 3. 1. 57. %% es 
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efſions may be found, as will appear by, the three following 
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_ Difference of the Ixtremes nt; and *. To Aud the Value 


Wo RT 
3 RW AB 1 to 4 ; and apo B raiſe 8 BD | 
qual to 5 then from C the half of AB, and with the Extent + 
CD, deſcribe a Circle. Prolong AB at each end even to 
the Circumference of the Circle, a 
For r x-+4. b. 2. If the Progreſſion were = -d. b. x. 
the fame thing muſt be done. But in the Caſe where x=EB, 
the Leſſer Term is BF equal to EB-AB, or to -d. It is evi- 
dent that the difference between x—d and x, is 4. When the 
Sign 4+, the Quantity: x, is EA, to which is added the diffe- 
rence 4, which gives the greater Extreme. When the Sign is 
* 4 is ſubtracted from EB or FA which is the Value of x. 
-ProB. 3. LeT there be this Progreſſion of three Lines == 


zreater Extreme, FB which is the leſſer Extreme, 
Ler Ah be this Progreſon of three Long => 


1 d, tb mean Term 35, being known, to * the Difference j-4 75.46 . 


| Extremes d. Lr and d, n x: 

Uron B, the Extremity of AB, equal to af raiſe Perpendicu- 
lach BC, equal to 5 thro A and C draw a right Line, upon 
which at che Point C draw a Perpendicular which is CD; there- 
fore the Angle ACD is a right one. "Frodace AB even till it 
cut CD the Line BD-AB'is equal to x; for having divided 
AD'into &Þ equal parts at the Point K, and with the Extent of - 
1 D geſerib d a Ces, it will paſs thro' C; hence <= 

( as, BC. (or Bb.) BD: Wherefore BDA Lx, which is 
the third Term: having then ſubtrafteg from BD the Line DE 
ph to 29 ay; p inder is qual * 43 ng value was 
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ter which AE, or BF xX. 


* heh 1 Gan of a Legge or Vice: 


A ice Place is the Line by which a Problem is 47 


conſtructed, and as there are various Sorts of Lines, ſo there 
are difterent ſorts of Placet. When only a right Line is required, 


5 it is a Place for a Circle, & c. Indeterminate Problems 
are alſo of Place. Let us begin by a Place which is a Line. 
e Line Line LL is one, i 


points the parallel Lines LN, LN, meeting a right Line AN; 


and ne . taken upon the Line AN a Paint A at pleaſure, each $ 


Line LN hath one and the ſame Proportion to the Part AN, 
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is called a Place for a right Line. If a Circle muſt be uſed, | 


there can be drawn from all its 


ch they contain. For ä if LL is 1 Line, and 


. xd. b. x. the mean bis known, and the 5.45 | 
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„ r 15ers e night Line AN in A, it is dee ke T: rofl gs 
8 | Teri the ſame Proportion to each part of AN, w 


by this Equatioa 9 =—> Tf the Pro roportion be” 


Gppoſed to. be 2 that of « to 5, and that the Indeterminate ; 
I.mes ae L Lv, and 'NN=y. For ſince that a. 6::x., y ; then 
me Product of 6 by: Xo which is bx divided by 4, is is the Va- 

| I * 

ä le of 35 hence = This Equation Hen. chat the Place 

4 
- > Line; 88 a Line chat [can have. this Proper. | 
That all Lines * from AL upon AN, are t INA a' is; 

4⁴ Ps Hence it appears that the Problem which pes Romy to find 

ILS = Place; and the Problem admitti at Soluti - 

ens, is. therefore indeterminate, and the — can be only a2 

ught Line; for chere is only that which place LL poſſeſſes. 

Ne bach the Properties of the right Line, F324 

Re 7. 49. A Problem is a place of 2 Circle, and indeterminate, when it 

©. = propoſed to find a Line having its Square equal to a Plane; + 

1 4 FI der then known Quantities. muſt neceſlarily. be ſuppoſed, as for 

_— i 5 le, that the Sides of the Plane are @ and & ; that ABZ 

== 4 1 nd BD=b. AD, and AC COD. Upon C 28 4 3 

== ter deſcribe a Circle, and upon B draw te Perpendicular Bilge? 
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VV — ho W 5 of Ab, e. Ss 
CE er We Line a pat Fee between the”! | 
; exe Points A and D, will always have its ſquare OTA. ; 


Plane of the of AD, that i i, that ab=xx,. or =. 


. The Problem may therefore have innumera | E Solutions. You 
- Er that to find an Equation we were oblig to ſuppoſe the 
3 I. Aan Lines AB and BD, otherwiſe it could not be done. 
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the Remainder the Value of x. + ä 
Pon. 3. One F the Sides. of 1. * auld Triangle i is a, 56 CE _ 
and the Other is x, mg di ifference with the ney. is b, __ _* * £1 nn 
To frad the Value of ö. „ | FE | _, _— 
Tus Hypothenuſe is x44 poi raed ded T4. . 


2 
- 
oaths. 


© 
_ 


85 
8 
4 7 4 


MY TER 


Fs * 18 
5 % 3 4 mA = = 


NM 

Lr W 
n * 4 . A 
& . FE. * 


king away xx from each Side; aq==26x+66 ; alſo ſubtracting | 
"bbs it will be aa—66=26x 3-taking c Sa-, „ ir will be c CO <2 
1, png Then == 26. c.'x. Ihe Buſineſs is therefore only to N * 68 
ind a third proportional to the two known vantities, 2b and c. | 3 
. 2 ; PROB. 4. The Hypotbenuſe- 6s; | Triengle is a, 4 55 
N the Difference of the tauo Sides b 1. find + „ SO hs 
Lux cke lefler Side be called. x3 then the Greater is & ; 
hence | aa=2xx+2xb4-bb.* Subtract h equally from each 
4 Side and aa=bb=2xx4255;' or half a-half bb==xx+xb. In l 
| the Place of half aa—half-b6, 1 put the Square cc, which 1 e 
ind to be equal thereto. Then is cc=xx-þbx, or cer ur . 1 
bene + e c. . N 7805 be found the N | - 2 + __ 


of; . | 5 
. Tur Hypothensſe. oF. a right led Triangle Gs, a | =. 
nn. Sars 5. Jo find the Sides. © | 55 | —_ 
Lex one of the Sides be called x; then the other is 9—x : e 3 
Hlence ag=bb—2bx+ 2x. "T'add 2bxaa=h}+:xx. Tk BE 1 
ſubtract 35, and I have 2bx+2a—bb=2xx. Put dd in the 2 1 
Place of its equal aa, then 2bx+dd=2xx.. Divide the \ 1 
whole by 2, in order to which find. cc, equal to the Half of ES - "= 
du; + hence br Nc A: Then ＋ K. c. 4 —. Then the Va- 1 
lue of x may be eaſily found. 3 | = 
4 ProB. 6. Tun Area or e of a - FB] Paralle- 59 1 
„ gram is ca, its lefſer Side > 45 and x+, the greater. Side, required '.. _—_ 
I onde © FED 44 "is the Area of the Parallel „ 
BE = r Product of x by a +6 is the Area of the Parallelogram ; | 
then xx+xb=aa: 3 A x. 4. x-þb. This Problem is on a 
| e Solyed like the preceeding one. | | . 
| Pros. 7. Tue longeſt Side of a right angled Triangle is £60 5 3 
i 4 em with the D's » is a, mand is therefore . "Ms 
p ce 


* 2 * 
8 hy 
wats. * Fs. 2 3 
. ; 
— r 
- "th 
3 


e 


. g 5 2 
LL Ty" n * * 
C e G 
N > V5 . 4 
7 2 ; 5 by” Th et. JOE + Tat ty 
* 
* * 7 2 1 - * 


— 


1 . 
| 5 ** . = 3 8 * 
7 | * 0 2 "K; y - ab K. 2 i. 3% 8 
b | Sup. A. 5 £ gas. K. 2 1 . bo wo Pa 
| 8 . by 1 8 


Ho =_ 
LE - a 0 
— 7 — R < ' 
= ; * r - 
ga” . — 7 . a _ * ms el FY * % = * 7 ” — A N 1 _ " 
= bp | =” g * * * Za 4 4 5 $6 v9 7 wo, _— n * = _ * ** * W x x 5 os 7 3 * 
8 _ * s * 8 ds: [ "Re 4 $ 1 2 #+ 3 — * 8 * R 3 — hd a A062 5 e 88 *% a1 n £Y of 2 2 4 SHE "1.7 9 
a 8 2 A, A a ip of CY 7 ne ene 5 AS \ b & Nr bs. 1 A 5 e Ai 9 Om 7 GIST 2 3 nnn TY: ,: 
» — C 4 . 1 . 8 r ö . 8 ö 2” : ; Y - BIO _—_ * 
. . — 4 2 2 . R Eby . W*. 3 n ; F _——_ * "73 * # 1 2 i 9 S 2 
* 7 s Fa Ee he. a. £8 9 * 4 * 9 * * Rh r © PS * 28 5 : 3 2 I, N 5 
I 5 U 1 F 2 65 „ Be 8 [2 : A 8 * N * I: ws... * . . 3 n * Pe 
' ON l 7 4 . 3 - . 1 2. 25 * I : © 3074 E725 — 7 g Se A EIS . N C 5 
= : l % 


„ A: nat Be 
Y - * * 
+ Xo no 2+ : 
Lo a * +, 7 
, _ 4.5) dy * 
{ * . 
* | gh IS 
1 NA. La 7 
.- * 7. a 
_— 
"I = 
* 


Fo f 7 * * 1 7 5 * . J % = 9 
_ 8 NE, 1 [1 2 * a 
o * 
3 . * \ K s : e ” J Fo > 
Y 1-4, tan 8 A > - , . 2 
1 * . 5 4 : * 2 . 
_ _ N ' * 8 23 : * - Tf * — a 8 
333 | 5 5 35 f 
—_ | er than; wag ik dhe Sie 7 e 
* Fo e ; - 6 4 - $4 Eh ” 
a 4 9 wy, © K, (A* 2 i . = 


—_— 5 Tus Squares of the two Sides WP 3 2 e equal 1 
—_ ; . . that of the H Pothenuſe, Which! in aba, hence 2 255 A ES 


_— By "= Ar 8 —— zar Las- aba. Subtrack xx 13 
—_— .. + 2ax++aa from sach part, and it is zx—2bx&+bb=2 24a, fob-a NF » 
—_ ans. - +6b, _ it is a.: Taking 4 . o %. t 
3 equal to 2ba—b5, it will be xx=ds cc 3 hence 4+ . c. | 
. . POE * . * Wi Solved. * es nat” . 
1 61 Tess, f. 158 Pe en the righ 4 
Fl 6 ae angled Triangle upon the -Hypothenuſa is 3 11 
8 . 3 re Parts E Seqwents of the benuſe 
— Ler the ae, Segment downs wen the Gee ＋ . 79 
—_— - | Now A a. b. . +. 2 88 the Problem is folved az has 

= 5 N been taught. * i 1 . Mo 
_  ' 62 Prong. as Line 4 it Guided. in . of its Pune, . 
_— | C; it is required to produce it to D, ſo. that the r ror 
= 8 4 and BD may: be. emal 10 the CD. 
—_— - Soros the done. Let AC ga, and CB: 5 D==x. 
=_ | Itis required to find the Value of BD, or K*. Multiply AD, 
—_ 7 or a+b+x by BD, that in, by , which eee 355 ͤ - 
Z Which Product according to the Queſtion is equal to the Product 
_—  .- - . of CD; or of 55x — by itſelf; that i ax Tb Lr 1 
_ | übri- rx. From both Members of this ey fub- „ 

4 | ttt e and there remains - ; tranſpoſe &x tothe || 

. |  ,_ other Side, in order that the unknown Quantity'45 may remain 
. alone, and then ax—ba=bb. To reduce this Equation rom 


1 pier Terms, divide it it by — then 8 which E . 
ms ee rogrefſion <= @—b. J. x, the two beſt Terms ” 

known, the Third x, Which is EDS is. allo 

5 1 to conſtrukt the Froblem produce oduce the | 

. V Fi equal'”o x. ; 


o Tas Solution of each Problem 17 4 new Theotem : E A | 
_—C ..} cording to what bas been proved, the ware of BD, the produced |__ 
—_— | Part of a Line, more CB art of that ine, is equal to the Red - 
V ' angle made f AD and BD; and the produced Part is the third 

_—___ Tom „ hs 7 =vhoſe & jo Term Term is AC—BC, and the S.. 

—_ | | C. The moſt heorems are GT From Algebra, i 
_ TE | hich 55 fron ul Source of erath.. g . 8 
_— - 55 e Pros. 10. Tus Line AB js divided in C. I is propoſed 0 
3 | divide it again in D; h that the A. 2 1 GM 
_ " may be equal to the Sg: ar fn V 8 3 
_ a. ö | * * E Suppoſe 61 
= * 5 CC 28 & 41: "+ 5 + 1. 28. | EN gd | 


186. , Ry Eo 


* 
ac wes @.. 


a OD: 


N 5 bes, $4 — 481 We I 
TI f "Y n 8% Jy 1 „ 
25 5 EI az * % I 
4 4 7 4 - f I ES. FAY 2 
* > I Tus v3 My 2 Je 
£9 2 FOE : 
Ie * 1 YL I 
A 
* 


por 
7 
„ 
$ f 
* 
% 


N 
— 


29 
R 


. 
2 7 * 
1 as 


7 . — * 2 


. N F 
3 x 7 
2 s 
- 
* 


. 
N 
- 


5 2 SS 
_ = * 
* BY 
22 


— - 
2 
* 


= 


_—— n 


N 11 _ CT 
vs 1 . W — 
4 * 2 - * * 24 R 
* n , a OY 8" x 
TY N * 3 * 4 1 
** ä 
/ Ee. | 


* TY n 5 8 
5 ye, . 2 8 * 
* 5 4 . 
"F 2 . % — 2 * 
= BE. 9 2 3 * " : 
© "MF R 7 3 
VV « - _ 
: 0 4 


# 
a 1 7 
[7 |. — r 4 , 5 
', 2 EET” $4 47 
Ds 5 ö 8 Somme a. nba. * 
WW. c +» webs he 
y 6. .% * 2 
5 N & 7 "A as 5 * 225 ab 
35 97" TIF f ? z 
5 — WIERD W 
+ 


* * Aa : Fas „ 1 , 5 * i . 
8 ; . e : ' "4 1 A © 7 


4 . a x "oi 4 54 Ov . . 209 © : 
Sorroer the Thing dons, Then to find the Value of CD; 
keene and. C knit ED hence BBI. The 1 
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5 Free: Ab Wii? Heating t6* the Queſtion ar ar bab 1 
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Tuo. 11. Tus right Line AB is divided at & Pg infiite | . 
I BD) is Pereda, ujon AB; required to dravis' from d. 4 4 —_—— 
Liu AD upor BD, fo that MD BCD. ä 
Surrosk the Thing done, and that AB=a, and BC=3, and 285 t 
BD=x, the Line required. According to the Queſtion AD= 8 1 
BC+BD; wherefore AD=4+x. Now fince that ABD is 2 | '-. | 
tight Angle, the Square of AD or of S, which is 6 ＋ 2K ; > + Do 
Le, is equal to thoſe of AB, and of BD, which are ag and xx. 
Hence 6b+26z+xx=aa+2zx; taking away xx from both Sides, 
it is 3þ+2bx=aa. In order that the unknown Quantities may be 
all on one ſide, tranſpoſe 25 andi - will be 2bx DT, which 


divided by 2b, gives 8 fo. es which Equation is there- 
fore W into this ebenes, 26. 2 Le-. x, whoſe 
three firſt Terms being known, the Fourth x; which was s ſought, 
is alſo known. 
Pros. 12. Two parallel Lines AB and CD, are 8 5. 6 
- Pofition with CF, as alſo the Points Fand E. It is required to» 
| draw FD interſefting AB and CD, and produced 24 x las fo 2 
? AB be to ED, as AF is to 16. 
Ler AF=a, CF, CE=c, AGI and Abr rx. 1 5 
poſe the D rms Therefore according to the Hypotheſis 
y dix. E hen x multiplied * d, and the Product which 


| TY divided by 45 the Quotient — = ED. The two Trian- 
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—_— a 66 Pron. 13. To meaſure an „ its dif- 
_—  \ Fance AC, by the Help of two Sticks CD and EF. + | 
_  -  - " Surross AC=x, AB=y, CE=6, GD=a, and FH=c; then 
_—_ ſeeing that the Triangles BAF and GDF are Similar, AB. GD. 
—_  - 5 FA. FG; but FA. FG::FI, FK, upon account of the Pa- 
—_ = rallels GD, and BA; then AB. GD::FI..FK, or their equals 
—_ : : AE and 1 hers 7 a::x+6, 5, conſequently byz=ax+ab. 
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1 8 The twg Triangles BH. the! 
a | to BF, or.IK to IF, er AC, to AE, ſo likewiſe G is to HF; 
_ 5 bence AC. AE:: GD. FH, or x. x-+6::a. c, therefore #c=ax_ 
—_ Tab; taking ax from both Sides, there * ca. ab! 
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a::b. x. The three firſt Terms of this tion are known; 
5 - therefore the Fourth which is required is alſo known. Seeing 
. it appeared above that 4y=ax+ab; and xc=ax+ab, it fol- 
—_ _ ' Tows. that Sy cx, it being equal to one and the ſame Quan- 
=—_— __ tity a2 Tab, wherefore 5. c::x. y. Now x is known already: 
1 ry  _ *Therefore the three firſt Terms being known, the fourth Term 
| 5 y which is required, s g. ᷑ö—8 
55 6: Pros. 14. Two Merchants put into Company 1200 Pounds. 
* EPS. and they gained 3400 Pounds; the Firſt took 700 Pounds, for both 
== | : . , bis Gain and Sum put in for two Months; the Second took 3900 
A Pounds, for his Gain and Sum put in for feve Months. 1t is de- 
| 5 manded what each Gained, and alſo the particular Sum put in by 
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each? © 


—_——  - - Stock and Gain of the Firſt is 7500==b: Then þ—x is the Gain 
—_. : - | of the Firſt. The Stock and Gain of the Second is 3900==c ; 
—_— . therefore -a id the Gain of the Second. Now as the 
—_- 5 Stock of the Firſt multiplied by its time, is to its Gain; ſo the 
1 # | Stock of the Second multiplied © by its time, is to its Gain; 
_ h that is, zx. B:: Fr. ar. The Product of the Ex- 
. 5 tremes is Equal to that of the Means; then zc-2aπ ＋ 24 
_—  -- | ab—5ax—gbxd-5xx; and 2ax being added, and 2xx at the 
ame Time ſubtracted from both Sides of the Equation, it will 
A be 2xc=5ab—3ax—;bx+3xx; add gax+56x to both Sides, 
_—_ | .- and it gives 2cr-+3ax+56x=5ub+3xx. Suppoſe d=2c+3a 
V zs; hence-dx=g5ab+3xx; allo take ab, which ſubtract 
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. * Fa! 2 * 5 > — 4 4 : x F 15 : c ; 
__ - ſuppoſe 4=3g, and F ;; hence gx---b=xx, find a Square 
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quation art 1 redn to this Progreſſion 22 g—x. J. x, for S 
Sil, and conf ors gx==/l-þxx, and gx—lk=xx, the 
tremes of this ion are g- and *, whoſe Sum is g. 
Their difference be found if 2 AB=g be deſcribed 2 
Circle AGB, and there be raiſed a Perpendicular BD 72 
56 be drawn Parallel to AB, and from the Point E, be drawn 


' the Perpendicular EF, it will cut AB at the Points required 5 


The unknown Quantity which is ſought is x. Now as we in 
this Problem ſeek the Value of + in numbers, there muſt: from 
the Square of CE (or CB, the half of AB, the Sum of the known 
Etremen) be ſubtracted the Square FEI, which is alſo known, 
and there will remain the Square of CF, the Half of the Difference 
of the Extremes, whoſe Root added to CB will give the greater 
Term, and being ſubtracted it gives the Leſſer x=300, the wa 
of the Tris after which all the Reſt is eaſy. 
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| Fab two following Problems e that an . 3 
i made of this Method of ſolving Queſtions, which tho — 


ProB. 15. LET ABC D he a Billiard Table. 3 768 
" frite the Ball H after two Rebounds, with the Ball R. 

Tur 15 of Incidence and Reflexion are equal. Accord- 
ing't to this Principle, it is ſuppoſed that if K is puſhed to the 
Fr I it ou ught to reflect to L, and from L to The Point 

then re rel 7 7 d drawn thro' K the Line EF, paral- 
ia to the Side the other Point He the Line GH. 
Parallel to BD. Let KF, FB=b, BG==2, " and EI 
x: Then BlI=b=x. The Triangles 725 11 BL being 
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6 ory 2 95 | 
bring given 1 "Mir . . placed out of the 
Mirrour. To find the Point of Roto. ; by, 

Lr the given Points be A and E; and let alſo the Plane 
be EF. Required to find upon that Plane = Point D, ſuch 
2 the ere eee DE, Foie pre: than fa [other or 

e Lines drawn from that to , for e, 
morter than AG+GE, c. * y ag I 

70 FIRST. Let there be drawn the Perpe Row 
the Pole 


duced even to C, ſo that AB BHC. And from 
be drawn the Line CE; I fay that the Point rg 


For the two Triangles ABD and DCB are qual 

and CBG: Then ADE CDA DE, and AG+ 
E. But CD-+DE' is 4 Tight Line: It; is there- 
than 9 0 If the Point G were Gere d B 
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DF is equal to i bon is "= 'to Ab 1 

the Angle of reflection | 5 of Incidence, 2 

Object is at E, and ere "BY, e Point of Reflec-. 
tion is D, m_ 75 . reflected at A. It is 2. 
ors ve the 

7¹ 2 b LY. The e e EDP l 6; ſup 
1 not to that of Reflexion ADB. The Buſineſs is to 
again the Point D, where the Light will fall from 
the Object E to the Eye A, * te ſhorteſt Way. 
The known Quantities. ar © Allo, BF BF=2. . The 
unknown is Bx. R that da A8 les * "incidence and 
Reflection are ſuppoſed equal, then right angled 
_ Triangles 2 and EFD are Similar; "thn ard. * | 


Therefore — SK: 8 the Value of BD. known. = 
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r the curve 7 5 as. the different eien 6 * 0 
Ot: * Their Names, an . Meri 1 for . thei | - 5,62 3 
Hes. | 2 
as theſe geometrical Elements. 1 have. Wend only of 4 1 
right Line — 4 the Circle; but as there are other Lines called - | "i 
curve Lines, which are now-a-days chiefly the Object of the +. Do 
moſt ſublime. Geometry, upon account of the wonderful Wl | _ 
Properties which they diſcoyer, it will be proper to | - —_ 
- ſhew their Gengſis, and ſome of their principal Properties. 11 r 
' ſhall treat only of the Firſt and moſt known, which are thoſe: 1 
+. obſerved in cuttin the Cone different ways, from thence, called | „ 
Canic Section. The 9 and 3th ſeveral Sections are owl in 2 . _— 
P. B. Plate 8. 1 „ 1 
Ler there be conceived a right angled Cone. 1. If it e | 
a Plane paſling.thro' its Axis, it is evident that the Section will be 1 
a Triangle, whoſe Sides are thoſe of the Cone, and its Baſe the 
Diameter of the Circle which is the Baſe of the Cone. I aub,ẽ 
olluus 1 JSufpoft the Plane which divides the Cane, ta he Per- 
_pendicular upon the Plane of the T Triangle. 2. If the Section be 
Parallel to the Baſe of the Cone, it is evident the Section is a 2 
-ircle. 3. If it be not Parallel to the Baſe, but interſects: the 
Cone's Axis, and both ics Sides, (I mean the two' Sides of the © 
Triangle, which is the Section of the Cone by a Plane paſſing thro. | | 
its Axis) this Section, or the Circuit of this Section will repre=: 8 5 
ſent a curve Line called an E/lipfs or Oval. Such is the F. . 
e *, formed in the Cone A by cutting it in the en. 8 
the Line M. See this Section PB. Plate 8. fig. 30 4. If 
* cutting Plane divides only one of the Sides If te ſaid 
: ng and that the Section be Parallel to the other Side, 8 
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_— dam Such is the curve Figure , formed in the ag 
1 Ll | by the Plane which cuts it; according to the Line N. See P. 

—_—_— 4: Z 8. 1 32. If the Section be ſuch that if prolonged it croſs 
| 8 „ Side of the ſaid Cone or Triangle being prolonged 

—_ 5 5 its Vertex, this Section or the Circuit thereof is Lealled =. 
. . „ ſuch is the Figure Z, formed in the Cone C, by 

| Plan dividing i according tothe Line ö. Set alſo P. F. 7.8. 


- = e are cortais Tae e e e wh af Js ns - 
. one Sections, æubich I I Dae La way of a 
EE thro' its Axis be the Triangle Px, x a4 
AD BD=S. | Then =, 9:4. 5. Then ay=bx, Which ie 
_ the Equation, that ex the Nature of the he Trizagle. Let 
—_ Au de a Semi- circle whoſe Center is N, and AN+NB, or 
ae "Let AP=x, PM, ARA] hence PB 
_}_w was =a=x. Wherefore => x. 5. a—x; therefore ax—xx=yp, is the 
. 1 | refles the Nature of the Circle. A Perpen- - 
© v8 \ _ .____ ... dicular ſuch as MP drawn from any Point whatſoever as M of 
A the Circumference upon the Diameter AB, is called an Ordinate, 
8 1 = Part 'of the Diameter taken between its Extremity and 
W 8 the Ordinats, is called the Ab/ciſa. Let Let DEE 
=_- Bets. be a given right Line, with F a Point out of that Line, 1 call 
"= 5 che Diredirix.” Let AMN' be fuch a Curve, 


. wee Points of the Curve, may have always .one and the ſame 
3 Proportion with a ſecond Line drawn from the Point M to the 
given Point F. This Curve is regular and may be deſcribed 
e 5s, all the Points thro' which it ought to 2 yo may. be 
= - .  - found. To theſe Points, and theſe Lines, there are names 
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i LT Lines which croſs the Axis Per arly, and which are com- 
F ed between the e Sod he As. are called e. 
ER . M is an Ordinate. The Part of the Axis taken from the 
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Z The peculiar Ratio which is between the Line AD, to AF, is 
BT YT _ - that which makes the eſſential Difference between theſe three 
EE -  _- Conic-Seftions. The Parabola, Ellipſis and Hyperbola. . 
V 5 3 three Sections T ſhall call ws Proportion that: of p. to 
V Fry the Parabola, tis Ro a Ratio of Equ > in the 
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Tu ; Like PB is given, — * n of ive 
Liae. DE is the direarix of the Parabola. The Line FD is Per- 
pendicular upon” the Directrix DE. If this Perpendicular be divid- 
ed at the Point A. fo that FA=AD, and that having drawn from 
each Point of the Carve as M. a Perpendicular upon DE, and ano- 
ther Line at the Point F, if" theſe two Lines are equal. MF=ME, \ 
1 this Curve is called a Parabila. © | | 
| b pc — * 1 tho this Curve is the coat, Sa. 
5 on a Parabola. expreſs the Proportion ua- 
5 lg of EM to MF, che two Letters p and . | 
Pros. 1. To /d each Point 8 Parabolic Curve. 8 
DE is the directrix Line which is given, and F the Focus. - 
ä Divide DF into two equal Parts, hence is the Vertex of the 
Curve. To find the other Points. 1. Thro' A draw a Paral- 
tel to DE, From which take AX=FA; and draw'thro' D and 
X an indefinite Line. 2. Havin afterwards drawn a ſufficient 
_—_ Cn Lines parallel to DE, which cut the Axis DF, it 
| - being pr e Points. of theſe Parallels thro” which the 
., _ , Curve gr Sg be eaſily found; the Point M, for Example, 
in the Line PO. With the Extent of PO and from the Focus 
F as a Center, deſcribe a Circle which will cut PO in M; then 
AD. AX::p. 9, and AD. AX:: DP. PO. Now DP—ME, and 
by confirattion PO=FM: Then ME. FM::p. . Hence M 
is one of the Points of the Parabola, according to the pre- 
_ ceeding Definition. Obſerve that the indefinite Line DX makes 
with DF an Angle of 4 10 Degrees; for DAX is a right Angle, 
> and ADZAX : Therefore the Triangle is Iſoceles; hence the 
Angle ADX is equal to AX D; conſequently each is 45 De- 
grees, or the Half of a right Angle. „ | 
Dr. 2. A Line always double FD, or quadruple FA, or AD, 
bs called the Parameter of the Parabola. 
| Ler the Parameter be called a; the Ordinate PM be called ä 
3, and the Abſciſſa PA be called x. There is no occaſion to be 3 
7 = the Trouble of explaining the Parameter any farther, than — 
what is done by the Definition, which calls it _ a Line qua- 5 i FR, 
 druple of Ta of AD. £1 8 5 „ 
„F Turok. | * _- 


1 


Pp 
* 
2 


* 4 » 2 2 * 
y N 1 1 6 © 1 
2 . Sad 1 kev Sr, 0 >, va af — 1 3 N f : - 
os: gr y D 388 ths X N N 88 5 2 8 25 = 2 4 7 - 5 1 7 
3 3 = 8 2 * N 45. * *% Z | — 2 f eee 1 F 4 a 3 » . « v — n ay” * * WAS <1 
: . 1 3 > 3 — : «Pu & > 5 « * 85 A — „ een * x 
”—y N RES dag 1 walks =—_ n 5 e om * N © Y xp wad * N a EU "4 — 4 ia 5 
FOO — 4 y To. 2 * » 0 8 5 $ R r 4 * A k * :, . * 4 3% . PLE » | # 1 "en e * - x 4 * 0 
4 5 r „ , bt 1. 94 4 . 44 RS * . 0 A > * p 3 1 bd 2 . 1 ha - 
2 4 Tr 5 — 8 3 * * * „ * N \ 8 4 1 * . 7 4 M1 * 1 8 * * : — G s x © 88 
«2x £6 * 3 nn $7 Bay Lo” N N 8 1 1 4 J , g 2 HO 2 1 0 r * - BY "VS. x 
a . » \ 8 . 8 a ö * . . A 4 * YN L Jy % * * 2 * 1 ; 2 3 8 1 8 £ 4 4 = F 
8 8 5 - IIS Wee”? f "© LY beg” i , 8 3 1 SAN bo nr 5 G N Y l 2 * F [ RY „ r $a . * n 4 U 2 
acc te- 1 * RE - 22 0 Bas N 5 wk F ; ? . 88 a i Sea? Soba -X n * > 1 . 6 . 5 - * — 4 RR. wn a EIT * 
_ * 7 3 . 8 FO rr * "Es . 1 2 "3 5 . 0 R 15 4 8 8 0 * . N * . ** 2 4 NIE —_ f x - , * 8 . * 2 3 5 5 os. a 8 | 
1 4 W5 * 2 | 7 7 "TAE e i 5 l WF g 5 N 1 1 - 9 „ r e , — * T. $ : . 7 2 % Co OE 3 . — * = 
A 7 3 : 7 9 4 G by , SSIS : K F " . 1 _ D 2 * - 2 * 12 > y - ” 1 * DAS Noon. A 1 MES. « 2 of 4 
- . 2 RY 4 5 A ».. 8 K «> A © os p = N * os * — e % lh 7 r > : : ALY * » . *%P NI” "4 8 ts : . % SS ” 5 —_— 
7 d 4 RW my . r. 1 — * 7 * * 2 x 7 8 Fe 8 Y * * Os 2 . x g 3 2 "BY \ þ 7 Act "2 . ISL [Sq 1 
5 I l \ 1 * 2 * * - 54) „ 3haxl 1 Py TY id. 1 * 4 1 ng. - 1 . nd. 5 8 * 4 . 28 as - —— 
5 * Þ GY 1 A 2 3 * 2 4 <> *Y CY * * \ 11 . * * A 4 / "I 2 : 3 4 x * t e . 7 1 7 2 — 4 4 
— [2 4" 2 * 2 Wu 4 EY » % wt as 5 * r 2 * ho x e . by —_— "#7 {4 ann EIT. i pu \ . 0 5 aka 4 ** * — "VE d N : us. 
+ <4 2 71 1 5. VIPs 1 g b 9 e 1 Na, 5 * . * 5 - 3 * 
" a Y < W. 4 << * g a, 42 < I ">> . Sz * * * - 4 5 3 q * = N i 
? _ * « 4 A." , . ; a 5 „ « l * 2 n 1 — * 2 
a 4 < bo at. * ” _ I — p X - win Jo” 4 — WI — 2 e KC "by 2x7, 1 . 2 4 
A zo mn 5 : — Ea, "gf 5 1 a 4 * Ov . k , \ 2 8 77 28 4 
_— * PINA . \ ö 8 4 
Mk. fi . * — xd e Jy * ou . 5 Pay * U —— 2 © * 5 ALS. s . - _—_ l * 4 
1 6 ; | A „ N N : wy « Kake Re, = Y . £ x PRE, \ "db *; * 4 * 
* : 7 . 508 ? * 7 8 \ * 4 2 
„ 4 * * Py 6. 5 ad wort 
b 4 2 * *. 4 * Ix 8 * I 
4 5 * * = 
. 8 PX 7 N 
l me - 2 AST Oo 4 TH 
wm 4 \ 


* I e 


1 
"ts 


wh 
3 


Tg » RS 

A , r WE; 
P 7 „ W 

. 

8 > f 


. 3 


v ” 


3 


3 \ 2 5 24 ESC n Ac © 
2 * 2 — — 5 2 N. 5 . 5 3 50 ; ; 279 3 5 WE 3" pv NA as ; * 2 3 5 
2 A . . — 
* < * 3 


212 8 ters 10 | 
Terror. 1. ts Refigngle made of the 8 a A. 
Rein, is equal to the Square of the Ordinate. Or that Ordinate is 
A e Proportional "between the Parameter and - the-abſeifſa.”- + 
LE. Les FA or AD ( 27 preceed) be called b. The Abſciſſa AP 
| hath been called rx. Then PDor ME==b-+-x,. and FP==x—b, or 
| bx, according as the Point P is found above or below the Fo- 
eus F. The Parameter à is Quadruple AD or AF, and there: 
fore of 5; hence a=46. It muſt be ae that 4. 5. ; 
4 or that aN According to the rt Defnition MEE; | | 


but EM= PA+AD=bþo. | Then MF I Taler. . 3 
: ſEnce 4a r Then Fb =bbmnkabax. Now FM-EP | 
=PM= os * Then 454-2 bad-xxa-b 2hn—xx=99. But 
7 and e then Ge peter, ig wp 2bx+ 
A,. — 4bx=13y.... Now 45 is equal to the Parameter a; 
def ore ax=zy. or 4. 3:9, ; hich auas to be proved.  - 
3s *CoroLLary. Tus qQUATES of the Ordinates of a. Parabela are 
= te to another, as the Parts of the Axis taken ve its Vertex 
4a the Meeting. of theſe ſame Ordinates. | 
Tas Parameter à is Always | the ſame ; but 1 is the Ab- ö 
ſciſſa is leſſer or greater, acco as the Ordinate i is nearer or far- 
ther from the Vertex A. Naw: ing that it is always Nax, in | 
whatever place the Ordinate i is taken; then y or the Squares of 
the Ordinates are one to another as x, or the Abſciſſa s. + 
4 5 2, Tas. Curve or conic Section ae has been defined 
-and ibed, is a P, Parabala: - . 
: ia Cone cut by a plane parallel to its fide TV, accord- 
* to the line AF: it muſt be proved that the Section QAR, 
both is, and hath the Pro 5 of che Farabolaa. 
Tux Lines PM and Q are icular upon AF, which 1 
call the Axis of this Curve. and Q are therefore Or- 
dinates: Conſequently to prove that this Parabola QAR is that 
Curve which has * — If, requires no more than to prove 


that the ſquares MP and Qs and of all the other Ordinates, are 
one to another as the Parts AP, AF, of the Axis which they | 
interſect; for this being ſo, then according to the preceedin 
Corollary, the Curve QAR is the line required. Let us ſuppoſe 
. the right Cone SVT to be cut at the Point M by a plane Parallel 
to its Baſe. This Section PME is then a Circle. Let SQT be 
another Circle Parallel to DME. The Line MP is the Ordinate 
of the Parabola QAR, and of the Circle DME, it being perpen- | 
dicular as well upon ED as upon, AF, foraſmuch as it is the 
common Section of the Plane of the Circle and of that of the 
Parabola, which by Conſtruction, divides that of the T riaghle | 


* B. 4. 4. 1. 78, FI 2 3. 5 
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| for every other Point that can be aſſigned in the Line T8, is 0 5 


| Conc geln, Chu 5 213 
at right Angles. It is the ſame of QF, which is alſo an Or- 


3 to the Circle as well as to the e. Now == 
e 2 8F. FO. TF: Then DPXPB= 


Ii, and SPXFT=EQ; Then DrxE. SFXFT = "MP. Fo 
but PE=FT : Therefore PM. FOr Dp. SF. Now becauſe of 


the Similar Triangles Pr A and SPA, AP, AF::DP. ,SF : then 


PM. Fe A AP. AF: Therefore by the preceeding Seen 


R is of ne 
7s which is alſo a Parabola. _ 


. Tazor. .3 To draw @ Tangent thro. any Paint required, of 


. # govt Parabola. , 
Lr AM be a Semi- Parabola; required to FLSA the Tan- 
nt MT, from the Point M. Let there be drawn the Line FM 
from the Focus F to the Point M, and from the Point M the 
Line MP parallel to the Axis, and bounded | by. the Directrix DP. 
Tf there 83 FP, and. it be divided into two equal Parts, 


the Line MT drawn thro the Point of Diviſion. will be the Tan- . 


ent required; which is to be proved. The Triangle EMP is 
ſoceles; therefore MT is perpendicular upon FP. When a Line 
touches only in one Point it is a Tangent, which is the Caſe heres 


in the Parabola, but out of it; as For Example, N 

TS above or below M, is out of the Parabola. For let there be 
drawn the Lines NF, NP, and NE, Parallel to the Axis, NP 
will be always greater than NE. Now fince that TN is by Con- 
ſtruction perpendicular upon FP, the Lines NF and NP are e- 
qual. NF is then greater than NE. conſequently N is not one 
of the Points of the Parabola: for if it were, FN would be 


equal to NE, according to the Deſinition of the Parabola. But 


| FN being greater, the Point N, is not in the Curve. 


| CoroLLaky. Ir is evident that if the Curve AMB repre- 


ſent the Section of a parabolical Mirrour, and that CM be an A 
cident Ray parallel to the Axis AF, the Line MF will repreſent the 


reflected Ray; the Angle of Incidence CMS being equal to the Angie 


Reflection FMT: Far the Angle CMS is equal to the oppoſite 


Augle TMP. New by Conftrudtion, TMP is equal to TF; there- 


fore TMF is equal to CMS. Wherefore all = Rays aukich Fall 
upon the Concave Surface of the Mirrour parallel to the Axis, will 


| reunite at the Point F. and this occafions it's being called the-Focus, 
or burning Point, Hence the Concave. parabelicas (anodes! the 
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—_ - reris the Carve that is to be d. fined, with the Paint F; Out 
—_ „ wided at the Point A. according be Ratio of 5 10 9, J fuppaſe 5 „ 
_ 75 ater than g; and that ren. drawn a Perpendi ar from each 1 
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—_.. | ES .- , 3, Line EM be akways to FM as p f q ; this Line ought '; 5 
—_ „ & called an br becanſe it will be proved to be the fame as the | 
—_— Foes 84 the Cone which is called cn Name. == 
_— Prog. 1. Tux Direfrix DE being given with F, nobich UF a | [ . 
—_ : Point out of it, to find all the Points of the Ellipfis. * 4 9 
—_ 32 . 'FD muſt be divided in A; fo that AD. FA :: 2 . = 
—_ WG Tho A draw a Parallel to the OY DE. and take A 
_ 44 el AP. Hence AD, AX: :: p. 3. 3. Thro' D and X draw r? ; | 
_ "5 f un indefinite Lins; after which the Aris by as many - | - 
RE Parallels as you pleaſe, it will be eaſy to find in thoſe Parallels, | Ham 
_—— the Point thro* which the Curv XL From F as a Center, | 
ad with the Extent of PO, defer 2 Circle which will cut PO Er 
_ 3 in M. By reaſon of the fimilar Triangles DAX and DPO, the Line 
—_———_— , _ P, or af Ad 885 EM is to PO or FM, as A is to AX; therefore. „ 
—_—_ .- | EM. FM:: AX::p. 7. The Point M is 8 . + i : 
| > 3 i "4 | - | oh. 2. To find the A- ts of this Carve. N 
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—_— EG WE Part of AD at the Point FA let there be as a Line ma- 
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—_ te mmdefinite Line DX. From the Point of Interſection x, let | 
1 were be drawn the Perpendicular 4 upon Fa. Then in the HE 
_— ':'-; Triangle F ar, the Angle F :@ is alſo of 45 Degrees: there- = 
_— | 34 | Fore the Triangle F ax, is Iſoceles. Now AD. = 2 -* 622) 
1 | B56 and mo that ow: 5 Iſoceles, ax=Fa : Then AD. AX::Da. | 
JJ ĩͤ AX: :p. Then Da. Fa::p. g. Wherefore 3 | 
_— „ one — = Points of Ef Curve, as is evident. 5 | 
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_—-.. 7 & Aris. Having taken fa equal to FA, the Points Fand f are 
| >. 2 [ - the Facii.” 2. The Perpendiculars drawn from any Point what-_ 
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the Whole; wherefore AC. FC::Aa. F |... But by the 


ing Theorem, Aa. Ef: AD. AX . Then AC. FCA AX; 


or FC. AC:: AX. AD, and FC. FC AN:; AC. A * 
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A1. CD. Wherefore 2+ 4+ FC. AC. CD 2 E. D. 
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Hence APXPaz=ad=xx. © So likewiſe ſeeing that AF=a— 
Fa=d+g: Then APXFa=44-gg. Hence: fi ee 71 
i ii then required to demonſtrate that yy. dd=rx:t 


Now as the Product of the Extremes is equal to f "= 


the Means, that "is, mmm. The 
Triangle chang being ri right angled” FM—PE=PM= . Now 
"IT . and PF= 


\ 05 1 
Then e Then PM, or EO IO = 5 


er. N ow cancelling the Terms which deftroy « one 
xx "Wind 


poke. 


another by + and —, it will he nals ED mapa; nnd 


all the Terms on both Sides multiplied by & it will be dhy= 
d*--pgxx—gedd—ddcx; then &c. 5 
Treor. 4. LET BC==b, the Rectangle Arx Fa, or TE: 5 
equal to bb the Square y 5G half the  teffer 8751 mo 
Figure i 
T muſt be proved that B=di-gg, BCB i is an \ Ordinate 


„ich is at the Center; hence & e, and L., and pb; 
hence pas "oe Now by the preceeding Theorem yy. — 


A. 4. Then ſubſtituting þ6 inſtead of yy, and cancelling =xx,/ 


| it: will be 6. Add gg. dd; or bb. aud dd; hence „ba 


dd. py was fo be proved. 
Tarot. 


Tux 89: MR ax Orfitane of the lit; His 
BG is to the „ er BK * parts of that Axis, as the Square 


of the greateſt Axis Aa is to the, "Square of the Leffer BG. Lane 


Figure.) 


CP 


un greater Axis Aa is ual to AC+Ca, or to 240 
therefore to 2d. The Half of the Leſſer Axis BG is called 6; 
hence 26=BG, The Line CP has been already called x. Now 


the Ordinate MK is equal thereto, which is therefore x. The | 


Line PM. the Ordinate of the greater Axis hath been called 2. 

Hence CK which is equal thereto, is alſo y; wherefore 6 

BK, and 5+y=KG, and 65—yy—=BEXEG. The Square che 
ater Axis AA or 2, is 444. That of the leſſer Axis BG or 


26, is 436. Therefore this is what is to be demonſtrated... xx.; 


bb—yy::444. 45. According to the third Theorem, yy. dd-vx:: 
Ag. 4. By the Fourth Bd gg. Then Subſtitating 36 
inſtead of 442g, it becomes yy. d- xx: :. 1d. Then xy. dd 
8 5 4; and the Extremes and Means multiplied, it will 
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| is Equation into 3. Proyatton, it will at laſt be XX. . Blogs 


Tu zx. 6. "Thr 5 is to _ Dis as the Square © 
. of its Ordinate is to the Rectangle comprehended under the" Part. 
5H 2 the 17 talen from the Sectian of that Ga 7 ame 

= 20 the Half of of the © nk Hs Aa has been called d; 
oy 3 b that of the ſhorteſt Diameter BC, Hence BG 26. Let 
the Parameter be called a; ran according to the Definition, 24. 

; 2 
g 25 220 45 e and both Members of this 


Equation multiplied by d, it will be 2bb=ad, and divided by 2. 
it 18 S half ad. By the third and fourth Theorems above, it 
appeared that yy . da—xx::bb, dd. Putting half ad in the Room 
of bb, it ill ©» Add :: half ad. ad. Each Term of the 
Ratio of half ad to dd divided by 43 gives half a, and 4; and 
multiplying them by 2, it becomes a, 24; therefore Y. du-x 
3:4. 2d, or a. 2d::yy. di-xx ; which was to be proved. a 
Taxon. 7. Tus Squares of the Ordinates are on to another, 
as the Rectangles of the Parts of the Axis made ” the Meeting of 
the ſame Ordinates. 
and m are two different Ordinates, and u a Part different 
* 5 By the preceeding Theorem, à. 24::yy. da x:: mm. dd 
ore yy. um:: dd cr. dd un; which was to be proved, 
| e Tas Conic Section or. Curve which has been dee 
fined and 1 is an Ellipſis. 
Lr the Cone o be cut by a Plane making an oblique | 
| Angle with its Axis, and which interſects both its Sides. The 
Section DMAD, which is an Ellipſis, is the ſame Line as that 
whoſe Properties we treated of. Let there be conceived two 
Parallel Circles EME and GRH, whoſe Diameters interſect that 
of the Curve DMA, in I and in 3. If from the Points Mand 
R, where thoſe Circles croſs that Curve, there be drawn right 
Lines to the Points I and ; it is evident that theſe Lines are 
.* Ordinates common to both the Circles and to the Curve DM 
AD, foraſmuch as Rq is Perpendicular as well upon HG as 
n AD, being the common Section of the Plane of the Cir- 
and of he Ellipfis, which conſequently interſects that of 
the Triangle at right Angles. It is the ſame of MI. The Tri- 
angles Ag H and AIF are Similar; then Ag. FI: Ag, AI. The 
8 Than les DEI and DGzg, are alſo Similar; then 128 EI: :D. 
h Term of the firſt Proportion multiplied by its cor- 
rſponing Term in the Second, the Products being compound · 
2 of De Pl Ratio's, are Proportional. Hg. FI:: Ag, Al, G7. 
I. Hence HgXGg. FIXET: Age. IA Dl, bes. 
| 85 +] 2 Circles EMF _ GRH, acconting. + to 88. Ele- 
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= p., Aab. Then by the p eedinis Thee, this Elipd 

_— „„ 2 tir is the ſame as 5 Line whoſe Properties we have de- a 

=_  .' monſtrated, and conſequently it is an Rll. | 

* | | "Pros, 3. To derbe an Bis by « nne Mitten: " 3.2 

Luar there be given two Points H and I as Ni of 'an'Elfip- 1 
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ter. T5 deſcribe this Line, take a Thread whole 4 is e- 

qual to the longeſt Diameter of the Ellipſis, and tie it together 

by its two Ends at the two Points H nd I, which 1 guide 

the Hand to a moveable Point which will leave a Trace in mo- 

ving round about H and I. This Trace is an Elfipliss Which 

müuſt be demonſtrated. B the Conſtruction of this Curve. 

whatſoever it be, the” ted Lines HE and E taken togetf 

equal to the Ton gel Axis KI.; hence there is no more to proe 

than that the. lipfis which we have treated of, bath: an = 

perty. Let there be We Geometrical Ellipſis, whoſe © jon 

meter is Aa, the Fe are F aud /. t maſt” be 

that FMEM/=A3z: Let the Diameter Aa be produced Fe 

Side, ſo tha { 2D. AP, or AX:p, „ and like wife ar. af P. fs 

| and that therefore. at==AD. - bro let there be drawn a 

2 Fanal to DE. The Proportions of FM to PD are che ane 
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as FM to Pr. By the Definition N. 5 2 5 AX. AD. 
It has been proved that E/. Aa: wh R_ * therefore Fg. 
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the two Lines MF, M; and let / M be prolonged to E, ſo that 
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is divided into two equal Parts by the Line MT, I fay that MT 
is a Tangent. Upon this Tangent let there be taken another 
Point 2 from N . the Lines DE ! Dp RE are 
equal, ſeein t is er pendicular won EF. From the 
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Pt ction r eg LL the -Point 
0 ipfls, which hath by the 
chat i P be one of its Points, " D+DF— 


Wc T cannot ther be Pings,” 


7 | "of an Elliptical Mirrour, and f M be an incident 


it hath the fame Properties as the Conic Section of that name. 


i . [ER FD make the Angle DF of 45 OS and 
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longer than TN MF: For bs con- 
cannot be in the 


EM ME. 
a= dhe Point M. 
Ir ts evident that if.. n; repreſent the Sectien 


7 8 7 awill te. 
eee at F. 

Fon the Angle of Incidence FMS is equal to the An 
Reflexion FMI; fince that the Angle SM is equal 70 oe 
"which is * Shoals to TMP. Hence all the Rays which ive: 
from 7, and which fall upon the concave Surface of th 
"rour, will reunite at the Point F, and reciprocally if they I 
"from the Point F, they. will reunite at the Poi 
_Fexſon. it is that theſe TR are called the Focii. 
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FOE or. Line which repre the Section of a 
| k a Plane parallel to it A is, or jo that cuttin 
only one Side * the ſaid Cone, it might 40% cut the other if trolerg- 


ed above its Verves. 


Dee. 1. Lx DE be a Line taken for he Bene and Fon 


5 bart out of that Line. The Line FD is Perpendicular upon DE. 


FD 'is vide at the Point A, according to the Ratio of p to q 
it is here ſuppoſed that 5 is leſſer thang) and that a Curve is 


graced, from which havin 17  drawn'Perpendiculars to DE as E M, 
dau other Lines to F as F. 


ſuch that EM may be to MF as p to 
this Line is called an Hyperbola ; Becauſe. as is demonſira : 
PrOB. I. To ind all 525 Points thro which this | 
e "AX Parallel to DE, and equal to FA, and draw an 
 indefiaite Line on each Side thereof Gre the Points D and X. 
After which drawing freely as many Parallels ts DE as you 
pleaſe, as PO: to find the Point of this Line PO thro' which 
_ the Curve 
with the Extent FO. The Point M, where the Circle euts PO, 
is the Point required; for- the Triangles DAX and DPO being 
miar: PO. PD: AX. AD::9. p. Now POEM by conſtrue- 
tion. And PD=E M: Then F M. E M::g. p. The Point M is 
"therefore in the Hyperbola, by the cies Fefinition. 
Pros. 2. To find the Vertex of a Similar, oppoſite Curve. 
In cenfduring the Properties of this Curve, it may be com- 
pared with another oppoſite ſimilar Curve whoſe Vertex is found 
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MW: d 2 -. 
- from the Point & where Fx cuts the indefinite Line XD, draw 
A Perpendicular upon Ef. The Point à upon which this Per- 
pendicular falls, is one of the Points of the Curve: For Fax 
' {eing Loceles, A ap. The Triangles x D and ADX are 
Similar, by conſtruction; then @ D. ax or 2 F:: DA. AX or AF. 


Hence a D. a F:: DA. AF::p. 2: Then 4 D. 4 oh . Hence 3 5 


© the Point à is one of the Points of an oppoſite and ſimilar Curve. 
Having taken fa=FA, it gives the Focus f, aceording to the 
| following Definition. * | * 


Der. 2. Tus Line As ir called ibe Tranverle or prolonged 


Axis. - The Point C which divides the tranſverſe Axis in tavo, is 
"called the Center. ubre C be drawn a P cular BB, whoſe 
 Jength is bounded by a Circle deſcribed from the Point A, and with 

© the Extent CF, that Line BB is called the conjugate Axis. The 
Points F and F are the Focii. The Perpendiculars drawn from one 
of the Points of the Cure upon one of the Axes, are Ordinates. 
be Abſcifla's are the Parts of the Axes talen ſrom their Perg 

to the meeting of the Ordinates. Sometimes their Origin is at t 


Center, and ſometimes at the Vertex of the e Dube 
third Proportional to the two Axis is called the Parameter of the 
Fi Term of the Proportion. J ͤ oe ogy 
Tuo. 1. TRE tranſforrſe Axis Aa is 4e K the Diſtance 
F the Focii, as þ t g. 7, FFV 
Dax and DAX are two ſimilar Triangles: (Ig. pr eceed.) then 
AX. ax::AD. Da. Now AX=AF, and ax==aF: Then AF. 
F:: AD. Da, then compoundedly AD+Da. A:: AF Fa. AF. 
But AEF = E/: For AF=af, and AD+Da=Az. Then 
Aa. AD: E. AF, and Ag. EF: AD. AF. Now AD. AF, or 
AX: :p. q; therefore Aa. Ffitp. g ; which æuat to be proved... + 
5 0 2. CD 7s a third Froportional to CA and CE. (pre- 
deten By. Jae --- 35 VVV | 
| rang that the Wholes are to the Wholes, as the Halves 
are to the Halves, as CF is the Half of Ey, and CA the half 
of Aa: Then FF. Aa::CF, CA: Ax. AD: Then CF. CA:: 
_ CF-AX, or AF. Ca—AD. Now CF-AF=CA, and CA-AD _ 
eb. Therefore CF. GA::CA. CD; which aua to be proved. 
Tukok. 3. Tus Square f any Ordinate whatſoever as PM 
e the tranſverſe Axis Aa, is to the Rectangle of APXpa the Parts 
of _ Axis, as the Rectangle AFXFa is to the Square of CA 
Ler CA= the Ordinate PM=z, CP=r, and (Fg; (/g. 
Precead.) when P is above or Helper the Point F, PF -g, or 
tu. Then it will be DP=a— ; for by the preceeding Theo- 
| poi: 2 „ OE 
rem CD —. But by conſtruction and þy the firſt Thegrem, | 
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es of the other Axis, Aa. ( ſame Figure.) 


— 


„„ a 

NE | Apt. Mp; ee If the Polit Pars. 
„ WY 4 * 5 
8 | above the Point, then ME==> +4; 11 muſt thn be proved 
A 

ö. . | thay or PM. 3 or APNXPa:: 2x—d, or AFXPa. 44 o 
„ 

CA, or Ca; ; which is EVE For ee account of the right an- 
, 5 Triangle MPF, PM=FM-PF, that is, in Analytical Terms, 
. . * — r g d; or by multiplying both Sides by ad; it 
5 n ggxx---ddxx---ggdd ety reducing the Terms 
: = = | 5 5 vg N Equation i into a roportion, it is . #x coo 
2 . 4 dd; D. E. 5 

5 ; „ Tos. 4. Tus Square Foe „ Ordivdte<ibatheote as PM 
15 of the Axis Aa is to the e of the Parts of that Axis ( viz. 
: | to APXPa,) as the Square of the conjugate Axis BB is to the 


TS 9 Lr us conceive a right angled Hs ABC ; according to 
* - HK the Definition of the conjugate Axis, AB=FC, it has been fu 
Sb EE. ed FC=g, and AC=4; let us ſuppoſe BCB. Then AZ 2 


Re f ing right angled, and AB=g 3 then þb==gg--dd. Now by the 


5 | 1 = ing Theorem, yy. xx—dd::gg E 8 or 23. dd. Multiply- 
ing bb and d by 4, they remain in 2 ſame Ratio. Then y. 


ed. 44, Now APXPa=xx—4d, Therefore the 


„5 | 5 of yy is to the Rectangle APXPa, as 456, the e of 
<a Boy ads y cy cn me renin is to the Square 4d of 

III, A equal to 24. 
pw 29 Tnxox. 5. TRE | "SIRE Page 55 to the Diameter as the Sartre 


PE. Pan i I ng: 


| [ that Axis made by the meeting of that Ordinate. 


25 2 . ' the fame Figure as before, and let be the parameter of the 
+ Axis Aa, Which is by its definition a third Proportional to the 
85 24 [ faid Axes ; hence m. 2b. 2d. But by reaſon of this Proportion 


1 it will be . 2d. 455. 44d. Now by the preceeding Theorem, 
„ 4535 is to 44d as yy the Square of the Ordinate is to K the 


WI : - ReQangle of the Parts of the Axis; ; + oa n. 2d:: "" -A, 
N . 5 4 . E „ D „ 
8 | * ins Turok. 6. "Tas 89 uare of. os Ordinates are one to another 
a the Refangles of Fre Parts of the Axis, made by the meeting of 
' the ſame Ordinates. 


Wuien is evident, ſince chat in what place ſoever the Point 


P is found, the Parameter m is to the Diameter 24, as the Square 
Y of the given Ordinate is to the Rectangle xx—44, (or A Pa 


Ia of the Parts of the Axis lin ted by the Ordinate, 


e other : 


7. af any Ordinate whatſotver, is to the Rectangle of the Parts of 
Luar the ſame Denomination of the Parts be preſerved and 


Theorem 


F „ os 
8 Turok. 7. Tis Hype Ia is the fame Carye or comic Se 
ET Rena rib 2 F 
2 4 zr M On be a Cone cut by a Plane, which alſo 3 | 
5 N other Side = O, of the Cone in B, if prolonged above the Ver- 
' __ tex ©.; This Section g AR is che Cörve that has been treated | 
bf, or this Curve is really that Section of the Cone which is call - 
ed Let a Circle DME be conceived Parallel to , 
— chat of the Baſe. Their Diameters cut the Axis of the Hyper- - | 
bola at the Points P and F. The Lines MP and F? are 2 
dicular upon thoſe Diameters as well as upon the A4 A 


>. 
* 


r , das, 


aſmuch as they are the common Sections of two „ 
*dicular to that of the Triangle; conſequently hey's are 45 e 


Ordinates of the Cixde, as of the Curve DME. | Now MP | 
DPXPE, and F q=mFXaF. | Ir is to be demonſirated that MP, 


or DPX(PE. is to F 6 or its equal FNF, as APP; is to e 
wb : FB. The two Triangles DAP and „ AF are Similar. 
5 to Triangles FB n, and PBE are Similar. Therefore u F. 

f 2 FA. PA. Alſo F. PE: FB. PB. Each Term of the firſt Prope 
"Sb tion multiplied by its correſponding Term in the Second, the P 
_—_+ F "dads are in Proportion, they beln Rectangles whoſe Ratio's. 
| * | are compounded of ſimilar Sides, Dreck. E $054 APXPB. - 


_— en Then gang that MP=DPXPE, and FexzmiXeP. | 
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| | | "Is the Side 5 he Coord 3 1 thas there be Are, oh 
þ ther oppoſite Cone thro' the Vertex thereof} it is plain, that if the 
interſecting Plane be produced, it auill form in the other * 
tar en Sy is an oppofite Hyperbola. 
© o ede an Hyperbola by a tents ee 25 
Tor "ox be 4 Hyperbola, its Vertex is A, and its Focus 
F. The Vertex of its oppoſite Hyperbola is B, whoſe Focus is - 
This Hyperbola may be conceived as already deſcribed; or 
it may be deſcribed thus. The Line CF cuts the Hyperbola 
AMX at the Point M. Let us confider this Line CF, as a Ru- 
? ler at the End of which is faſtened a Cord whoſe other Extremi- : 


1 „ 
* 
2 
8 * 
* 3 4 ; ip. , * 
4 5 9 + 1 
. ** * 1 
ab Bp e T 
. wh ; : \ a; l 
Te - 6 $ " * 
4 . 2 
F 
= 4 * 
7 - » 1 
* * 5 


5 | 2 5 cr — the wh jt This Ruler is faſtened by its other 
33 End to the Focus of the oppoſite Hyperbola, and may be turned 
_-} : about its Point f. Let us conceive this Ruler at firſt, as laid up- 
5 * on AB, and the Cord of ſuch a length that M may then coin- 
15 a Ade with A. Put a Finger at the Point A or M, and e it 
1 


j . * 


. 8 about the Ruler ; but always keeþ- | 
+ ing the e eee as e ACID om * 25 


. the Figer ee as a Point; de, 

: the Hyperbola AMX. 
CoroL. 1. EA this Confirudion it e that- 
drawn from each Point of the Hyperbola, two right Lines 10 * 


two Focii F and f: the . e two Lines will be 
_ aku the ſame. © 

18. its firſt Poſition whete M is n A, me Ruler upon AB 
or upon F it is evident that the Difference between Mf and 


MF, hat 1% Mf—MF, is AB, E that- FASFB; this diffe. 


| e 2 the ſame in the other Poſitions. For while the 


4 — — yo 7 


Ruler turns a and as the Finger moves, tlie by. MF Het 
the Part My of 2 Ruler encreaſe their length ec 
fore theſe two Quantities preſerve the ſame Differen 42 "ou 
Cool.. 2. An H 2 m be extended or continued, ad. inf. 
Fox if che Ruler C be prolbnged ad inf. and at the ſame 
Time the Cord MC, making che Ruler turn, and contimiug to 
preſs the Cord as above, it will prolong the Hyperbola without 
end. It is evident that the Point M will diverge more and more 
from the Focus F, 8 8 the Ruler fC i is turning about. 


S HOL ITU M. RE 
Tus Hyperbola being prolonged and continued ad Wa as | aforeſecd, 


t wil incline more and more to a certain ri bt Line, without ever 


mbeting it, which right Line is called the ymptote of ihe” H. 
perbola; which is a Greek Word, fignifying that 

ProOB. 4. To draw the Tangent MT, from any Paint avhat- 
fever of an Hyperbola. ' 

Lr there — two oppoſite Hyperbola' s A and B. From the 
given Point M draw the Lines MF, MF, to the Focii F and ; 
and divide the Angle FM F into two equal parts by the Line MT; 
I fay that it is a tangent Line. Let ME be taken equal to Mp. 
Alſo from any Point whatſoever as D in the Tangent MT, let 
| there be drawn the Lines DF, B DE; The Triangles MFN 
and MEN are equal; as alſo NDF and NDE. It is required 
to prove that the Point D which is in the Tangent MT, ts not 
in the Hyperbola ; and that therefore this Tangent does neither 


| touch, nor meet in D. If D were in the Hy perbola, D DEF 
N /-MF by the Py Corollary. Now 'tis no: o; for 


ME being taken equal to MF, then M/-MF=E F. And ſince 
that DE is equal to DF, then D f=E x 7 DF. But in the Tri- 
angle DE, v. Sides. DE and E/ taken together, are longer 
than the Side D/; therefore DE exceeds D; then the Point D 
is not one of thoſe of the Hyperbola; which may be ſaid of 
every other Point of the Line MT, taken either above or below 
M; therefore this Line MT can meet the Hyperbola _—_ 
Tangent it is, only in one Point M. 

 CoroLLary. Ir the Curve A M repreſent the Section of an 
 Hyperblical Mirrour, and that CM be an incident 2 wabich Fall. 
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1 Surface of the. Mirrour at the F 
* 1 ee rom C to F, and go towards f, 
1H E 
. ha 7+ DMC is 
: on equal to NMF ; hence DMC 1 1 
of incidence CMD | being then to the Angle of r 
FMT, che Ray C Ee in F to the Focus of the 
H | 11 ht to de underſtood of 
and for thi reaſon it is that the Points 


be ſeen - in an excellent Treatiſe of 
p a de L. Hoſpital. 
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that I apprehend but very 
ing it; ſhall therefore only obſerve, that if each of their 
Sides or Faces be firſt raiſed up and preſſed down flat, 
with the Finger, according to the Direction of the 
Lines which are cut half thro' on the back ſide, it will 
occaſion the Solid to form more readily. The Part 
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contained in the following Plates, (is ſo obvious 


which is ſhaded is the Baſe, or part round which. the 


[= reſt are to be folded ; except fig. 15, Plate 5, where 


the ſhade is miſplaced, as appears by 


cutting of that 


Figure. As to thoſe Figures in Plate 9 and 10. which 
have ſome of their Lines half cut 


and ſome on the other, it will be 


part which remains fixed, obſerving when you come to 


Aa black Line which is cut half thro to fold it back, ſo 
that the two Sides may lie cloſe together, by which 


means the ſeveral Solids which the whole is divided 


= into, will cloſely adhere to each other, each appearin 


diſtinctly, and which altogether will compoſe the whole 


Shortly will be publiſhed an additional Plate conſiſt 
inp of two Sides, each of the ſame ſize with thoſe con». 


gained in this Work, containing the real Inſcription of the 


£2 r:gular Solids, treated of in Euclid's fifteenth Book, 
dach bedy being properly cut, from Schemes which are 
e acapied that they plainly exhibit the actual Inſcription, 


ard Circumſcription of each. Price One Shilling. 
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. E Method of folding together the Schemes 
little need be ſaid concern= 


on one ſide, 


proper to begin with 
folding thoſe Parts firſt which are neareſt the Baſe, or 
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